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ABSTRACT
Countr ies in a l l  s t a g e s  o f  development have long expressed  concern 
over what they pe rce ive  to be a low level  o f  achievement a t t a i n e d  
by s tuden t s  o f  mathematics.
The concern over mathematical  d e f i c i e n c i e s  has general  educa t iona l  
import  v iz .  a p p l i c a t i o n  o f  the mathematics t h a t  has been l e a r n t .
"They can do a th ing  in mathematics bu t  cannot  do the same th ing  in 
p hys ic s " .  Through c o n s id e ra t io n  of  t h i s  s i t u a t i o n ,  I formula ted  
my research  problem: the search  f o r  a f e a s i b l e  improvement, however
p a r t i a l , in t h i s  achivement through modifying the c u r r e n t  
methodology o f  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s .  I have 
confined  t h i s  s tudy  to secondary school mathematics in Kuwait.
This n o tw i th s tan d in g ,  i f  t h i s  s tudy appears to  be convinc ing ,  then 
im p l ic a t io n s  could  be drawn f o r  curr iculum des ig n ,  methods o f  
teaching  and the s e t t i n g  of  t e s t s  and examinations as w e l l .  This 
i s  a t  both secondary school and u n i v e r s i t y  l e v e l s  o f  e d u ca t io n .
In s a t i s f y i n g  the re search  problem, i t  was in d i c a t e d  t h a t ,  i f  the 
c o n s t r u c t  ' achievement '  i s  ass igned  a numerical value A, then A is* 
a func t ion  o f  the independen t  v a r i a b l e  R c o n s i s t i n g  o f  the v a r i a n t  
component o f  the  ' c o n t e n t s '  of  a t e a c h in g - l e a r n in g  t a s k . *  r was 
i d e n t i f i e d  as a s e t  o f  in s t a n c e s  i . e .  examples,  e x e r c i s e s  and simple 
problems designed to i l l u s t r a t e ,  enhance and r e i n f o r c e  a t t a in m e n t  of  
knowledge r e l a t e d  to the t a s k .  N ev e r th e le s s ,  i t  was viewed t h a t  a 
t r u e  change in R i s  due to a change in  the ' s t r u c t u r e '  S under ly ing  
R. However, a m o d i f i c a t io n  may r e s u l t  from the i n t e r a c t i o n  o f  S 
with ano the r  s t r u c t u r e  H o r  some p a r t ,  U, o f  H in under ly ing  the
*{A Glossary  c o n ta in in g  these  and o th e r  such terms i s  found in  Appendix A)
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methodology of  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s .  S was 
i d e n t i f i e d  as a s e t  o f  in s t a n c e s  which do not  e x p l i c i t l y  make use of  
a c o n s tan t  o f  i m p l i c i t  form, ' a '  say ,  o th e r  than the v a r i a b l e s  i f  
any: H on the o th e r  hand con ta ins  only such in s ta nces  t h a t  make use
of  one o r  more o f  such c o n s t a n t s .  Empirical s t u d ie s  showed t h a t  
behaviour i s  no t  n e c e s s a r i l y  c o n s i s t e n t  in two in s ta n c e s  -  governed 
by a unique behavioura l  o b j e c t i v e  -  one in S and the o th e r  in H.
In t h i s  co n tex t  a concept  o f  space o f  knowledge (W,0) was in t roduced  
c o n s i s t i n g  o f  a s e t  W o f  s t r u c t u r e d  knowledge -  i d e n t i f i e d  by a 
f i n i t e  s e t  of  r u l e s  -  which i s  expec ted  to  d i f f u s e  a p a r t i c u l a r  
piece  of  knowledge through a c e r t a i n  normal popula t ion  0. I t  was 
a l so  noted t h a t  a space o f  knowledge (S,0)  - the le a rn ing  space of  
c u r r e n t  methodologies - i s  i n f l u e n t i a l  bu t  i n s u f f i c i e n t  f o r  d i f f u s in g  
the requ i red  knowledge e i t h e r  in  achievement o r  a p p l i c a t i o n .  However, 
i t  v/as argued t h a t  a p a r t  U (o f  H) -  i d e n t i f i e d  by in s ta n c e s  in H 
which inc lude  a unique c o n s ta n t  - could f e a s ib l y  c o n t r i b u t e , with S, 
to a m od i f ica t ion  in the methodology.  Fur thermore ,  i t  was viewed 
t h a t  l e a r n a b i l i t y  in U should be s u b j e c t  to  c e r t a i n  co n d i t io n s  t h a t  
make U ' d o c i l e '  i . e .  a p p l i c a b l e .
F i n a l l y ,  a m od i f ica t ion  in the methodology o f  t e a c h in g - l e a r n in g  
s i t u a t i o n s  was proposed which r e l i e d  on S + U as a l e a rn in g  space in 
the form o f  a model based on an a lgor i thm .
Evidence based on exper im en ta t ion  suppor ts  the not ion t h a t  the 
achievement o f  s tu d e n t s  in  mathematics under a tehcnique  based on 
S + U i s  s u p e r io r  to the conventiona l  based on S.
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1. THE RESEARCH PROBLEM: ASPECTS OF THE RESEARCH STRUCTURE
1.0 .  In t ro d u c t io n
I t  i s  r a t i o n a l  to  th ink  t h a t  educa t iona l  research  should  be based on a 
general  plan der ived  from the  aim o f  i d e n t i f y i n g  the  p rogress  in 
achievement o f  i n d i v id u a l s  in  t e a c h in g - l e a rn in g  t a s k s .  Accord ingly ,  
the  aims behind t h i s  r e sea rch  were to  look f o r  improvement in 
mathematics achievement.  The re sea rch  problem was i d e n t i f i e d  as the 
search f o r  a f e a s i b l e  development in the  methodology o f  te ach ing -  
l e a rn in g  s i t u a t i o n s  which would f u l f i l l  these  aims.
In t h i s  connec tion ,  a r e s e a r c h e r  conducting h is  r e sea rch  w i l l  i n e v i t a b l y  
encounte r  the need o f  both i d e n t i f y i n g  h is  terms c l e a r l y ,  and e s t a b l i s h i n g  
a s e t  o f  fundamental p ro p o s i t i o n s  r e l e v a n t  to  h i s  s tudy so t h a t  he can 
r e l y  on a more r i g i d  plan o f  work. In a d d i t i o n ,  I b e l i e v e  t h a t  a 
r e s e a r c h e r  in the educa t iona l  f i e l d  should be aware o f  the fo l lowing  two 
po in t s  :
(1) In the absence o f  a p M h c ip l e  o f  inva r i ance  (see  Appendix A) in
the psycho-educat ional  f i e l d ,  we indeed a re  s t i l l  unable to  provide 
a s e t  o f  proper  co n d i t io n s  f o r  cons i s te ncy  which i s  a fundamental 
assumption made by behav ioura l  s c i e n t i s t s  -  t h a t  the behav iour  o f  
an organism i s  lawful  and p r e d i c t a b l e  (The Law o f  Universal  
Determinism)(see Appendix A). This law cannot  t h e r e f o r e  provide 
in  behavioura l  s c i e n c e s  ( u n l i k e  in o th e r  s c i e n c e s ,  e . g .  chemis try)  
a r e s p e c t a b l e  r e l i a b i l i t y  in f ind ings  and r e s u l t s ,  which thus seem 
to  s tand  always on shaky ground.
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(11) Research I s  cons idered  to be va luab le  In so f a r  as I t  emerges 
from r e a l i t y  and In so f a r  as I t  purpor ts  to r e p r e s e n t  I t .
G enera l ly ,  the development o f  t h i s  research  was based ,  as In an 
exper imental  s c i e n c e ,  on t r a c i n g  a phenomenon which could provide a 
fu n c t io n a l  r e l a t i o n  between the  achievement as a dependent  v a r i a b l e  and 
o th e r  r e l e v a n t  Independent  v a r i a b l e ( s ) ,  provided t h a t  the  Independent  
v a r l a b l e ( s )  could be c o n t r o l l e d  exper im en ta l ly  In o rd e r  to  s tudy 
v a r i a t i o n  In the achievement.  The Idea behind t h i s  concept ion o f  the  
research  problem i n e v i t a b l e  a f f e c t s  the  re sea rch  p ro p o s i t i o n s  and the  
r e sea rch  des ign .
In the fo l low ing ,  I p r e s e n t  genera l  aspec ts  o f  the  re sea rch  s t r u c t u r e  by 
I d e n t i f y in g  the r e sea rch  problem and by reviewing b r i e f l y  the fundamental 
r esearch  p ro p o s i t i o n s  and o t h e r  r e l e v a n t  p o in t s .
1 .1 .  The I d e n t i f i c a t i o n  Of The Research Problem
An Inc rea s ing  number o f  those  involved  in  mathematics educa tion  in  Kuwait 
have been express ing  growing concern about  the  achievement of  s tu d e n t s  in 
school mathematics.  This s tudy  was conducted f o r  the  purpose o f  looking 
f o r  a f e a s i b l e  s o l u t i o n  -  a l b e i t  p a r t i a l  -  to  the  problem t h a t  Is  embodied 
in  the  q ues t ion :
How can we he lp  both o rd in a ry  teache rs  and o rd in a ry  s tu d e n t s  to  
cope with mathematics b e t t e r ?
As a m a t t e r  o f  f a c t ,  the  problem behind t h i s  ques t ion  i s  no t  only s i g n i f i ­
c a n t  bu t  a l s o  long s t a n d i n g ,  and under continued s tudy by r e s e a r c h e r s  in
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a l l  co u n t r i e s  acqua in ted  with  educa tiona l  r e sea rch .  Hence, the  s tudy  
o f  the problem in t h i s  t h e s i s  was reduced to the  fo l lowing  t h r e e  p o in t s .
1) Secondary school  mathematics was the a rea  o f  the  study (al though 
the  study  was r e in f o r c e d  by extens ion  to s tu d en t s  in  Kuwait 
U n iv e r s i t y ) .  The mathematics o f  t h i s  a rea  can be t r a d i t i o n a l l y  
c l a s s i f i e d  as a lgeb ra  and in t r o d u c t io n  to c a l c u lu s .
2) The term ' b e t t e r *  in the  above ques t ion  was unders tood in  the  
sense t h a t  the achievement o f  s tuden t s  in  mathematics under a 
proposed development showing an accep ted p rogress  compared with  the  
achievement in  the c u r r e n t  s i t u a t i o n .  Here a mathematics s i t u a t i o n  
i s  any p o s s i b l e  observab le  even t  in  the  methodology t h a t  could be 
r e l e v a n t  to c u r r e n t  achievement,  e . g .  teach ing  method,  t ex tbook ,  
genera l  examinations  and performance in problem-so lv ing .  In 
c o n t r a s t , t h e  c o n s t r u c t  achievement should be o p e r a t i o n a l l y  de f ined  
such t h a t  two achievements could be comparable in the  sense  t h a t  one 
could be ' b e t t e r '  in  the above sense .
3) A c l e a r - c u t  s o l u t i o n  i s  no t  asked f o r ,  and a p a r t i a l  promising 
s o l u t i o n  w i l l  be s a t i s f a c t o r y .  I t  i s  be l ieved  t h a t  complete answers 
to  educa t iona l  problems a re  in  general  very e l u s i v e  because o f  the 
human f a c t o r s  in vo lved ,  which have proved to be very s t r o n g ly  
i n t r a c t a b l e .  The im p l ic a t io n  o f  such d i f f i c u l t i e s  a re  found in  the 
u n c e r t a in t y  o f  r e s u l t s  o f  f i n d i n g s .  G enera l ly ,  those d i f f i c u l t i e s  
in  my opin ion a re  due to  the  f a c t s  t h a t :
( i )  our  knowledge about  psycholog ica l  f a c t o r s ,  e . g .  memory o r  
a b i l i t y  i s  very l i m i t e d .
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(11) we s t i l l  do n o t  know a p r i n c i p l e  o f  in v a r i a n c e  in the 
psycho-educat ional  f i e l d  which the r e s u l t s  o f  f ind ings  might 
r e s t  on,  as most forms o f  reasoning -  whether  lo g i c a l  or  phys ica l  
do r e s t  on the p r i n c i p l e  o f  inva r i ance  o f  q u a n t i t i t e s  (see  
Appendix A, Glossary  o f  Terms).
Accordingly ,  Ary e t  a l .  (1972) could be understood when they note t h a t  
s c i e n t i f i c  i n v e s t i g a t i o n s  seek no t  a bso lu te  t r u t h ,  b u t  r a t h e r  t h e o r i e s  
t h a t  exp la in  and p r e d i c t  phenomena in  a r e l i a b l e  manner.
The f i r s t  two r e s t r i c t i o n s  d e l i m i t  the  s tudy o f  the  re sea rch  problem in 
t h i s  t h e s i s ,  while  the t h i r d  one e xp la in s  why the  s o lu t i o n s  could be 
expec ted  to  be p a r t i a l  in  the  educa t iona l  problems. Fur thermore ,  I 
chose the area  o f  the secondary schools  in Kuwait, s ince  I have had 
exper ience  o f  t h i s  a rea  f o r  25 y ea r s  as a t e a c h e r ,  s e n io r  t e a c h e r  and 
i n s p e c t o r  o f  mathematics.
As f o r  t a c k l in g  the problem, I be l ieved  t h a t  exper ience  based on 
s p e c i f i c  in form ation  about  the problemat ic  consequences a f f e c t i n g  the 
achievement o f  s tu d e n t s  e . g .  methods o f  teach ing  o r  the  t e x tbooks ,  
reviewed l i t e r a t u r e  and a more d e l i b e r a t e  s tudy o f  a c t u a l l y  ' do ing '  
mathematics,  a l l  could expe r im en ta l ly  serve f o r  the  development o f  the  
s tudy .
Hence th e  r e s ea rch  problem, aims and a rea  were:
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Problem: To look f o r  a f e a s i b l e  development (m od i f ica t ion )  in the
methodology o f  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s .  
Aims: To improve the  achievement o f  s tuden t s  in  mathematics.
Area: Mathematics in secondary schools in Kuwait.
Two ques t ions  would then a r i s e ;  how can t h i s  development take  p lace  so 
the se  aims a re  f u l f i l l e d ?  . . .  could achievement be taken as dependent  on 
one independent  v a r i a b l e  such t h a t  a v a r i a t i o n  in t h i s  independent  
v a r i a b l e  r e s u l t s  in a d e s i r e d  development in the  achievement? From both 
my exper ience  and the  review o f  th e  l i t e r a t u r e ,  i t  was f e a s i b l e  to  
expec t  a p a r t i c u l a r  phenomenon might r e l a t e  change in  achievement to  
change in o t h e r  v a r i a b l e s .  This i s  b r i e f l y  d iscussed  in 1.3 and more 
e x t e n s iv e ly  in Chapter  6. Chapter 4 p resen ts  the  bas ic  d i s c u s s io n  o f  
such a phenomenon c a l l e d  the  presentat ion-phenomenon.
In what fo l lo w s ,  I s h a l l  p r e s e n t  an o u t l i n e  o f  educa t ion  in Kuwait as 
well as the  fundamental r e sea rch  p r o p o s i t i o n s .  Furthermore,  I sh a l l  
show how r e l e v a n t  terminology  w i l l  be in t roduced .
1 .2 .  Education In Kuwait
I t  i s  na tu ra l  now to  p r e s e n t  some simple in formation  about  educa tion  in  
Kuwait and secondary school mathematics.
(a)  School Education
P re -U n iv e r s i ty  educa tion  in Kuwait c o n s i s t s  o f  12 grades  (yea rs )  and 
d iv ided  in t o  t h r e e  s t a g e s ,  each o f  fo u r  grades :
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1. Primary s t a g e  from Grade I to Grade 4 (ages 6-10 y e a r s ) .
2. In te rm ed ia te  s tage  from Grade 5 to  Grade 8 (ages 11-14 y e a r s )
3. Secondary s tage  from Grade 9 to Grade 12 (ages 15-18 y e a r s ) .
(b) Types Of P re -U n iv e r s i ty  S p e c i a l i s a t i o n
Students  u s u a l ly  s p e c i a l i s e  e i t h e r  in a r t s  o r  s c ience  s u b je c t s  a f t e r  the  
t e n th  grade (age 16).  Those s p e c i a l i s i n g  in sc ience  take mathematics 
f o r  7 out  o f  the  20 per iods  in the  week in the  e l even th  g rade ,  and 6 out  
of  the  20 in the  t w e l f t h ( f i n a l ) grade;  while s tu d e n t s  s p e c i a l i s i n g  in 
a r t s  take  mathematics f o r  only  one period a week in the  e l even th  grade.
(c) Secondary Schools And Relevant  Populat ions
In the academic y e a r  1979/1980,  th e re  were in Kuwait 34 secondary schools  
f o r  boys (24711 s tu d e n t s )  and 32 secondary schools  f o r  g i r l s  (22565 
s t u d e n t s ) .  At l e a s t  tw o - th i rd s  o f  the  t o t a l  number o f  boys and g i r l s  
who completed the  10th grade s p e c i a l i s e d  in s c ie n c e .  G i r l s  in secondary 
schools proved in general  achievement t e s t s  to  be as competent in  s c ience  
e s p e c i a l l y  in mathematics as boys.  Consequently,  th e re  w i l l  be no 
d i s c r i m in a t io n  between boys and g i r l s  in t h i s  s tudy .  F i n a l l y ,  i t  i s  to  
be noted t h a t  the  t o t a l  popu la t ion  o f  Kuwait i s  about  one m i l l i o n .
(d) The New Curriculum : Modern Mathematics
UNESCO, in c o -ope ra t ion  with mathematicians and mathematics educa to rs  in 
Arab S t a t e s  c o n t r i b u t e d  to  a p r o j e c t  o f  modern mathematics to be ap p l ied  
f i r s t l y  in the  secondary s t a g e .  Kuwait fol lowed the  p r o j e c t  in  1970/
1971 in two t e s t  s ch o o ls ;  one f o r  boys and one f o r  g i r l s .  Subsequently ,  
the  new curr icu lum has p r e v a i l e d  in the  secondary school  s ince  1974/1975.  
L a s t ly ,  a l l  s t ag es  o f  school in Kuwait have been fo l lowing  a new curr icu lum 
based on modern mathematics s in c e  1978/1979.
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However, the  p r o j e c t  o f  modern maths has proved not  to be the s o l u t i o n  
f o r  problems of  low achievement o f  s tuden ts  in mathematics.  We s t i l l  
have the  same complaints  we used to  hear  about  t r a d i t i o n a l  mathematics 
in t h a t  the  achivement o f  s tu d en t s  i s  s t i l l  in need o f  improvement.
In a d d i t i o n ,  t h e r e  i s  a c e r t a i n  concern f o r  de f ic ienc ie s  in computat ional  
s k i l l s  as well as in prob lem-so lv ing .  The c r i t i c i s m  r a i s e d  i s  s i m i l a r  
to  t h a t  of  Hammersley (1968) who repor ted  s i m i l a r  d e f i c i e n c i e s  in 
mathematical  s k i l l s .
(d) Main Source For Mathematical Achievement : The Textbook.
In mathematics c l a s s e s  in  Kuwait,  both t e achers  and s tu d e n t s  r e l y  mainly 
on one textbook f o r  each grade in the  school ,  w r i t t e n  under the  f u l l  
r e s p o n s i b i l i t y  o f ,  and a u th o r i s e d  by, the M in is try  o f  Education to  be 
the  unique 'source* o f  mathematics.  Hence, i t  i s  acknowledged t h a t  the  
textbook i s  a main r e g u l a t o r  o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s ,  
Fur thermore,  the  exam inat ions ,  whether general or  n o t ,  p lay a f u r t h e r  
r o l e  in g iv ing  a dominance to  the t e x t  s ince  the M in is t ry  d i r e c t s  t h a t  
a l l  examinations should be r e s t r i c t e d  to  the  m a te r ia l  found in the  t e x t s ,  
As te achers  l i k e  t h e i r  s tu d en t s  to  pass the  examination (as well as 
s tu d en t s  p r e f e r in g  t h i s )  the  textbook can then be understood to  be a 
most i n f l u e n t i a l  even t  in mathematics t e a c h in g - l e a rn in g  p rocesses .
In t h i s  Kuwait i s  no t  an anomaly. Howson e t  a l ,  (1981) t e l l  us t h a t  
o th e r  c o u n t r i e s ,  e . g .  Eas t  Germany, a l so  fo l low one s i n g l e  tex tbook fo r  
each grade.  In a d d i t i o n ,  they  r e p o r t  t h a t  the textbooks  con t inue  to  
have a major in f lu en ce  on the  classroom: in many cases  i t  s t i l l
e f f e c t i v e l y  de termines the  curr icu lum.
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The w r i t t e n  m a te r ia l  f o r  a t a sk  k in the textbook in Kuwait w i l l  be 
r e f e r r e d  to; in t h i s  t h p s i s  as the  con ten ts  o f  a t a s k ,  s ince  the  t e x t  
se rves  j u s t  the  purpose s i g n i f i e d  by t h i s  term.
Here,  I now p re s e n t  t a b l e  1 .1 ,  which in d i c a t e s  the main to p i c s  o f  
secondary school m a tha t ic s  in Kuwait.
1 s t  Grade -  Age 
14-15 • -  6 
per iods  per  week
2nd Grade -  Age 
15-16 -  5 
per iods  per  week
3rd Grade -  Age 
16-17 - 7 
per iods per  week 
(Science)
4th  Grade -  Age 
17-18 -  6 
per iods  per  week 
(Science)
1. S e t s ,  s e t -  
Algebra.
1. Co-ord ina te  
geometry ( l i n e  
and c i r c l e ) .
1. Polynominals 
and r a t i o n a l  
fu n c t io n s .
1. Limits and 
c o n t i n u i t y .
2. Re la t ions  and 
P r o p e r t i e s .
2. Transformat ion  
geometry,  (Pro­
j e c t i o n ,  t r a n s l a ­
t i o n ,  r e f l e c t i o n  
and r o t a t i o n ) .
2. Exponents and 
logari thms •
2. D i f f e r e n t i a l  
c a l c u lu s .
3. Mappings 
( f u n c t i o n s ) '
3. M atr i ces ,  
s imple o p e r a t ­
ions .
3. Combinatorics* 3. A pp l ica t ions  to
d i f f e r e n t i a l
c a l c u lu s .
4. Mathematical 
systems (group,  
r in g  and f i e l d ) -
4.. Groups (some 
p r o p e r t i e s ) <
4 . Vector geometry : 
plane and space - 
3.
4. In te g ra l  
c a l c u l u s - a p p l i  c a t ­
ions .
5. Equations o f  
the  2nd degree-
5. Rings and 
f i e l d s  ( s im p le ) '
5. C i r c u la r  
f u n c t i o n s .
5. Exponential  
f u n c t i o n s .
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6. S im i la r  
t r i a n g l e s  *
6. Order in l i n e  
and i n e q u a l i t i e s  
o f  f i r s t  and 
second degree .
6. Complex 
numbers *
6. Simple d i f f e r ­
e n t i a l  equations*
7. Simple 
t r igonometry .
7. Trigonometry,  
s in e  r u l e  and 
cos ine  r u l e .
7, Sequences.  
Limits o f  
sequences.
8.  Simple s t a t ­
i s t i c s  and i n t r o ­
duc t ion  to 
p r o b a b i l i t y .
8 .  Simple i n t r o ­
duct ion  to  
c a l c u lu s .
Table 1.1
Main Topics Of Modern Mathematics In 
Secondary Schools In Kuwait (1979/1980)
1.3. The Research Proposa ls
1 . 3 . 0 .  In t ro d u c t io n
The re sea rch  problem o f  looking f o r  a f e a s i b l e  development in  methodology 
f o r  b e t t e r  achievement in secondary school mathematics in Kuwait,  i s  
indeed a s p ec ia l  sub-problem o f  the  well-known problem in educa t ion  which 
can be found in the  co n tex t  o f  El ton (1979).
Elton with the  aims o f  making s tu d en t s  more independent  in l e a rn in g  
p rocesses  and a f f e c t i n g  a t e ach ing  o f  unders tand ing ,  has r a i s e d  t h i s  
problem in  the fo l lowing two qu e s t i o n s :
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( i )  How can we help te ache r s  to  teach  b e t t e r ?
(11) How can we help s tuden t s  to  l e a rn  b e t t e r ?
In t h i s  c o n te x t ,  the  word ' b e t t e r *  i s  employed to  mean t h a t  the  dec la red
aims a re  more l i k e l y  to  be ach ieved .
In a d d i t i o n ,  the  s i z e  o f  the  re sea rch  problem could be b e t t e r  unders tood 
in the  l i g h t  o f  the  problematic  consequences t h a t  could have emerged in 
the  educa tiona l  systems o f  most developing c o u n t r i e s  as  a r e s u l t  o f  the  
sudden inc re ase  in the  number o f  schools and s tu d en t s  in the  l a s t  two 
decades .  In Kuwait,  t h i s  has r e s u l t e d  in  the  re c ru i tm e n t  o f  mathematics 
t e ach e r s  w i thou t  the  p o s s i b i l i t y  o f  adequate s e l e c t i o n .  And d e s p i t e  
a r a d ic a l  change in the  curr icu lum -  the s h i f t  towards modern mathematics 
- and in t e n s iv e  courses  o f  t r a i n i n g  f o r  a l l  the  t e a c h e r s  o f  mathematics,  
the  complaints  o f  the  low achievement in  secondary school mathematics a re  
s t i l l  found to  be r a i s e d  by a l l  o f  those  who a re  involved  in  the  f i e l d ,  
e . g .  pa ren ts  and s p e c i a l i s t s .  More s p e c i f i c a l l y ,  complaints  o f  
d e f i c i e n c i e s  in the  achievement o f  mathematical knowledge h i g h l i g h t  two 
b as ic  p a r t s  o f  mathematical  knowledge, computat ional  knowledge, i . e .  
the  knowledge r eq u i re d  to  use mathematics as a t o o l ,  e . g .  apply ing a 
c e r t a i n  r u l e  o r  so lv ing  an eq u a t io n ,  and comprehensional knowledge , i . e .  
the  knowledge r e q u i r e d  to  unders tand  p rope r ly  and i d e n t i f y  what should be 
used to  go on with a problem.
My views (based on c e r t a i n  conv ic t ions  d e a l t  with in  Chapter  6) were t h a t  
as long as we a re  unable to  i d e n t i f y  a p r i n c i p l e  o f  in v a r i a n c e  on which 
f in d in g s  and r e s u l t s  in the  psycho-educa t ional  f i e l d  can c o n s i s t e n t l y  
r e l ÿ ,  an o p t im iz a t ion  f o r  complete ly  removing such d e f i c i e n c i e s  i s  
u n l i k e ly .  However, i t  i s  probable t h a t  we might minimize th e  e f f e c t s  of
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such d e f i c i e n c i e s  to the  e x t e n t  t h a t  r esearch  s t u d i e s  in the f i e l d  a re  
grounded on r e a l i t y .  This would mean t h a t  a r e s e a r c h e r  could l ea rn  
more f u l l y  about  such d e f i c i e n c i e s  and t h e i r  r ea l  e f f e c t s ,  and th rough­
ou t  I have been a t  pains to  take in t o  account  the  gap between theory  
and p r a c t i c e .  In t h i s  connec t ion .  Walker (1980) f inds  t h a t :
“Most educa t iona l  r e sea rch  simply does not  d i r e c t l y  connect  
with the  world i t  pu rpor ts  to  s tudy" ( P . 46).
This i s  a l so  in l i n e  with Becher (1980) who gloomily s t a t e d  t h a t :
" I t  must be acknowledged a t  the o u t s e t  t h a t  very l i t t l e  of  
the  educa tiona l  re sea rch  t h a t  i s  done appears  to  have any 
n o t i c e a b le  impact  on the o rd ina ry  te a c h e r  and h i s  work. I t  
i s  not  easy to  ge t  round t h i s  d i f f i c u l t y  by saying t h a t  
r e search  c o n s i s t s  in the p u r s u i t  o f  knowledge f o r  i t s  own 
sake .  In the  long term,  i f  i t  i s  no t  to  be seen as an 
expensive s e l f - i n d u l g e n c e ,  th e re  must be a p a y -o f f  o f  some 
kind.  So i t  i s ,  I t h i n k ,  r i g h t  f o r  a l l  o f  us -  t e a c h e r s ,  
policy-makers  and the  tax-pay ing  pub l ic  as well as  r e s e a r c h e r s  
themselves -  to  look f o r  ways in which the  p r e s e n t  s i t u a t i o n  
can be improved" ( P . 64) .
In o th e r  words,  r e sea rch  should not  be denied i t s  d i r e c t i o n  towards 
development o f  new knowledge, but  e q u a l ly  i t  should a l s o  demons trate a 
regard  f o r  the  people who need i t s  conclus ions  in  r e a l  t e a c h in g - l e a r n in g  
s i t u a t i o n s .
As d iscussed  in Chapter  6 ,  the  work in t h i s  t h e s i s  was planned to  be
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conducted in th r e e  s t a g e s ,  a p r e -p ro p o s i t i o n  s tage  which f a c i l i t a t e d  
in i t s  tu rn  the p r o p o s i t i o n  s t a g e ,  which in t roduced  a s e t  o f  fou r  
fundamental p ro p o s i t i o n s  cons idered  as a b as i s  f o r  the  development o f  
the re search  w ork ' in  the  f i n a l  s t a g e .  In the fo l lowing s e c t i o n ,  I 
endeavour to  throw some l i g h t  on the se  fundamental p ro p o s i t i o n s  o f  the  
research  to  help  give a general  view o f  the  re sea rch  development.
1 . 3 . 1 .  The Fundamental Research P ropos i t ions
Any r e s e a r c h e r ,  in conducting h is  work w i l l  i n e v i t a b l y  encounte r  numerous 
problems such as d e f in ing  terms c l e a r l y ,  using them c o n s i s t e n t l y  and 
id e n t i f y i n g  the  r e sea rch  p roposa ls  f o r  a convenient  development o f  the
re s e a r c h .  One o f  the major d i f f i c u l t i e s  I found - r e s u l t i n g  from the
personal  c o n s t r u c t  o f  grounding the study  on the  b a s i s  o f  the exper imental  
sc iences  - was in i d e n t i f y i n g  a func t iona l  r e l a t i o n  between the a c h iev e ­
ment as a dependent  v a r i a b l e  and one (o r  more) independent  v a r i a b l e  t h a t  
could be governed ( c o n t r o l l e d )  in o rd e r  to  s tudy the  v a r i a t i o n  o f  the 
achievement.  Hence, I found t h a t  I had to  match the  c o n s t r u c t  a ch ieve ­
ment with a number 'A' under c e r t a i n  cond i t ions  and to  t r a c e  a
phenomenon t h a t  might help in d e f in in g  a func t iona l  r e l a t i o n  as
A = g (x . )  with X .  as one o f  the  c o n t r o l l a b l e  independent  v a r i a b l e s  on which 
A depended. D i f f e r e n t  f a c t o r s  ( e v e n t s ) ,  e . g .  reviewed l i t e r a t u r e  and 
experi ence  helped in  i d e n t i f y i n g  such a phenomenon c a l l e d  the  p r e s e n t a t i o n -  
phenomenon. This phenomenon, d iscussed  in Chapter 4,  stems p r im a r i ly  
from a remarkable s tudy  by Mayer and Greeno (1972) which g e n e r a l ly  
i n d i c a t e s  t h a t  d i f f e r e n c e s  in l e a rn in g  outcomes could be due to  d i f f e r e n c e s  
in ma te r ia l  c o n t e n t s .  Hence, i t  was be l ieved  t h a t  t h i s  independent  
v a r i a b l e  Xj i s  s t r o n g ly  r e l a t e d  to  the  ma te r ia l  con ten ts  o r ,  more b r i e f l y ,  
to  the  c o n t e n t s . And s ince  the  textbook in the a rea  o f  t h i s  s tudy  p lays
1-13
the main ro l e  in t e a c h in g - l e a r n in g  o f  ta sks  (see ' ë '  in  1.2)  then 
i t  was viewed t h a t  the c on ten ts  o f  t e a c h in g - l e a rn in g  t a sk s  could 
o p e r a t i o n a l l y  co inc ide  with the w r i t t e n  ma te r ia l  in the t e x t ,  (see 
4 .2 .1  and 4 .2 .2  ) .
Consequently,  based on t h i s  phenomenon as well as on the s e t  o f  con­
v i c t i o n s  in 6 . 1 . 0 .  d i c t a t i n g  the  r o l e  of  theory  in development,  I 
p resen ted  the fo l lowing t h r e e  general  p ro p o s i t i o n s :
(P ro p o s i t io n  6 . 1 ) : A phenomenon t h a t  i n d i c a t e s  a change in the 
achievement o f  s tuden t s  under a c e r t a i n  change 
in a w e l l -d e f in e d  t e a c h in g - l e a r n in g  s i t u a t i o n ,  
i s  s i g n i f i c a n t  as a s t a r t i n g  p o in t  f o r  development 
in c u r r e n t  t e a c h in g - l e a r n in g  s i t u a t i o n s .
( P ro p o s i t io n  6 . 2 ) :  There e x i s t s  a t h e o r e t i c a l  framework on which a
development in c u r r e n t  t e a c h i n g - l e a r n in g  s i t u a t i o n s  
can r e s t .
(P ro p o s i t io n  6 . 3 ) : I f  a proposed development (reform) in c u r r e n t  
t e a c h in g - l e a r n in g  s i t u a t i o n s  (a)  can r e s t  on a 
t h e o r e t i c a l  frame work and (b) can be o p e r a t i o n a l l y  
a p p l i c a b l e ,  i . e .  s w e l l -d e f in e d  and l e a r n a b l e ,  
then such development i s  expec ted  t o  be exper im en ta l ly  
suppor ted .
I t  i s  to  be noted t h a t  I in tended  to  p r e s e n t  such p r o p o s i t i o n s  in  broad 
te rms ,  in  o rde r  to  encourage a wider i n t e r p r e t a t i o n  o f  them f o r  o th e r  
f i e l d s  o f  s tu dy .
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In a f u r t h e r  s t e p  towards i d e n t i f y i n g  such an Xj, i t  was viewed t h a t
Xj should be r e l a t e d  to  the  c o n t e n t s ,  i . e .  the w r i t t e n  ma te r ia l  in the
tex tbook.  In a d d i t i o n ,  i t  was argued in 6 . 2 .2  t h a t  the  con ten ts  of  
a t e a c h in g - l e a rn in g  t a s k  has two main components (a) an i n v a r i a n t
component which comprises t h e o r e t i c a l  a s p ec t s  o f  the t a s k ,  e . g .  a
d e f i n i t i o n  o r  a p roof  o f  a theorem, and (b) a p o ss ib ly  vary ing p a r t  
R which c o n s t i t u t e s  a s e t  o f  in s t a n c e s  as examples,  e x e rc i s e s  and simple 
problems t h a t  a re  supposed to  r e in f o r c e  and enhance the  requ i red  
knowledge o f  the  t a s k .  R was c a l l e d  the  p r e s e n t a t i o n  o f  the  ta sk  which 
indeed c o n s t i t u t e s  the  core  o f  the t a s k .  Accordingly ,  the  con ten ts  
could be viewed to  be e q u i v a l e n t  to R in the sense t h a t  a t r u e  change in 
the con ten ts  i s  genu inely  r e f l e c t e d  in  R. In a d d i t i o n ,  in d i s c u s s in g  
a t r u e  change in R, i t  was viewed t h a t  t h i s  change should take p lace  in 
the  s t r u c t u r e  say 'S '  under ly ing  R and any m odi f ica t ion  Ff would r e l y  on 
the  c o n t r i b u t i o n  o f  ano ther  s t r u c t u r e  ' H ' ,  say.  Moreover, i t  was 
viewed t h a t  theory  should d i s c r i m in a t e  between the  s t r u c t u r e s  under ly ing  
d i f f e r e n t  con ten ts  ( p r e s e n t a t i o n s )  in such a way t h a t  t h i s  d i s c r i m in a t io n  
should be d i r e c t e d  towards demonst ra t ing  how f a r  the  knowledge t h a t  i s  
achieved in d i f f e r e n t  con ten ts  i s  e f f i c i e n t . Accordingly,  a measure 
c a l l e d  the  e f f i c i e n c y  (see  Glossa ry  o f  te rm s ,  Appendix A) was in t roduced  
f o r  such a d i s c r i m in a t io n .  Simply, the  e f f i c i e n c y  f o r  a problem P i s  
the p r o b a b i l i t y  t h a t  an in d iv idua l  x i s  capable  o f  P, provided  he i s  
comple te ly  capable o f  a l l  the  elements  o f  a s e t  c a l l e d  a kernel  f o r  P 
which t e s t s  f o r  ba s ic  and necessa ry  knowledge f o r  P.
Consequently,  i t  was viewed in 6 . 2 . 2  t h a t  Xj invo lves  both the  p r e s e n t a ­
t i o n  R and the  under ly ing  s t r u c t u r e  5 i . e .  Xj = R(S).  Hence A = g(R(S))  
o r  more b r i e f l y  A = g(R),  provided t h a t  S i s  i m p l i c i t l y  involved .  Theory
was a l s o  expec ted  to  play i t s  r o l e  on the  b a s i s  o f  the e f f i c i e n c y .
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L a s t ly ,  the fou r th  and f i n a l  p ro p o s i t i o n  was in t roduced  in  Chapter  6 
which assumed the e x i s t e n c e  o f  s t r u c t u r e s  such as S and H as well as 
conce p tua l i s ing  the func t ion  o f  theory  in the research  f i e l d .
(P ro p o s i t io n  6 . 4 ) :  ( i )  There e x i s t s  a w e l l -d e f in ed  s t r u c t u r e  'S '
under ly ing  c u r r e n t  p r e s e n t a t io n  o f  mathematical 
t a s k s .
( i i )  There e x i s t s  a s t r u c t u r e  'H' t h a t  i s  p o s s ib le  
to  c o n t r i b u t e  in the m od i f ica t ion  o f  c u r r e n t  
p r e s e n t a t i o n .
( i i i )  Theory in P ropos i t ion  6 .2  could p o ss ib ly  
i d e n t i f y  a c e r t a i n  d i s c r im in a t io n  o f  the  e f f i c i e n t  
knowledge t h a t  achieved in  'S '  and 'H ' .
F u r the r  d e t a i l s  f o r  the e s t a b l i s h m e n t  o f  the se  four  fundamental 
p ro p o s i t i o n s  are  found in Chapter  6.
1 .4 .  Final  Stage Of The Research Study
In t h i s  s t a g e ,  I i d e n t i f i e d  the  two s t r u c t u r e s  'S '  and 'H' (Chapter  7} 
and a l s o  developed a t h e o r e t i c a l  framework on the b a s i s  o f  a conceptual  
s t r u c t u r e  c a l l e d  the  space o f  knowledge (Chapter  5 ) .  F u r th e r  on 
(Chapter  8) I employed theory  on the  b a s i s  of  e f f i c i e n c y  to  f i n d  out  
what advantages S o r  U (a p a r t  o f  H) could demonstrate in  achievement.  
In Chapter  9,  I f i n a l l y  proposed on the b a s i s  o f  the  empir ica l  s tu d ie s  
in  Chapter  8 ,  an a lg o r i th m ic  approach to  a m od i f ica t ion  R in the 
methodology o f  t e a c h in g - l e a r n in g  s i t u a t i o n s .  In Chapter  9,  I a l so  
t e s t e d  the m od i f ica t ion  on the b a s i s  o f  r e l e v a n t  experimenta l  method 
through two experiments .  This em pir ica l  evidence  gave a co n s id e ra b le
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suppor t  to  such a t r end  of  m o d i f ica t io n .  F i n a l l y ,  Chapter 10 p re s en ts  
a summary to  the  main study  as well as i t  p resen ts  a f u r t h e r  ou tlook .
The fol lowing Figure  1.1 provides a general scope o f  the  re sea rch  
development based on the  fundamental research  p r o p o s i t i o n s .
mod if I ca t i on
...prop’. 6.4XVV y / x
\
\
\
\
prop. 6.1 prop. 6*2 prop. 6-3
Research problem
Figure  1.1' .
Diagram I l l u s t r a t i n g  The General Scope Of the Research Development.
(1) Research problem: To modify the  c u r r e n t  methodology o f  mathematics 
t e a c h in g - l e a rn in g  s i t u a t i o n s  with the aim o f  improving c u r r e n t  
mathematics achievement.
( 2 ) General P ro p o s i t io n s  6 . 1 ,  6 .2  and 6.3  are  expected to  a c t  by way o f  
the  s p e c i f i c  P ro p o s i t io n  6 .4  through both S and H to  give the  r eq u i re d  
m o d i f ica t io n .
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1 .5 .  Terminology
F i r s t :  Use Of Terms
One o f  the most impor tan t  advancements in a research  work i s  found in 
c l a r i t y  of  terms employed. The c l e a r e r  the terms a r e ,  the e a s i e r  the  
s tudy can be developed and grasped .  Therefore p r e s e n t a t i o n  and use 
o f  terms could be one o f  the  numerous problems t h a t  a r e s e a r c h e r  
encoun te r s .  A d i f f i c u l t y  in c l a r i t y  o f  usage o f  terms l i e s  in the 
f a c t  t h a t  any a t tem pt  to  de f ine  a l l  terms in a p a r t i c u l a r  f i e l d  o f  
knowledge normally proves i m p r a c t i c a l .  Such an a t tempt w i l l  i n e v i t a b l y  
encounter  e i t h e r  a case o f  c i r c u l a r  d e f i n i t i o n  where,  f o r  example,
an A i s  de f ined  by B, B i s  def ined  by C, and subsequen t ly  C i s  def ined
by A, or  a case o f  an i n f i n i  t e - sequence d e f i n i t i o n  where A i s  def ined
by B, B by C, C by D, e t c ;  and n e i t h e r  case provides  any s a t i s f a c t o r y
s t a t e .
In connec tion with mathematics,  the  d e f in i t i o n -p ro b le m  i s  solved  by 
accep ting  a s t a t e  o f  te rminology  c a l l e d  'undef ined  t e r m s ' .  In t h i s  
s t a t e ,  one accep ts  some p r im i t i v e  terms withou t  d e f i n i t i o n s  in  the  
e x p ec ta t io n  t h a t  th e  u se r  should fo rmula te  c e r t a i n  knowledge o f  such 
terms through us ing them. But t h i s  t r en d  seems to have no c u r r e n t  
p a r a l l e l  in non-mathematical f i e l d s ,  e . g .  mathematics ed u c a t io n ,  where 
I observe t h a t  th e  mathematical procedure o f  using undefined te rm s ,  i s  
no t  favoured and he ld  in a very poor l i g h t .
Such being the  c a s e ,  I s h a l l  a t t em p t  a s o r t  o f  compromise: I s h a l l  not
use the  term 'undef ined  te rm s '  nor s h a l l  I de f ine  a l l  te rms.  I s h a l l
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in t roduce  terms "which I do not  def ine"  by d i s cu s s in g  o r  e xp la in ing  them 
o p e r a t i o n a l l y ,  e . g .  advantage o f  achievement.  A Glossary o f  the  terms 
t h a t  were found most usefu l  i s  found in Appendix A.
Second: P ro p o s i t io n  And Hypothesis
The term ' p r o p o s i t i o n '  in t h i s  t h e s i s  w i l l  r e f e r  to a s ta t em en t  expected  
to  be t r u e .  I t  d e p i c t s  such hunches t h a t  could have been a f f e c t e d  by 
a combination o f  personal  e x p e r i en ce ,  read ings ,  i n t r o s p e c t i o n  and 
sp e c u la t io n  on the  re sea rch  work and r e s u l t s .  As a consequence o f  such 
a s i t u a t i o n ,  a r e s e a r c h e r  would bu i ld -up  what he b e l i e v e s  to  be proper 
i d e a ( s )  about the  e x i s t e n c e  o f  such r e l a t i o n s h i p ( s )  among the v a r i a b l e s  
in h i s  re s e a rc h .  I t  i s  more o r  l e s s  an axiom.
As f o r  the term ' h y p o th e s i s '  i t  w i l l  in t h i s  t h e s i s  r e f e r  to  a t e s t a b l e  
s ta t em en t .  A hypothes is  w i l l  be t r e a t e d  as a t e n t a t i v e  p ro p o s i t i o n  
which i s  s u b j e c t  to  v e r i f i c a t i o n  through subsequent  i n v e s t i g a t i o n .  I t  
i s  indeed a s p e c i f i c  d e r i v a t i v e  o f  a p r o p o s i t i o n ;  in  the sense t h a t  
even ts  in p r o p o s i t i o n s  a re  expected  to  be broad ly  in t ro d u ced ,  e . g .  
mathematics s i t u a t i o n ,  w h i l s t  those  even ts  in a hypo thes i s  a re  expected  
to  be o p e r a t i o n a l l y  d e f in e d ,  i . e .  def ined  in observab le  terms.
1 .6 .  Summary
This chap te r  shows the  genera l  a s p e c t s  o f  the re sea rch  s t r u c t u r e .  I t  
s t a t e s  the  view t h a t  educa t iona l  re sea rch  should be based on a general  
plan der ived  from the  aims o f  i d e n t i f y i n g  a c e r t a i n  p rogress  o f  
in d i v id u a l s  in achieving  t e a c h in g - l e a r n in g  t a s k s .  I t  i s  f u r t h e r  be l ieved
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t h a t  a r e s e a r c h e r  should be aware o f  the absence o f  a p r i n c i p l e  o f  
in va r i ance  in the f i e l d  so t h a t  r e s u l t s  and f ind ings  t h a t  stem from 
applying the law o f  un ive rsa l  determinism in t h i s  behavioural  sc ience  
can be c o n s i s t e n t .  Moreover, i t  was viewed t h a t  re sea rch  i s  o f  value 
to the e x t e n t  t h a t  i t  emerges from r e a l i t y  and in  so f a r  as i t  r e p re s e n t s  
i t .  The development o f  the re sea rch  was based,  as in  the  exper imental  
s c i e n c e s ,  on t r a c i n g  a c e r t a i n  phenomenon t h a t  might provide a f u n c t io n a l  
r e l a t i o n s h i p  between a dependent  v a r i a b l e  ( the  achievement) and one 
o r  more independent  v a r i a b l e ( s ) .  L a t e r ,  Sec t ion  1.1 p re s en ts  an 
i d e n t i f i c a t i o n  o f  the  re sea rch  problem in "looking f o r  a f e a s i b l e  
development in methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s "  
with the aims o f  "improving the achievement o f  mathematics s tu d e n t s  in 
secondary schools in Kuwait". Sec t ion  1.2 p re s en ts  genera l  a s p ec t s  o f  
educa t ion  in Kuwait as well as the  new curr iculum o f  mathematics.  I t  
a l so  r evea ls  the dominant r o l e  o f  the textbook as the  main and unique 
source f o r  mathematics achievement.  Sec t ion  1.3 d i s cu s s e s  the  re sea rch  
p ro p o s a l s ,  and p re s en ts  the  b a s i s  o f  adopt ing  the  fundamental r e sea rch  
p ro p o s i t i o n s .  These i n i t i a l l y  a rose  from the remarkable phenomenon 
c a l l e d  the presenta t ion-phenomenon der ived  from f in d in g s  o f  Mayer and 
Greeno (1972) who r ep o r te d  t h a t  d i f f e r e n c e s  in l e a rn in g  outcomes could 
be due to  d i f f e r e n c e s  in  m a te r ia l  c o n t e n t s .  This phenomenon encouraged . 
me to  th ink  o f  the  achievement A as g ( X j )  where Xj was preconceived to  
be s t r o n g ly  r e l a t e d  to  the  c o n t e n t s .  In t h i s  way were the f i r s t  t h r e e  
genera l  fundamentals  put  forward.
A f u r t h e r  s tep  r eq u i re d  the  i n d e n t i f i c a t i o n  o f  Xj on the  b a s i s  o f  
viewing a r e l a t i o n s h i p  between Xj and the c o n t e n t s .  I t  was supposed 
t h a t  the  con ten ts  o f  a t e a c h in g - l e a r n in g  ta sk  inc lude  in general  two 
components; an i n v a r i a n t  one,  which c o n s t i t u t e s  the t h e o r e t i c a l  p a r t
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of  the t a sk  and ano the r  component R, a s e t  o f  i n s t a n c e s ,  e . g .  examples 
or  e x e r c i s e s .  A change in the  con ten ts  i s  thus r e f l e c t e d  in a change 
in R and v ice v e r s a .  In a d d i t i o n ,  i t  was argued t h a t  a t r u e  change 
in  R should take p a r t  in the s t r u c t u r e  'S '  t h a t  u n d e r l i e s  R. However, 
a m od i f ica t ion  R should r e l y  on c o n t r i b u t i o n  o f  ano ther  s t r u c t u r e  H. 
Moreover, i t  was viewed t h a t  the  theory  should d i s c r i m in a t e  between 
the  s t r u c t u r e s  t h a t  u n d e r l i e  d i f f e r e n t  con ten ts  ( p r e s e n t a t i o n s ) .  A 
measure c a l l e d  the  e f f i c i e n c y  was sugges ted to  take  p a r t  in such a 
d i s c r i m in a t io n .  Accord ingly ,  the fou r th  and f i n a l  fundamental 
p ro p o s i t i o n  was pu t  forward and assumes the e x i s t e n c e  o f  s t r u c t u r e s  such 
as 'S '  and 'H' as well as  d e s c r ib in g  a ro le  f o r  th eo ry  based on the 
e f f i c i e n c y  measure.
F i n a l l y ,  Sec t ion  1.4 reviews the f i n a l  s tage  o f  s tudy  and Sect ion  1.5 
d i scusse s  b a s i s  o f  in t roduc ing  terminology.
CHAPTER TWO
THE RESEARCH PROCEDURE
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2, THE RESEARCH PROCEDURE
2 . 0 .  I n t ro d u c t io n
This c h a p te r  i s  in t roduced  mainly to  d iscuss  the methodology used in 
ach iev ing  the  s tudy  in t h i s  r e s e a r c h ,  as well as to p r e s e n t  an o u t l i n e  
o f  the chap te r s  of  t h i s  t h e s i s .  N ev e r th e le s s ,  i t  was be l ieved  t h a t  i t  
i s  e s s e n t i a l  to b r i e f l y  d i scuss  the sources  of  approaches to knowledge 
in o rd e r  e v e n t u a l l y  to focus on the s o - c a l l e d  modern approach,  o r  the 
s c i e n t i f i c  method. In t h i s  connec t ion ,  the r o l e  o f  theory  -  supposed
to p r e s e n t  a s e t  o f  i n t e r r e l a t e d  c o n s t ru c t s  ( c o n c e p t s ) ,  d e f i n i t i o n s ,
and p ro p o s i t i o n s  in  a s y s t e m a t i c  view o f  c e r t a i n  phenomena -  should no t  
be ignored .  Fur ther ,  s in ce  t h i s  research  i s  supposed to be an 
educa t iona l  r e s e a r c h ,  then i t  would be expec ted t h a t  the approach should  be 
viewed, by the  people who a re  involved in the f i e l d ,  as indeed r e ly in g  on the
s c i e n t i f i c  method. In the fo l lo w in g ,  I s h a l l  t r y  to  cover  the  fo l lowing
genera l  o b j e c t i v e s :
(1) To d iscuss  the genera l  approach in educa tional  re sea rch  and
re l e v a n t  methodologies .
(2) To focus on the re sea rch  in t h i s  th e s i s
(3) To o u t l i n e  the t h e s i s  and each chap te r  involved
(4) To demonstrate  the methodology used in  ach iev ing  t h i s  r e s e a r c h .
This cons ide rs  sampl ing,  d e f i n i t i o n  o f  the t e s t s  involved  and 
the two major a t t r i b u t e s  o f  i n s t ru m e n ts ,  i . e .  v a l i d i t y  and 
r e l i a b i l i t y .
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2.1 .  The Approach In Educational  Research
2 . 1 .0 .  I n t ro d u c t io n
There i s  s t i l l  no u n i v e r s a l l y  accep ted and i n f l e x i b l e  meaning of  r e s e a r c h ,  
b u t  under whatever s e t  of  con d i t io n s  research  o c c u r s ,  th e re  i s  one 
element t h a t  seems common to most r esearch  a c t i v i t i e s  in t h a t  i t  has 
been descr ibed  in  l i t e r a t u r e  as a sys tem a t ic  s tudy  (Verma and Beard,  1981) 
In t h i s  connec t ion ,  the sources  o f  knowledge were ca tego r ize d  by Ary e t  a l .  
(1972) under f i v e  forms: ex p e r i en ce ,  a u t h o r i t y ,  deduct ive  r eason ing ,
in d u c t iv e  reason ing and s c i e n t i f i c  method. Experience i s  a f a m i l i a r  and 
w e l l -u s ed  source  o f  knowledge. And, al though such a r e l i a n c e  on personal  
exper ience  has obvious l i m i t a t i o n s ,  i t s  u se fu lness  in d ec i s io n  making 
should no t  be ignored  o r  denied .  However, t h i s  exper ience  could only be 
f e r t i l e  i f  i t  f u nc t ions  s y s t e m a t i c a l ly ,  g iv ing r e l i a b l e  knowledge having 
lo g i c a l  r o o t s .
A u thor i ty  could a l s o  be he lp fu l  in  provid ing  help o r  advice by o th e r  
e x p e r t s  who had exper ience  in  the f i e l d .  And d e s p i t e  i t s  weakness as a 
source  of  r e l i a b l e  in fo rm a t io n ,  a t o t a l  r e j e c t i o n  o f  such a source o f  
g lean ing  knowledge i s  imprudent  (Verma and Beard,  1981).  Furthermore,  
the f i r s t  approach to reasoning  goes back indeed to A r i s t o t l e  who, with 
h i s  f o l l o w e r s ,  in t roduced  the use o f  the deduc t ive method. This method 
o f  acqu i r ing  knowledge invo lves  a thought  process in  which one proceeds 
from broad assumption to  s p e c i f i c  s t a t e m e n t s ,  using p r e s c r ib e d  r u l e s  of  
l o g i c .  The process  s t a r t s  with  r e c o g n i t io n  o f  a u n iv e rs a l  law and 
apply ing i t  to  an i n t e r p r e t a t i o n  o f  p a r t i c u l a r  phenomena. I t  ope ra te s  
through a s e r i e s  o f  s ta t em en t s  c a l l e d  "sy llog ism" which a t tempts  to 
e s t a b l i s h  r e l a t i o n s h i p  between a major premise,  cons idered  to be t r u e .
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a main premise,  and a conc lus ion .  An example of  t h i s  sy l log ism is  the 
well-known one: All humans a re  mor ta l :  Socra te s  i s  a human; hence
Socra te s  i s  m o r ta l .  However, the main weakness o f  the c l a s s i c a l  
deduct ive  method i s  found in  i t s  r e l i a n c e  on the major premise which 
might  be f a l s e .  Thus the major c r i t i c i s m  of  t h i s  method by s c i e n t i s t s  
i s  found in i t s  i n a b i l i t y  to v e r i f y  the t r u t h  o f  major premises (Verma 
and Beard, 1981).
Such being the ca se ,  F rancis  Bacon (1561-1621) advocated a new approach 
t h a t  came to be known as the in d u c t iv e  method. This process  r e q u i r e s  
the a p p l i c a t i o n  o f  d i r e c t  obse rva t ion  o f  phenomena, a r r i v i n g  a t  a 
conclusion  through evidence by observing many ca s e s .  Bacon held t h a t  
a man i s  ens laved by accep t ing  premises handed down by a u t h o r i t y  as 
abso lu te  t r u t h .  I n s t e a d ,  he be l ieved  t h a t  an i n v e t i g a t o r  should 
e s t a b l i s h  general  conclus ions  on the b a s i s  o f  the f a c t s  ga thered  through 
d i r e c t  o b s e rv a t io n .  N e v e r th e le s s ,  t h i s  method has i t s  own l i m i t a t i o n  
s in c e  a p e r f e c t  induc t ion  should be e s t a b l i s h e d  on obse rva t ion  o f  a l l  the 
examples involved  in a c l a s s  o f  o b je c t s  o r  e v e n t s ,  which i s  in p r a c t i c e  
im poss ib le .  In a d d i t i o n ,  the  in duc t ion  based on the r e g u l a r i t i e s  in 
mathematics could no t  p o s s ib ly  apply s i m i l a r  r e g u l a r i t i e s  in o th e r  f i e l d s ,  
e s p e c i a l l y  human behaviour.
Hence, as a l so  the  i n d u c t iv e  method could no t  p r e s e n t  an adequate technique  
f o r  many problems,  i t  was n a tu ra l  t h e r e f o r e  to  t r y  to  i n t e g r a t e  the  
r e l e v a n t  a spec t s  o f  the induc t ion  and deduct ive  methods i n t o  a more 
usefu l  method o f  a c q u i r in g  r e l i a b l e  and s i g n i f i c a n t  knowledge, c o n s t i t u t i n g  
the  s o - c a l l e d  modern o r  s c i e n t i f i c  method (Verma and Beard,  1981).
Dewey (1933) desc r ibed  f i v e  main s t a g e s  t h a t  one passes  through when 
a t t e m p t in g  to acqu i re  new knowledge:
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( i )  r e co g n i t io n  and d e f i n i t i o n  o f  the problem under s tudy ,
( i i )  o b s e rv a t io n ,  c o l l e c t i o n  and c l a s s i f i c a t i o n  o f  da ta  r e l e v a n t  to 
the problem,
( i i i )  fo rmula t ion  of  a t e n t a t i v e  hypothesi s  concerning the se  obse rva ­
t i o n s  o r  phenomena,
( iv )  v e r i f i c a t i o n  o f  t h i s  hypothes is  a g a i n s t  a l l  the  known f a c t s  which 
might modify the o r i g i n a l  h y p o th e s i s ,  and
(v) formula t ion  o f  co n c lu s io n ( s )  in terms o f  general  p r i n c i p l e s  
concerning the problem.
Indeed,  i t  was Dewey who gave t h i s  s o - c a l l e d  s c i e n t i f i c  method an impetus 
o f  major importance in modern times (Verma and Beard, 1981).  Yet ,  
al though the se  f i v e  s t e p s  p r e s e n t  a usefu l  p a t t e r n  f o r  development and 
implementat ion of  some methods o f  r e s e a r c h ,  a r e s e a r c h e r  in  p r a c t i c e  does 
not  fol low them r i g i d l y .  Consequent ly,  d i f f e r e n t  r e s e a r c h e r s  w i l l  have 
d i f f e r e n t  s t r a t e g i e s  o f  acq u i r in g  the  requ i red  knowledge w i th in  the  
general  framework o f  the  s c i e n t i f i c  method. For example,  Ary e t  a l .  
(1972) sugges t  t h a t  the  f i v e  s t e p s  in  the s c i e n t i f i c  method could be:
( i )  d e f i n i t i o n  o f  the problem,
( i i )  s ta t em en t  o f  a h y p o th e s i s ,
( i i i )  deduct ive  r ea son ing ,
( iv )  c o l l e c t i o n  and a n a l y s i s  o f  d a t a ,  and
(v) confirming o r  r e j e c t i n g  the  hypo thes i s .
However, Fox (1969) sugges ts  17 s tag es  d iv ided  i n t o  th r e e  main p a r t s ,
(a) des igning  the re sea rch  p la n ,
(b) implementing the  r e s ea rch  p la n ,  and
(c) implementing the r e s u l t s .
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N ev e r th e le s s ,  whatever the sugges t ions  are  f o r  implementing t h i s  method, 
the backbone i s  t h a t  t h i s  method i s  a sys tem at ic  way o f  r ea son ing ,  
whereby obse rva t ions  o r  experiments a re  made, hypotheses a re  pu t  forward 
and t e s t e d ,  and i f  necessary  amendments a re  made to  the o r ig i n a l  
hypotheses in the l i g h t  of  evidence  ob ta ined  and then conc lusions  are  
drawn.
In connec tion with the  d i s c u s s io n  o f  the s c i e n t i f i c  method, i t  i s  worth­
whi le  r e f e r r i n g  to  con t rove rsy  about  t h i s  method. Kuhn (1962),  f o r  
example,  f inds  t h a t  s c i e n t i s t s  who want to  break new ground cannot  a f f o r d  
to r e s t r i c t  themselves to  any a r b i t r a r y  s e t  o f  methodological  techn iques .  
He f in d s  t h a t  the only r u l e  t h a t  can guide the s e l e c t i o n  o f  a new 
technique  i s  " t h a t  i t  works".  Thus the good s c i e n t i s t  does no t  fol low 
a p r e s c r ib e d  method,  bu t  on the  c o n t r a r y ,  d iscovers  methods t h a t  work. 
This does not  imply r e j e c t i o n  o f  e x i s t i n g  methodologies ,  bu t  i t  s imply 
s t a t e s  t h a t  s c i e n t i s t s  should lea rn  many methodologies and use each as 
a too l  r a t h e r  than as a r e l i g i o n  (Lochhead, 1979). Feyerabend (1975) in 
the  co n te x t  o f  t h i s  con t rove rsy  f in d s  t h a t  the idea o f  a f ix e d  method o r  
a f ix e d  theory  o r  r a t i o n a l i t y ,  r e s t s  on too naive a view o f  man and h is  
s o c i a l  surroundings  and:
" th e r e  i s  only one p r i n c i p l e  t h a t  can be defended under a l l  
ci rcumstances  and in a l l  s t a g e s  o f  human development.  I t  i s  
the  p r i n c i p l e  : ' anyth ing  gOes^' ( p . 28).
He indeed a r r i v e s  a t  such a c o n t ro v e r s i a l  conclusion by simple ex tens ion  
o f  a p o in t  on which most modern ph i losophers  ag ree ,  i . e .  knowledge can 
never be c e r t a i n . Hence, as Feyerband c la im s ,  the key to s c i e n t i f i c  
p rogress  has no t  been adherence to  a well def ined  methodology. Verma and
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Beard (1981) in t h i s  c o n te x t  s t a t e  t h a t :
"Although c on t rove rsy  e x i s t s  with regard  to the na tu re  and 
use o f  the ' s c i e n t i f i c '  method, i t  i s  im por tan t  to keep in 
mind t h a t  t h i s  method r e p re s e n t s  one way o f  d e s c r ib in g  and 
s tudying the world around us and t h a t  t h e r e  a re  var ious  o th e r  
l e g i t i m a t e  approaches which can be adopted ."  ( P . 8) .
Such d i scuss ion  of  the approach in  re sea rch  f i e l d s  i n e v i t a b l y  r e q u i r e s  a 
d i scuss ion  o f  s c i e n t i f i c  theo ry .  A b r i e f  d i s cu s s io n  o f  t h i s  p o in t  
fo l low s .
2 . 1 . 1 .  S c i e n t i f i c  Theory
The l a s t  a s p ec t  o f  the  concept  o f  sc ienc e  to  be cons idered  i s  the 
c o n s t r u c t io n  o f  th eory .  A s c i e n t i s t ,  through h i s  em pir ica l  i n v e s t i g a t i o n s ,  
g a th e r s  many f a c t s  t h a t  need i n t e g r a t i o n ,  o r g a n i s a t io n  and c l a s s i f i c a t i o n  
in  o rd e r  to make the i s o l a t e d  f in d in g s  meaningful .  Genera l ly  speak ing ,  
good th e o r i e s  a re  b u i l t  upon f a c t s  o r  evidence and n o t  on mere s p e c u l a t i o n .  
Theories  c o n s i s t  o f  a number o f  s ta tem en ts  about  v a r i a b l e s  and about  
r e l a t i o n s h i p s  between v a r i a b l e s .  In o th e r  words,  t h e o r i e s  c o n s i s t  of  
g e n e r a l i z a t i o n s ,  u s u a l l y  c a l l e d  as laws in the  phys ica l  s c i e n c e s ,  and 
c o n s t r u c t s ,  where a c o n s t r u c t  i s  a type of  concept  used in  s c i e n t i f i c  
r e s ea rch  to  de sc r ib e  events  t h a t  sh a re  s i m i l a r  elements (Borg and G a l l ,
1971).
The r o l e  o f  theory  i s  e s s e n t i a l ,  in t h a t ,  i t  summarises and puts  in o rd e r  
the e x i s t i n g  knowledge in a p a r t i c u l a r  a rea  as well  as p rov id ing  meaning
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to  d i s p e r s ed  fragments of  em pir ica l  knowledge. In a d d i t i o n ,  theory  
by s p ec i fy in g  r e l a t i o n s  among v a r i a b l e s ,  can p o ss ib ly  help e x p la in  and 
p r e d i c t  r e l a t e d  even ts  in the  a rea  o f  the s tudy .  Moreover, i t  can 
s t im u la t e  new d i s c o v e r i e s .
2 . 1 . 2 .  Educational  Research
Since both ' e d u c a t io n '  and ' r e s e a r c h '  do no t  have commonly shared  
d e f i n i t i o n s ,  then i t  i s  n a t u r a l l y  ext remely d i f f i c u l t  to give the term 
'e d u c a t io n a l  r e s e a r c h '  a d e f i n i t i o n  t h a t  would be accep ted by a l l  those 
concerned with educa t iona l  decision-making and p r a c t i c e .  Lovell and 
Lawson (1970) f in d  t h a t  i t  i s  v i r t u a l l y  impossible to  give a d e f i n i t i o n  
o f  the term t h a t  would command un ive rsa l  accep tance ,  as th e re  a re  
innumerable meanings t h a t  can be given to  the word ' e d u c a t i o n ' .  Mean­
w h i le ,  Travers (1964) de f ine s  educa t iona l  r esearch  as:
"an a c t i v i t y  d i r e c t e d  toward the  development o f  an o rgan ised  
body o f  s c i e n t i f i c  knowledge about the  events  with which 
educa to rs  a re  concerned" ( P . 5 ) .
Ary e t  a l .  (1972) s t a t e  t h a t :
"When the s c i e n t i f i c  method i s  app l ied  to the s tudy o f  
educa t iona l  problems,  educa t iona l  r esearch  i s  the  r e s u l t "
( P . 21).
Whatever the goal o f  educa t iona l  r e s e a r c h ,  the common element in a l l  the  
d i f f e r i n g  opin ions  i s  found in the  a p p l i c a t i o n  o f  s y s tem a t ic  methods to
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the study  o f  educa t iona l  problems so t h a t  the search  f o r  meaningful and 
t ru s tw or thy  knowledge becomes c e n t r a l  in the whole process  (Verma and 
Beard,  1981).
But,  d e s p i t e  the g r e a t  n e c e s s i t y  f o r  development o f  educa tion  through 
educa t iona l  r e s e a r c h ,  i t  must be s a id  t h a t  educa t iona l  r e sea rch  has not  
a c c e l e r a t e d  educa t iona l  p r a c t i c e  to the e x t e n t  many had hoped f o r .  The 
p rogress  o f  re sea rch  in educa tion  has been slower than o th e r  r e sea rch  in 
o th e r  f i e l d s  (Verma and Beard,  1981).
As a m a t t e r  o f  f a c t ,  educa t ion  in  p a r t i c u l a r  has s u f f e r e d  from an absence 
o f  a t h e o r e t i c a l  o r i e n t a t i o n  towards f e a s i b l e  developments in te ach in g -  
l e a rn in g  s i t u a t i o n s .  In t h i s  s e n s e .  Walker (1980) s t a t e s  t h a t :
"Most educa t iona l  r esearch  does no t  d i r e c t l y  connec t  with the 
world i t  pu rpo r t s  to  s tudy" ( P . 45).
In a d d i t i o n ,  Becher (1980) no tes t h a t  very l i t t l e  o f  the  educa t iona l  
re sea rch  t h a t  i s  done appears  to  have p resen ted  any va luab le  help to  the 
o rd in a ry  te a c h e r  in  t h i s  work. Although we do n o t  underes t im ate  the 
value o f  knowledge sought f o r  i t s  own sake ,  n e i t h e r  should we expec t  
people a p a r t  from r e s e a r c h e r s  who a re  involved  in the educa t iona l  f i e l d ,  
to  innova te  and produce the  r e q u i re d  developments in the f i e l d .
2 . 1 . 3 .  Research Methodologies In Education
Research method r e f e r s  to  the genera l  s t r a t e g y  fol lowed in g a th e r in g  and 
a na lys ing  the da ta  necessa ry  in the search  f o r  answers to the re sea rch  
problem. And al though  the  l i t e r a t u r e  does no t  seem to  s u gges t  t h a t  th e re
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i s  a g e n e r a l ly  accepted  scheme f o r  c l a s s i f y i n g  educa t iona l  re sea rch  
s t u d i e s ,  one might  f in d  the  fo l lowing four  c a t e g o r ie s  o f  Ary e t  a l .
(1972) to be s e n s i b l e .
1. Experimental : which i s  an approach t h a t  i s  based on a
s c i e n t i f i c  i n v e s t i g a t i o n  in  which the i n v e s t i g a t o r  man ipula tes  
and c o n t r o l s  one o r  more independent  v a r i a b l e s  and observes  
the  dependent  v a r i a b l e ( s )  f o r  v a r i a t i o n  concomitant  to the 
m anipu la t ion  o f  the  independent  v a r i a b l e ( s ) .  I t s  major purpose 
i s  to  determine "what may be".
2. Ex P os t  F a c t o : which i s  s i m i l a r  to  exper imenta l  r e sea rch
excep t  t h a t  the i n v e s t i g a t o r  i s  no t  ab le  d i r e c t l y  to manipula te  
independen t  v a r i a b l e s .
3. D e s c r i p t i v e : which i s  p r im a r i ly  concerned with p o r t r a y in g
the  p r e s e n t .  I t  i s  concerned with cond i t ions  o r  r e l a t i o n s h i p s
t h a t  e x i s t  e . g .  p r e v a i l i n g  p r a c t i c e s  o r  b e l i e f s .  I t s  major 
purpose i s  to  say "what i s " .  There a re  s ev e ra l  s u b ca te g o r ie s  
o f  t h i s  method,  e . g .  case  s tudy and survey .
4. H i s t o r i c a l  : which invo lves  an unders tand ing  o f  the  p r e s e n t  in
the l i g h t  of  p a s t  events  and t r e n d s .  I t s  major purpose i s  to 
say "what w as" .
In t h i s  connec t ion ,  none o f  the se  c a t e g o r i e s  i s  e s s e n t i a l l y  s u p e r i o r  to the 
o t h e r s ,  and f u r t h e r , a  p iece  o f  r e sea rch  may f a l l  i n t o  more than one o f  the 
c a t e g o r i e s .
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2 .2 .  This Research
The re search  in  t h i s  t h e s i s ,  in the sense  o f  Travers (1964) and Ary e t  a l .
(1972) could be cons idered  as an a c t i v i t y  based on the s c i e n t i f i c  method
to be app l ied  in seek ing a development o f  an educa t iona l  problem. Hence, 
in  t h i s  sense,  t h i s  r esearch  i s  an educa t iona l  r e s e a r c h . An educa t iona l  
r e s e a r c h ,  as a sc ience ,  uses i n v e s t i g a t i v e  methods which a re  c o n s i s t e n t  
with the b as ic  procedure and o p e ra t in g  concept ions  o f  s c ie n c e .  G enera l ly ,  
a r esearch  i s  conducted on the b a s i s  of  a s e t  o f  genera l  and ty p i c a l  
s tag es  t h a t  can be found in
(a) s e l e c t i o n  o f  a problem,
(b) a n a l y s i s  o f  lo g i c a l  a spec t s  of  the  problem and d e f i n i t i o n  o f  r e l e v a n t  
terms,
(c)  s e l e c t i o n  o f  an adequate  method and r e l e v a n t  ins t rum ents  o f  
measurement,
(d) c o l l e c t i o n , a n a l y s i s  and i n t e r p r e t a t i o n  o f  the r e l e v a n t  d a t a ,  and 
f i n a l l y ,
(e)  the  r e p o r t in g  o f  r e s u l t s .
In t h i s  c o n n ec t io n , th e  s e t  o f  th ree  s tag es  t h a t  I fol lowed in conduct ing  
t h i s  r esearch  i s  more or  l e s s  e q u i v a l e n t  to  the s e t  o f  genera l  and ty p ic a l  
s t a g e s  p rev ious ly  mentioned.  Here,  I p r e s e n t  a b r i e f  d i s c u s s io n  o f  these  
s tag es  which w i l l  demonstrate the s t r u c t u r e  o f  research  in t h i s  t h e s i s .
A p re -p ro p o s i t i o n  s t a g e : I t  was expec ted t h a t  t h i s  s tag e  ( r e p o r te d
in  6 .1 )  would involve the  i d e n t i f i c a t i o n  o f  the re sea rch  problem, r e l e v a n t  
terminology and p o s s ib le  p i l o t  ins t rum ents  in o rd e r  to  adopt  a c e r t a i n  s e t  
o f  fundamental re sea rch  p ro p o s i t i o n s  which would c o n s t i t u t e  the  n e x t  s t a g e  
i . e .  the p ro p o s i t io n  s t a g e .  Though the  r esearch  problem was borne in 
mind th roughout ,  I was a l s o  in f lu en ced  and convinced by P ia g e t  (1972b),  who
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proposes t h a t  a r e s e a r c h e r  would b e t t e r  s t a t e  a t  the o u t s e t  th r e e  to  ten 
o f  the most im por tan t  o f  h i s  metaphysical  theses  in the most e x p l i c i t  
form. Such a sugges t ion  i s  s e n s i b l e  in the absence o f  a c l e a r  and 
r e l i a b l e  v i s io n  of  the r e sea rch  development.  Consequent ly,  a s e t  of  
f i v e  such conv ic t ions  i s  p re s en te d  in 6 . 1 .0  to help  as a genera l  gu ide­
l i n e  in the s t r a t e g y  f o r  ach iev ing  the s tudy  in t h i s  t h e s i s .  Hence, 
t h i s  s t a g e  (see  6 .1 )  was made up of  the fo l lowing  s t e p s :
( i )  A s e t  o f  c o n v i c t i o n s : I s t a t e d  f i v e  conv ic t ions  (6.1.0)*,  the
f i r s t  fou r  commonly he ld  in the f i e l d  o f  ed u c a t io n ,  whi le  the f i f t h  was 
a personal  c o n v i c t i o n ,  preconceived  to help  development of  s tudy .
( i i )  The re sea rch  problem: I proposed the r e sea rch  problem (6 .1 .1  )
as "looking f o r  a f e a s i b l e  development in the  methodology o f  mathematics 
t e a c h in g - l e a r n in g  s i t u a t i o n s " .  The aim was s p e c i f i c a l l y  " to  improve the 
achievement o f  s tu d e n t s  in mathematics" and the a rea  o f  t h i s  s tudy  was taken 
as secondary schools  in Kuwait.  D e ta i l s  a re  found in 1.1 and 1.2 o f  
Chapter  1.
( i i i )  P i l o t  i n v e s t i g a t i o n s  f o r  the p r o p o s i t i o n  s t a g e : J u s t  as the
p r o p o s i t i o n  s tag e  would i n e v i t a b l y  in f lu e n c e  the course o f  s tudy  in the 
f i n a l  s t a g e ,  so in t u r n ,  the p r o p o s i t i o n  s tage  i s  in f lu en ced  by the 
p r e p ro p o s i t i o n  s t a g e .  G en e ra l ly ,  as in exper imenta l  s c i e n c e ,  I viewed 
t h a t  conduct ing  o f  t h i s  s tudy  should  f i r s t l y  be based on i d e n t i f y i n g
a fu n c t io n a l  r e l a t i o n  t h a t  in t ro d u c e s  the dependent  v a r i a b l e  
'achievement* as a fu n c t io n  o f  a n o th e r  independent  v a r i a b l e ,  c o n t rô l a b l e  
under c e r t a i n  exper imenta l  methods,  in o rd e r  to s tudy  the cor responding  
v a r i a t i o n  o f  the achievement .  N e v e r th e le s s ,  based on the b e l i e f  o f  a 
suppo r t ive  theory  f o r  the development,  I viewed t h a t  the p ro p o s i t i o n  f o r  
m o d i f i c a t io n  in  the f i n a l  s t a g e  should  stem from the p r o p o s i t i o n  s t a g e .
This in t u r n ,  would r e l y  on the  concption  t h a t  the m o d i f ica t io n  should 
be e s t a b l i s h e d  on the b a s i s  o f  a comparat ive s tudy  o f  the advantages
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o f  the achievements in both the c u r r e n t  and the proposed te ach ing -  
l e a rn in g  s i t u a t i o n s .  This i s  d is cussed  in 6 . 1 . 2 .
Accordingly ,  a d i s c u s s io n  o f  terms i s  in t roduced ,  in  6 . 1 . 2 . 0 ,  as well as 
two p i l o t  in s t ru m e n ts ,  a q u e s t i o n n a i r e  (6 .1 .2 .1  ) and a t e s t  T^ ( 6 . 1 . 2 . 2  ) 
were in t roduced  to throw l i g h t  on the nex t  s t a g e .  I t  i s  to  be noted 
t h a t  Tq could i n d i c a t e d  t h a t  the advances in  achievement rega rd ing  a 
problem P could r e l y  on a measure c a l l e d  the e f f i c i e n c y . This was based 
on the p r o b a b i l i t y  t h a t  an in d iv id u a l  x in a r e p r e s e n t a t i v e  sample of  a 
c e r t a i n  normal popu la t ion  i s  ab le  to  so lve  P, provided t h a t  he has 
a c c u r a t e l y  performed in  a l l  elements  of  a s e t  -  c a l l e d  a kernel  f o r  P -  
supposed to  t e s t  a t t a in m e n t  o f  knowledge in necessary  p r e r e q u i s i t e s  of  P 
( 6 . 1 . 2 . 2 . 3  ) .  This measure ,  i . e .  the  e f f i c i e n c y  w i l l  be eminent in t h i s  
t h e s i s .
2, A p ro p o s i t i o n  s t a g e : As the c o n s t r u c t  achievement was ass igned  a
number 'A' in terminology in 6 . 1 . 2 . 0 ,  then the study in t h i s  s t a g e  was
d i r e c t e d  towards:
(a)  i d e n t i f y i n g  a fu n c t i o n a l  r e l a t i o n  A = g(x- )  where x .  i s  anJ J
independent  v a r i a b l e  t h a t  could be c o n t ro l l e d  under experimenta l  
conditions*,
(b) proposing the r o l e  o f  theory  in  s tudy;and
(c) i d e n t i f y i n g  how a change from Xj to  Xj would b r ing  about  a r e l e v a n t  
change in A as well as p ropos ing ,  by using th e o ry ,  how to d i s c r im ­
in a t e  between A = g ( Xj )  and A = g ( X j ) .  This might  then br ing  to 
l i g h t  a proposed m od i f ica t ion  t h a t  would have a t h e o r e t i c a l  suppor t .
The f i r s t  p a r t  (a)  was indeed der ived  on the b a s i s  of a remarkable phenomenon
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t h a t  i s  found in  the Mayer and Greeno Study o f  1972, which g e n e ra l ly  
could i n d i c a t e  t h a t  d i f f e r e n c e s  in l e a rn in g  outcomes could be induced by 
d i f f e r e n c e s  in  m a te r ia l  c o n t e n t s . This phenomenon was c a l l e d  the 
p re s en t a tion-phenomenon and d e t a i l e d  s tudy  of  t h i s  phenomenon i s  found in 
Chapter 4. As a m a t t e r  o f  f a c t ,  the reviewed l i t e r a t u r e  in Chapter  3 
as well  as i n t r o s p e c t i o n  a l s o  i d e n t i f i e d  such a phenomenon. I a cc ord ing ly  
assumed t h a t  such an ' x . '  in  A = g ( x . )  should be an observab le  and w e l l -  
de f ined  independent  v a r i a b l e  r e l e v a n t  to  the m a te r ia l  c o n te n t s .  Hence, 
the  f i r s t  th ree  genera l  p ro p o s i t i o n s  were pu t  forward s a t i s f y i n g  both
(a) and (b ) .  As f o r  ( c ) ,  i t  was argued t h a t  the p r e s e n t a t i o n  R i s  the 
core in the con ten ts  o f  a t e a c h in g - l e a r n in g  t a s k ,  s ince  the se  con ten ts  
in  general  inc lude  two p a r t s ,  a t h e o r e t i c a l  p a r t  and a s e t  R o f  in s t a n c e s  
as examples , e x e r c i s e s  and simple problems. I t  was a l s o  argued t h a t  
a t r u e  change in the con ten ts  i s  found in  a t r u e  change in R. In connect­
ion with conv ic t ion  C5 in 6 . 1 . 0 ,  I assumed the e x i s t e n c e  o f  a s t r u c t u r e  
'S '  under ly ing  such an R, i . e .  R = R(S) and a t r u e  change in  R should take  
p lace  in  a change in S. Furthermore,  I assumed t h a t  Xj = R(S),  or  s imply 
R,provided t h a t  S i s  unders tood ,  and hence A = g(R) was cons idered  as the 
r e q u i r e d  func t iona l  r e l a t i o n .  L a t e r ,  I assumed the e x i s t a n c e  o f  ano ther  
s t r u c t u r e  'H' which could p o s s ib ly  c o n t r i b u t e  in m o d i f i c a t io n .  In 
a d d i t i o n ,  I prop'osed t h a t  the use o f  theo ry  to d i s c r i m in a t e  between 
A = g(R) and A = g(R) would take  p lace  on the b a s i s  o f  the ' e f f i c i e n c y '  
measure d iscussed  in T^ ( 6 . 1 . 2 . 2 )  -  l a t e r  developed in  Chapter  5. 
Consequently,  I proposed the fo u r th  and f i n a l  fundamental p ro p o s i t i o n .
3. The f i n a l  s t a g e : This f i n a l  s t a g e  was, as u s u a l ,  expected  to  provide
some s o l u t i o n s ,  a l b e i t  p a r t i a l ,  to the re sea rch  problem. P a r t i a l ,  s ince  
the behaviour o f  an organism cannot ma in ta in  lawful r e g u l a r i t y ,  d e s p i t e  
many behavioural  s c i e n t i s t s  assuming such ordered  r e g u l a r i t y  (Ary e t  a l . ;
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1972),  and d e s p i t e  my own assumption of  r e g u l a r i t y  in some p laces  in 
t h i s  s tudy -  as in the p s e u d o - r e a l i t y  in 8 . 2 .0 .
In connection with t h i s  s t a g e ,  I found t h a t  what I had to  do was:
(a) to i d e n t i f y  two s t r u c t u r e s :  S, which u n d e r l i e s  the c u r r e n t  p r e s e n t ­
a t io n  of  mathematical t e a c h in g - l e a r n i n g  t a s k s ,  and H, which i s  supposed
to  c o n t r i b u t e  in  m o d i f i c a t io n .  (This was s a t i s f i e d  in 7 . 1 ) .
(b) to develop a t h e o r e t i c a l  framework in  l i n e  with the fundamental 
r e sea rch  p r o p o s i t i o n s ,  such a theory  being expec ted  to  have i t s  ro o t s  in 
experiment .  (This  theory  was i n i t i a t e d  in  7.3 and developed in  Chapter 
5 o f  t h i s  s tu d y ) .
(c) to implement f u r t h e r  em pir ica l  s tudy a r i s i n g  from the t h e o r e t i c a l  
framework on the b a s i s  o f  the re sea rch  methodology r e p o r te d  l a t e r  in t h i s  
ch a p te r ,  (This was s a t i s f i e d  in  Chapter 8) .
(d) to propose an a l g o r i th m ic  approach fo r  modifying methodology.  This 
was s a t i s f i e d  in  P ro p o s i t io n  9.1 o f  Chapter  9 ) .
(e) to implement r e l e v a n t  in s t rum en ts  which would provide a comparat ive 
s tudy o f  achievements o f  s t u d e n t s  under c u r r e n t  s i t u a t i o n s  and r e l a t e d  
s i t u a t i o n s  under the proposed m o d i f i c a t io n  in  methodology.  (This was 
s a t i s f i e d  in  two experiments  in  9 . 2 ) .
( f )  To r e p o r t  the s tudy
One f i n a l  word i s  to be s a i d .  The l i t e r a t u r e  review in Chapter  3 in 
r e l a t i o n  to Chapter  4 s t r o n g l y  shared  both the f i r s t  two s t a g e s :  Chapter
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2 however, helped in  planning  the whole s tudy .  Chapter  10 f i n a l l y  
summarises the main work and f ind ings  in  t h i s  s tudy  as well as 
sugges t ing  f u r t h e r  works in the co n tex t  o f  t h i s  s tudy .
Here,  I p r e s e n t  Figure  2.1 t h a t  i l l u s t r a t e s  development o f  s tudy  in the se  
s t a g e s .
( f ) Report i ng whole t h e s i s
(e) Empirical evidence Chapter  9
(d) P ro p o s i t io n  o f  a lg o r i th m ic  approach to  m od i f ica t ion  in 
methodology Chapter  9
(c) F u r th e r  em pir ica l  s tudy Chapter  8
(b) Development o f  t h e o r e t i c a l  framework Chapter  5
(a) I d e n t i f i c a t i o n  o f  underlying 
s t r u c t u r e s  S and H Chapter  7
4-
Final  s tage4
P ropos i t ion  s tage
P re -P ro p o s i t io n  s tage4
Fundamental r e sea rch  p ro p o s i t i o n s  Chapter  6
t
(C) P i l o t  i n v e s t i g a t i o n s  f o r  the
p ro p o s i t i o n  s tag e Chapter  6
(b) Research problem Chapter  6
(a) S e t  o f  co n v ic t io n s Chapter 6
Figure 2 .1 :  The Development Of The Study'
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2 .3  Outl ine  Of Thesis
Chapter 1 -  The Research Problem : Aspects Of the Research S t r u c t u r e
This chap te r  p r e s e n t s  the  re sea rch  problem "To look f o r  a f e a s i b l e  
development in  methodology o f  te ach ing- lea rn ing  s i t u a t i o n s "  a r i s i n g  from 
the ques t ion  "How can we help  o rd in a ry  t e achers  and o rd ina ry  s tu d e n t s  to 
cope with mathematics b e t t e r ? "  I t  f u r t h e r  d i scusse s  educa t ion  in  Kuwait 
and reviews the b a s i s  o f  the  p r e s e n t a t i o n  o f  the  fundamental r e sea rch  
p r o p o s i t i o n s .  I t  a l s o  b e i e f l y  s t a t e s  general  a spec t s  of  the f i n a l  s t a g e  
o f  the re sea rch  s tudy .  In a d d i t i o n ,  th e re  i s  a d i s cu s s io n  of  the  b a s i s  
f o r  in t ro d u c in g  r e l e v a n t  terminology .
Chapter 2 -  The Research Procedure
This ch ap te r  s t u d i e s  approaches to educa t iona l  r e s ea rch  pass ing  through 
d i s c u s s io n  of  the d e f i n i t i o n  o f  re sea rch  and sources  o f  knowledge and 
f i n a l l y  focuss ing  on the s c i e n t i f i c  method. Fu r the r  on, i t  d i s c u s s e s  in  
a genera l  way the r o l e  o f  theory  in r e sea rch  and r e l e v a n t  methodologies .  
In a d d i t i o n ,  t h i s  p a r t i c u l a r  p iece  of  re sea rch  i s  cons idered  in i t s  
s t a g e s  o f  development and r e l e v a n t  methodology as based on exper iment .
Chapter  3 -  . L i t e r a t u r e  Review
I t  was cons idered  t h a t  a review o f  the r e l e v a n t  l i t e r a t u r e  i s  a 
f r u i t f u l  source  which he lps  the r e s e a r c h e r  to r e l a t e  h i s  work to the  
e x i s t i n g  knowledge and draw b e n e f i t  from i t .  The review f i r s t  d i s c u s s e s  
the  philosophy behind the  approach to  mathematics and then a s p ec t s  o f  the  
debate as to the m e r i t  o f  an e a r l y  in t r o d u c t i o n  o f  an approach based on
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mathematical  s t r u c t u r e s .  I t  f u r t h e r  d is cusses  some aspec ts  o f  the 
methodology and approach in  c u r r i c u l a  and o t h e r  i n s t r u c t i o n a l  methods.  
Moreover,  in  a genera l  d i s c u s s i o n , c r i t i c a l  p o in t s  f o r  the approach and 
r e l e v a n t  methodology are  o u t l i n e d .  Consequent ly,  i t  was concluded 
t h a t ,  given an approach which i s  ax io m a t ic ,  the con t rove rsy  about  the 
achievement o f  s tu d e n t s  i s  roo ted  in  methodology o f  the approach.  
F i n a l l y ,  i t  was s t a t e d  t h a t ,  d e f i c i e n c i e s  s t i l l  ob ta in  in  computat ional  
s k i l l s  o r  knowledge. This a l so  po in ted  to  a phenomenon which l in k s  
changes in l e a rn in g  outcomes with  changes in  m a te r ia l  c o n t e n t s .  (This 
phenomenon was c a l l e d  the  p r e s e n t a tion-phenomenon,  d e a l t  with f u l l y  in 
Chapter  4 ) .
Chapter  4 -  Scope Of The P r e s e n t a t i o n  Phenomenon
The presentat ion-phenomenon o r i g i n a t e s  mainly from a remarkable s tudy  by 
Mayer and Greeno t h a t  i n d i c a t e d  " d i f f e r e n c e s  in l e a rn in g  outcomes could 
be induced by d i f f e r e n c e s  in m a te r i a l  c o n t e n t s " .  I t  was f i r s t l y  viewed 
t h a t  the  p r e s e n t a t i o n  R, a s e t  o f  i n s t a n c e s  -  examples,  e x e rc i s e s  and 
simple problems -  c o n s t i t u t e s  the  core  o f  the  m a te r i a l  c o n te n t s .  Hence 
a t r u e  change in the con ten ts  i s  due to  a change in  R. L a t e r ,  two 
r e l e v a n t  s t u d i e s  were r e p o r t e d ,  the  Mayer and Greeno s tudy o f  1972, and 
the Ehrenpr ies  and Scandura s tudy  o f  1974. In a d d i t i o n ,  the  Chapter  
d i s cu s s e s  the presentat ion-phenomenon and r e a l i t y  through :
(a) personal  ex p e r i en ce ,
(b) the  t ex tbook ,  and
(c)  the t e a c h e r .
The conclus ion  in  4 .3  i s  t h a t  the  presenta t ion-phenomenon can be usefu l  
as a s t a r t i n g  p o in t  in  the  sense  o f  the fundamental p ro p o s i t i o n  6 . 1 .
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Chapter  5 -  Space Of Knowledge: A Conceptual S t r u c t u r e
The main conception  o f  space o f  knowledge (W,0) i s  t h a t  any p a r t i c u l a r  
knowledge i s  s t r u c t u r e d  i n t o  a s e t  W o f  i n i t i a l  (s imple)  s t a t e s  o f  
knowledge by an under ly ing  s t r u c t u r e  i d e n t i f i e d  ( ru led )  by a f i n i t e  
s e t  o f  ru le s  -  c a l l e d  the under ly ing  s t r u c t u r e  o f  W. 'O' i s  a c e r t a i n  
normal p o p u la t io n ,  in  which W i s  supposed to d i f f u s e  a r equ i re d  knowledge 
under a source  o f  i n t e r a c t i o n  between W and 0.  A space  o f  knowledge 
(S ,0)  was i d e n t i f i e d  in  Chapter  7 t h a t  c o n s t i t u t e s  the  c u r r e n t  d i f f u s i o n  
o f  knowledge. F u r th e r  on,  i t  was viewed t h a t  a m o d i f i c a t io n  in  space o f  
knowledge could be based on a term c a l l e d  the ' e f f i c i e n c y ' .  This term 
was in t roduced  as the  p r o b a b i l i t y  t h a t  an ind iv idua l  '%' i s  capable of  
s o lv ing  a problem P, provided x has demonstrated complete a b i l i t y  in a l l  
the  elements o f  a s e t  o f  s t im u l i  (ca l led  a kernel  f o r  P) expec ted  to t e s t  
a t t a in m e n t  o f  necessary  knowledge f o r  P. Thus the  a rea  o f  problem­
s o lv in g  was invo lved .  A ccordingly ,  an 'axiom o f  s u f f i c i e n c y '  f o r  problem 
s o lv ing  was in t roduced  which simply assumes f o r  the  e x i s t e n c e  o f  a 
c r i t e r i o n  X t h a t  can induce s u f f i c i e n c y  f o r  P. Three p r o p e r t i e s  f o r  such 
an X were assumed and in t h i s  connec t ion ,  a problem-space and kernel  were 
de f ined .  I t  was necessary  then to main ta in  a c e r t a i n  r e l i a b i l i t y  f o r  
the  e f f i c i e n c y  such t h a t  t h i s  measure can be more r e l e v a n t  to the  assump­
t i o n  o f  the "law o f  un iv e rs a l  de te rminism".  This was achieved by d e f in in g  
a 'uniform o p e ra t io n a l  f o r  a problem P which i s  s imply an in d iv id u a l  who 
i s  comple te ly capable  o f  a l l  the  elements o f  a l l  ke rne l s  f o r  a problem P 
in a c e r t a i n  space o f  knowledge. Consequently a p r o p o s i t i o n  o f  m od i f ica ­
t i o n , (5.1)  was in t roduced  on the  b a s i s  o f  d i s c r i m in a t io n  with  regard  to 
e f f i c i e n c y  between two spaces o f  knowledge.
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Chapter  6 - The Research Stages
This chap te r  forms the core o f  t h i s  s tudy ,  s ince  i t  provides  the genera l  
plan guiding the  development o f  the r e s e a rc h .  I t  p re sen ts  the fundamen­
t a l  r esearch  p ro p o s i t i o n s  on the b a s i s  o f  a s e t  o f  c o n v i c t i o n s ,  the 
d e f i n i t i o n  o f  terminology and the implementat ion and d i scuss ion  o f  two 
p i l o t  ins t rum ents  des igned to throw l i g h t  on the i n t r o d u c t io n  of  these 
p r o p o s i t i o n s .  The reviewed l i t e r a t u r e ,  as well as i n t r o s p e c t i o n  were 
a l s o  employed in t h i s  a s p e c t .  The p ro p o s i t io n s  assume:
( i )  t h a t  a s t a r t i n g  p o i n t  f o r  s tudy  could be found in a phenomenon t h a t  
r e l a t e s  achievement to  a no the r  s i t u a t i o n ;
( i i )  the e x i s t e n c e  o f  a t h e o r e t i c a l  framework f o r  s tudy;
( i i i )  the ro le  o f  th eo ry  in  development and in  p r o p o s i t i o n ;
( iv )  the e x i s t e n c e  o f  a s t r u c t u r e  S, t h a t  u n d e r l i e s  c u r r e n t  mathematics 
s i t u a t i o n ,  and o f  ano the r  s t r u c t u r e  H t h a t  u n d e r l i e s  a p o s s ib le  m od i f i c a t io n  
in the methodology o f  t e a c h in g - l e a r n in g  s i t u a t i o n s  and involves  the use
of  th eo ry .
Chapter 7 -  The Two S t r u c t u r e s  S And H : F u r the r  Im p l ica t ions
The s tudy in  t h i s  c h a p te r  i d e n t i f i e s  an under ly ing s t r u c t u r e  S o f  c u r r e n t  
p r e s e n t a t i o n s  as well as ano the r  s t r u c t u r e  H, which i s  ignored  in c u r r e n t  
s i t u a t i o n s .  Simply,  S i s  the s e t  o f  in s t a n c e s  which do no t  con ta in  any 
c o n s t a n t ,  *a’ s ay ,  while  H i s  the s e t  o f  in s ta n ces  which con ta in  a t  l e a s t  
one co n s ta n t .  Hence S 0  H = (|) ( the  nu ll  s e t ) .  Two ins t rum enta l  
i n d i c a t o r s  were in t roduced  with the aim o f  f ind ing  any in d i c a t i o n s  as to
( i )  how computat ional  knowledge u suua l ly  gained in  S could i n t e r a c t  with 
H, and
( i i )  how performance in  a problem could be r e l a t e d  to  r e l e v a n t  knowledge 
in  S and H.
I t  was found t h a t  computat ional  knowledge gained in S i s  no t  n e c e s s a r i l y
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s a t i s f a c t o r y  in H. Also,  mathematical knowledge in  H c o r r e l a t e s  with 
a b i l i t y  in problem so lv ing  more s t r o n g ly  than t h a t  in S. F u r t h e r ;  
in d i scu ss in g  the  'p ro s  and cons ' o f  S and H, i t  was viewed t h a t  S i s  
in d i s p e n s a b le ,  w h i l s t  H makes a use fu l  c o n t r i b u t i o n ,  n o t  as a 
whole,  b u t  only in p a r t  ' U ' .  Moreover,  s tudy  in  t h i s  ch ap te r  helped 
e x t e n s i v e ly  in throwing l i g h t  on the conception o f  space o f  knowledge 
as d iscussed  in  Chapter  5.
Chapter 8 -  Experimental  S tud ie s
I t  was viewed in  Chapter  7 t h a t  a p a r t  U o f  H could p o s s ib ly  c o n t r i b u t e  
to a m o d i f i c a t io n .  Hence U was in t roduced  as the s u b s e t  o f  H t h a t  
con ta ins  a l l  in s t a n c e s  which con ta in  only one c o n s ta n t  a .  Moreover, 
P ro p o s i t io n  8.2  f o r  l e a r n a b i l i t y  in U was pu t  forward to  f a c i l i t a t e  
l e a r n a b i l i t y  in  U, and was based on choice o f  elements in U as a s s o c i a t e s  
o f  corresponding elements in  S.  In a d d i t i o n ,  and in o rd e r  to  employ 
theory  in any m o d i f i c a t io n ,  the  chap te r  argues the  d i f f i c u l t y  in 
d i s t i n g u i s h i n g  uniform o p e r a t i o n a l s  (D e f in i t i o n  5 .6 )  in r e a l i t y  and t h e r e ­
fo r e  in t roduces  the concept  o f  p s e u d o - r e a l i t y ,  and i d e n t i f i e s  a uniform 
o p e ra t io n a l  f o r  a problem P in p s e u d o - r e a l i t y  to be the one who i s  capable 
in  only  one kernel  in  the  r e l e v a n t  space of  knowlege. Resu lt s  and 
f in d in g s  in  p s e u d o - r e a l i t y  were expec ted to be e x t r a p o la t e d  p r o b a b i l i s t ­
i c a l l y  in r e a l i t y .  F u r t h e r ,  a te s t ing-model  f o r  the  e f f i c i e n c y  in pseudo­
r e a l i t y  was s e t  ou t  along with  an em pir ica l  s tudy in  a s e t  o f  th r e e  
t e s t s  each in form + P where P i s  a problem, and and two
kerne l s  f o r  P in S and U r e s p e c t i v e l y .
From the  implementat ion o f  t h e s e ,  i t  was concluded t h a t  U could c o n t r i b u t e  
to a m od i f ica t io n  on the b a s i s  o f  Proposit ion 5 .1 .  In a d d i t i o n ,  to  s tudy
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the im p l ic a t io n s  o f  t h i s  t e s t - f o r m ,  the components S^, and P were 
ar ranged in t o  s i x  t e s t s :  + P, P + + P, P + + P,
and P + Sg + Ug. Six groups were t e s t e d ,  however the l a s t  two groups 
were t e s t e d  under th r e e  r e l e v a n t  hypo thes i s .  I t  was concluded t h a t  
competency in  P i s  no t  a f f e c t e d  by the t e s t - fo rm  and a l e a rn in g  space 
S + U could be promising f o r  the  improvement o f  achievement.
Chapter  9 -  Towards M odif ica t ion  In Methodology:$+U, A Learning Space
In t h i s  c h a p te r ,  i t  was viewed t h a t  a d e s i r e d  m od i f ica t io n  would n a t u r a l l y  
r e s u l t  in  r a i s i n g  the value o f  A, a numerical value ass igned  to  the  
achievement.  A P ro p o s i t io n  9.1 was then provided -  on the b a s i s  o f  
P ro p o s i t io n  5.1 and r e l e v a n t  r e s u l t s  drawn from Chapter  8 -  to s u g g es t  
a m od i f i c a t io n  in  the  methodology o f  mathematics t e a c h in g - l e a r n in g  
s i t u a t i o n s .  I t  was f i r s t l y  d is cussed  how a mathematical t a sk  i s  ach ieved 
through the conventiona l  p r e s e n t a t i o n  R in  the c u r r e n t  methodology and 
secondly  a modi fied p r e s e n t a t i o n  R based on an a lg o r i th m ic  approach was 
in t roduced  in the forementioned P ro p o s i t io n .  Simply R i s  formed o f  
o rdered  p a i r s  o f  e lem en ts ,  the f i r s t  from S and the second from U chosen 
under P ro p o s i t io n  8.2  o f  l e a r n a b i l i t y  in  U. Empirical  evidence  in two 
experiments was d i scussed  in  s u ppor t  o f  the new le a rn in g  space S + U.
I t  was concluded t h a t  a methodology based on S + U under P ro p o s i t io n  9.1 
i s  s u p e r io r  f o r  mathematics achievements to the c u r r e n t  methodology based 
on S.
Chapter  10 -  Summary And F u r th e r  Outlook
The f i n a l  ch ap te r  summarises the work involved f o r  the  re sea rch  development.
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I t  a l s o  inc ludes  genera l  f in d in g s  in  the s tu dy .  F i n a l l y ,  a f u r t h e r  
o u t lo o k ,  b a s i c a l l y  der ived  from t h i s  s tu d y ,  was sugges ted  to c o n t r i ­
bu te  f o r  f u r t h e r  development in the co n tex t  o f  t h i s  t h e s i s .
2 .4 .  Methodology
A re sea rch  methodology cannot  be preconceived as detached from the  under­
ly ing  c o n s t ru c t s  of  the r e s e a r c h e r  when conducting h i s  r e s e a r c h ,  provided 
t h a t  such c o n s t ru c t s  a re  der ived  from the  reviewed l i t e r a t u r e ,  exper ience  
and i n t r o s p e c t i o n ,  which are expec ted  to  guide the re sea rch  p lan .
I f  methodology in d i c a t e d  in genera l  the o v e ra l l  des ign  o f  a research  
s tudy inc lud ing  techniques  used f o r  da ta  c o l l e c t i o n ,  e . g .  q u e s t i o n n a i r e  
or  a t e s t ,  then a choice o f  method i s  a major p a r t  and those  c o n s t ru c t s  
c o n s t i t u t e  ano ther  major p a r t ,  in t h a t  they a f f e c t  the design o f  the 
techniques  used.
In o th e r  words,  s in ce  I t r i e d  to develop the study on the b a s i s  o f  
c o n s t r u c t s ,  so t h a t  a r a t i o n a l  development could be f i n a l l y  d i r e c t e d  towards 
i d e n t i f y i n g  a r e l a t i o n a l  f unc t ion  between the achievement A and some o th e r  
independent  v a r i a b l e  such as R ( th e  p r e s e n t a t i o n  ) -  i . e .  A = g(R) - then 
t h i s  w i l l  have an e f f e c t  on the  r e l e v a n t  t e s t  des ign .  Furthermore.  I 
be l ieved  (as ano ther  c o n s t r u c t )  - as did Scandura (1977) - t h a t  i f  the a b i l i t y  
to t r a n s f e r  mathematical  knowledge n o t  only can be t a u g h t ,  but  a l so  can 
be t i e d  in with p rob lem -so lv ing , so much the b e t t e r .  N a tu r a l l y ,  t h i s  
second c o n s t r u c t  would d i r e c t  the design o f  techniques  so t h a t  they a re  
c l o s e l y  l inked  with p roblem-solv ing .  Even tua l ly ,  t h i s  c o n s t r u c t  may 
co inc ide  with c o g n i t iv e  s t r a t e g i e s  of  Gagne and Briggs (1979) who s t a t e  
t h a t :
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"A co g n i t iv e  s t r a t e g y  i s  an i n t e r n a l l y  o rgan ised  s k i l l  t h a t  
s e l e c t s  and guides the i n t e r n a l  processes  involved  in d e f in in g  
and so lv ing  novel problems." ( P . 72).
Hence, novel problems could be expec ted to be involved  in  the s tudy .  And 
s in c e  assessment  o f  c o g n i t iv e  s t r a t e g i e s  has no t  as y e t  been done as they 
s u g g e s t ,  then such assessments would i n i t i a l l y  r e q u i r e  (as a t h i r d  con­
s t r u c t ) , f o r  development o f  theory  in the s tudy ,  t h a t  b a s i c  p r e - r e q u i s i t e  
in fo rm at ion  and s k i l l s  r e l e v a n t  to  the problem should be confirmed b e f o r e ­
hand. Such a c o n s t r u c t  would emphasise t h a t  in des igning  o f  r e l e v a n t  
t e ch n iq u es ,  a problem and i t s  b a s i c  p r e - r e q u i s i t e s  should  both be invo lved .  
Hence, problem-solving was expec ted  to be a c e n t r a l  p o in t  on which a 
m od i f i c a t io n  would r e s t .
Here,  I p r e s e n t  a s e t  of  genera l  gu ide lines  f o r  d e s c r ib in g  methods, as well 
as ma in ta in ing  both c o n te n t  v a l i d i t y  and a b a s i s  o f  a n a l y s i s  f o r  the 
re sea rch  techn iques .
( i )  D esc r ip t ion  o f  method: This was based on:
(a)  m a te r ia l  t h a t  p r e s e n t s  the  des ign  of  in s t rum ents  on the  b a s i s  of
a s e t  of  b a s ic  behavioura l  o b j e c t i v e s  t h a t  de f ine  the r e l e v a n t  
s p e c i f i c a t i o n  a r i s i n g  from the  aims of  the in s t rum en t .  An 
excep t ion  i s  found in the f i r s t  in s t ru m en t ,  i . e .  the q u e s t i o n n a i r e  
(Chapter  6) which was c o n s t ru c t e d  d i r e c t l y  on the b as i s  of  i t s  aims;
(b) Subjec ts  and s e t t i n g  t h a t  d i s cuss  the p lace  o f  s u b j e c t s  in the
academic schedule  as well as t h e i r  numbers; and
(c)  procedure t h a t  d e s c r ib e s  how the in s t rum en t  was employed and the 
r e l e v a n t  d u ra t i o n .
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( i i )  A panel : A panel o f  s i x  peop le ,  o f  whom I was one,  c o n t r ib u te d
to the d i s c u s s io n  and c o n s t r u c t io n  o f  a l l  the in s t ru m e n ts ,  excep t  in the 
f i r s t  in s t ru m e n t ,  i . e .  the q u e s t i o n n a i r e .  This panel was d i f f e r e n t  f o r  
the  u n i v e r s i t y  t e s t s .  The panel could indeed m ain ta in  the c o n te n t  
v a l i d i t y  o f  t e s t s .
( i i i )  Discussion of  r e s u l t s : This involved  t a b l in g  the  r e s u l t s  on the
ba s i s  o f  the supposed c o n s t r u c t s  behind the in s t rum en ts .  Hence, a n a l y s i s  
of  r e s u l t s  was mainly d i r e c t e d  towards the s tudy  o f  c o n s t r u c t s .
2 . 4 . 0 .  The Research Ins truments
The re sea rch  ins t rum en ts  o r  te chn iques  a re  d iv ided  in t o  fou r  c a t e g o r i e s ,  
where each ca tegory  was supposed to serve  s p e c i f i c  purposes in the  re sea rch  
development.  In a d d i t i o n ,  each t e s t  was e s t a b l i s h e d  on the ba s i s  o f  these  
purposes .  All the t e s t s , e x c e p t  T^,were es say  type t e s t s ,  (T^ was 
o b j e c t i v e ,  of  m u l t ip l e  choice form)(Appendix B).
2 . 4 . 0 . 1 .  F i r s t  Category : Two P i l o t  Instruments
In d i s c u s s in g  an improvement (reform) f o r  the achievement o f  s t u d e n t s ,  
( 6 . 1 . 2 ) ,  I viewed t h a t  t h i s  would do b e t t e r  to r e ly  on an unders tand ing  of  
the advances in the  achievement.  I f u r t h e r  sugges ted the term " e f f i c i e n c y '  
(see Glossary  in Appendix A) as a measure f o r  such advan tages .  Accordingly 
as r e p o r te d  in 6 . 1 . 2 ,  I implemented the  fo l lowing two p i l o t  ins trum ents  in 
the p r e -p r o p o s i t i o n  s tage  in  o rde r  to  throw l i g h t  on a r e l e v a n t  b a s i s  fo r  
the p ro p o s i t i o n  s t a g e .
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(1) A q u e s t i o n n a i r e : This in s t rum en t  was in t roduced  in 6 .1 .2 .1  with
the aim o f  b u i ld in g  up a genera l  view o f  how people who work in the f i e l d  
th ink  o f  the advantages (see  Appendix A) in mathematics achieved by 
s tu d e n t s  in the c u r r e n t  s i t u a t i o n .  The q u e s t i o n n a i r e  comprised only two 
items t h a t  were exp la ined  d i r e c t l y  by me to those being ques t io n ed ,  who 
were asked to r ep ly  s t r a i g h t  away.
(2) A t e s t  T^: This second p i l o t  in s t rum en t  i s  found in Appendix B
as well as being f u l l y  d i scussed  in 6 . 1 . 2 . 2 .  As the s tudy  o f  r e s u l t s  o f  
the q u e s t i o n n a i r e  i n d i c a t e d  a low e f f i c i e n c y  f o r  the c u r r e n t  achievement 
o f  s tu d e n t s  in mathematical  knowledge, T^ was aimed a t  l e a rn in g  through a 
paper and penci l  t e s t  T^ how f a r  the  e f f i c i e n c y  measure could be r e l i a b l e  
f o r  f u r t h e r  use.
Tq was an o b j e c t iv e  t e s t  o f  twenty items in a m u l t ip l e - c h o ic e  form. I t
was designed f o r  s tu d e n t s  in  the f i n a l  y e a r  of  school .  T^ comprised:
(1) Three problems c a l l e d  items 18, 19 and 20 ;
(2) A s e t  Yq o f  i tems 1, 2,  . . . ,  10 which was e s t a b l i s h e d  to  t e s t
genera l  fundamentals  in mathematical knowledge based on ten d i f f e r e n t  
d i f f i c i e n c i e s  o f  s tu d e n t s  r ep o r te d  by the In s p e c to r a t e  o f  Mathematics 
f o r  the General Examination Board in the M in is t ry  o f  Education in 
Kuwait ;
(3) A s e t  o f  th r e e  ke rne ls  ( see  Appendix A) X^(18),  Xg(19) and 
X^(20) was c o n s t ru c t e d  f o r  problems 18, 19 and 20 r e s p e c t i v e l y .
Each kernel  was expected to  t e s t  the a t t a in m e n t  o f  the necessary  
mathematical knowledge f o r  each problem.
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2 . 4 . 0 . 2 ,  Second Category : Two In d ic a to r s
As the s tudy  in Chapter  7 would s c r u t i n i z e  two s t r u c t u r e s ,  S supposed to 
u n d e r l i e  c u r r e n t  p r e s e n t a t i o n  o f  mathematical ta sks  and H supposed to be 
r e l a t e d  to the a r e a ,  d e s p i t e  being almost  t o t a l l y  ignored ,  two i n d i c a t o r s  
were implemented as t o o l s ;  the purpose o f  these  was:
( i )  to l e a rn  how f a r  the c u r r e n t  achievement,  supposed to be tak ing  
p lace  in S, could apply in the necessary  r e l e v a n t  knowledge in  H; 
and
( i i )  to l e a rn  about  any p r o p e r t i e s  t h a t  might  imply i n d i c a t i o n s  of  
e f f e c t i v e  knowledge found to be gained in  S and H.
This ca tegory  was r e p o r te d  in 7 .2 .
(1) F i r s t  I n d i c a t o r  : Computational Knowledge -  T^: A B a t te ry  o f
Three Tes ts
The b a t t e r y  T^  (Appendix D) c o n s i s t e d  of th r e e  t e s t s  t - j , tg and tg  
with the purpose o f  s tudy ing  how f a r  t r a n s f e r a b l i l t y  of  computat ional  
knowledge in S can be c a r r i e d  ou t  in H through r e l e v a n t  even ts  in p h y s ic s ,  
as well  as in mathematics.  This s tudy  was f u l l y  r e p o r te d  in 7 . 2 . 0 .
( i )  tg  was f i r s t  c o n s t ru c t e d  on the b a s i s  o f  choosing fo u r  formulas in 
novel forms t h a t  a re  l e a r n t  in phys ics .
( i i )  t 1 was co n s t ru c t e d  as e x e r c i s e s  in H by changing symbols t h a t  a re  
used in phys ics  by o t h e r  symbols t h a t  a re  mostly  used in 
mathematics.
( i i i )  tg was c o n s t ru c t e d  as e x e r c i s e s  in S as in  t-j with some changes in
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the symbols. A s e t  o f  numbers to be s u b s t i t u t e d  was
a t tach e d  to each item so t h a t  the in s ta n ce  could then belong to 
S.
(2) Second I n d i c a t o r  : Mathematical  Knowledge - T?: A S e t  Of Three
Tests
The s e t  Tg (Appendix E) c o n s i s t e d  o f  th r e e  t e s t s  t - j , tg and t^ whose 
purpose was to  r e i n f o r c e  such r e l i a b i l i t y  of  the e f f i c i e n c y  f o r  f u r t h e r  
s tu d i e s  on the b a s i s  o f  s tudy ing  the r e l a t i o n s h i p  o f  the p a r t i c u l a r  
mathematical  knowledge in S and H r e l a t e d  to  a well de f ined  problem P.
In connection with the c o n s t r u c t io n  o f  these  t e s t s ,  fo u r  fundamental 
phases were sugges ted :
( i )  a choice o f  a problem P;
( i i )  producing a s e t  B o f  behavioural  o b j e c t i v e s  necessary  f o r  P;
( i i i )  c o n s t r u c t in g  a kernel  in S on the b a s i s  t h a t  each B.. in 
B i s  s a t i s f i e d  by a unique s.j in  f o r  a l l  B^  in B; and
( iv )  s i m i l a r l y  c o n s t r u c t in g  ano ther  kernel  in  H.
Here i s  a b r i e f  in t r o d u c t i o n  o f  those  t e s t s  in Tg r e p o r te d  in  7 . 2 .1 .
(1) t-j was designed f o r  s t u d e n t s  s tudy ing in the  f i n a l  grade  o f  
the secondary school in  Kuwait.  I t  comprises 9 i t ems:  the  f i r s t
fou r  items a re  the  kernel  and the nex t  fo u r  i tems are  the  kernel
Hq , and item 9 i s  the  problem P.
(2) tg was des igned f o r  s tu d e n t s  who a re  a t te n d in g  the f i r s t  course 
in  mathematics ( c a l l e d  101) in  Kuwait U n iv e r s i ty .  I t  comprises 9 
i tems arranged in a way s i m i l a r  to  the i tems in t ^ .
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(3) tg  was des igned f o r  s tu d e n t s  who a t t e n d  a second course in 
mathematics ( c a l l e d  102) succeeding 101, in Kuwait U n ive rs i ty .
I t  comprises 9 items and ar ranged as in t-j
2 . 4 . 0 . 3 .  Third Category : Two Empirical S tud ie s
The s tudy r ep o r te d  in  8 . 3 ,  comprised two s e t s  o f  t e s t s ,  Tg (Appendix F ) .
ïS J» ÿjOne comprised th r e e  d i f f e r e n t  t e s t s ,  t - j , tg and tg where each has the
same t e s t - f o r m ,  whi le  the o t h e r  s e t  comprised s i x  t e s t s  supposed to  throw 
l i g h t  on the e f f e c t s  o f  the  t e s t - fo r m .
(1) An Empirical  Study : A S e t  T^ Of Three Tests  Based On The Test-Form
^ -t Mo. + P
Based on the p ro p o s i t i o n  o f  m od i f i c a t io n  5.1 which s e t  o u t ,  on the  b a s i s  
o f  the e f f i c i e n c y ,  the  cho ice o f  a space o f  knowledge to  c o n t r i b u t e  to  a 
m o d i f i c a t io n ,  the s e t  T^ was run in  an em p i r ica l  s tudy  wi th the aims o f  
s tudy ing  the e f f i c i e n c i e s  in  the two spaces o f  knowledge: S and U which
was proposed f o r  the  r e l e v a n t  m o d i f i c a t io n .  T^, as i t  was s t a t e d ,  
inc luded  the fo l lowing th r e e  t e s t s :
;
(1) t-j which was des igned  f o r  s tu d e n t s  in the f i r s t  course  in 
mathematics a t  Kuwait U n iv e r s i t y .  I t  comprises 11 que s t io n - i t e m s :  
a kerne l  5*^  f o r  P in S which makes up the f i r s t  f i v e  i t em s ,  a 
kernel  U^  f o r  P in  U which makes up the nex t  f i v e  i t em s ,  and the 
problem P as i tem 11.
(2) tg which was des igned f o r  s tu d e n t s  in  t h e i r  second course in 
mathematics a t  Kuwait U n iv e r s i t y .  I t  comprises 9 i tems: a kernel
Sg o f  P in S making up the f i r s t  fou r  t.tems a kernel  U  ^ o f  P in U
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making up the nex t  fo u r  and the problem P as item 9.
(3) tg  which was des igned f o r  s tuden t s  s tudying  in the f i n a l  
grade o f  secondary  school in Kuwait. I t  comprises 9 items 
arranged s i m i l a r l y  to those  in tg .
Each o f  the th ree  t e s t s  was adm in is te red  in the t e s t - fo r m  + P,
and a d e t a i l e d  s tudy  i s  found in 8 .3 .
(2) Contingen t  Im p l ica t io n s  Of The Test-Form Sg+U^ +P: A S e t  Of Six 
Test s
This empir ica l  s t u d y , r e p o r t e d  in  d e t a i l  in 8 . 3 . 5 ,  was implemented with 
the aim o f  s tudying  both how a b i l i t y  in P i s  a f f e c t e d  by or  in the 
t e s t - fo r m  + P t h a t  was p r e v a l e n t  in  Tg and the e f f e c t s  o f  in
Uq . Hence a problem P, s u i t a b l e  f o r  the f i n a l  grade o f  the secondary 
school was chosen.  Then two ke rne l s  and each o f  fo u r  i tems were 
co n s t ru c t e d  f o r  P. Then the s e t  {P,  S^,  U^ } was s p l i t  i n t o  a s e t  T^ o f  
s i x  t e s t s  t h a t  were implemented on the fo l lowing b a s i s .
(1) Sq + P a g a i n s t  P +
(2) + P a g a i n s t  P +
(3) Sq + Uq +P a g a i n s t  P +
2 . 4 . 0 . 4 .  Fourth Category : Empirical  Evidence : Mathematics Achievement
In S A gains t  S + U
The r e s u l t s  o f  the empir ica l  s t u d i e s  in the t h i r d  ca tegory  cou ld ,  on the 
b a s i s  o f  p r o p o s i t i o n  o f  m o d i f ica t io n  5 . 1 ,  bring  about  an a l g o r i th m ic  
approach f o r  the m o d i f ica t io n  in methodology in P ro p o s i t io n  9 .1 .
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Accordingly ,  two experiments based on the exper imental  method, were 
implemented with the  aim o f  s tudying  in d i c a t i o n s  o f  the achievement of  
s tu d e n t s  from the modi fied p r e s e n t a t i o n  R as a g a i n s t  the conventional  
p r e s e n ta t io n  R.
(1) Experiment I
This exper iment ,  f u l l y  r e p o r te d  in 9 . 2 . 0 ,  was c a r r i e d  o u t  w i th in  the 
second grade o f  secondary school in  Kuwait. Two s u cces s iv e  ta sks  K-j 
and Kg were chosen from the textbook and each was given two t r e a tm e n t s ,  
the modi fied  and the co n v en t io n a l .  Moreover, two groups G-j and Gg in 
the second grade were chosen to be the s u b je c t s  o f  the exper iment .  An 
achievement t e s t  was c o n s t ru c t e d  f o r  each ta sk  in  o rd e r  to t e s t  the 
achievement o f  s tuden t s  a f t e r  complet ion o f  the t a s k .  All the t rea tm e n ts  
R-j and R^  f o r  K-j,as well as Rg and Rg f o r  Kg,are found in  Appendix G. 
Fur thermore ,  the appendix in c lu d es  the two achievement t e s t s  T(K^) and 
T(Kg).
The fo l lowing t a b l e  2.1 i l l u s t r a t e s  the experiment.
Group Type Task Treatment Tes t Type Task Treatment Tes t
Gl Experimental T(K^) Con. h TfKg)
Gg Control T(K.|) Exp. 2^ «2 TfKg)
Table 2.1
I l l u s t r a t i v e  Procedure In Experiment I .
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(2) Experiment II
Since i t  i s  commonly held t h a t  ' o r d i n a r y '  s tu d e n t s  make up the m a jo r i t y  
o f  the s tu d e n t  p o p u la t io n ,  then t h i s  experiment i s  aimed a t  developing 
a s tudy  of  c e r t a i n  hypotheses in dem onst rat ing t h a t  the t e ach in g -  
l e a rn in g  techn ique  based on the l e a rn in g  space S + U under P ro p o s i t io n  
9.1 i s  s u p e r io r  f o r  o rd in a ry  s tu d e n t s  ( i d e n t i f i e d  in  D e f in i t io n  9 .1)  
to  the  convent iona l  techn ique  based on the  l e a rn in g  space S.
The technique  was e s t a b l i s h e d  in  choosing two t a sk s :  K from the mathem­
a t i c s  o f  the f i n a l  grade; and K from the second grade o f  the secondary 
school in  Kuwait. Each ta sk  was p resen ted  in two t r e a tm e n t s ,  the 
modi f ied R and the  conven t ional  R. Two groups G-j and Gg were chosen f o r  
K and two more groups G-j and Gg f o r  K. In a d d i t i o n ,  two achievement t e s t s  
T(K) and T(K) were c o n s t r u c t e d  to t e s t  the achievement o f  s tu d e n t s  a f t e r  
complet ion o f  the  ta sks  K and K r e s p e c t i v e l y .  The s tudy  i s  r e p o r t e d  in
9 . 2 . 1 .
The fo l lowing  t a b l e  i l l u s t r a t e s  the  experiment:
Final Grade Second Grade
Group Type Task Treatment Tes t Group Type Task Treatment Tes t
Gi Experimental K R T(K) ^1 Exp. K R T(K)
^2 Control K R T(K) G, Con. K R T(K)
Table 2.2
I l l u s t r a t i v e  Procedure In Experiment I I .
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2 . 4 . 1 .  Sampling
Sampling means s e l e c t i n g  a given number of  s u b je c t s  from a def ined  
popu la t ion  as r e p r e s e n t a t i v e  o f  t h a t  popu la t ion  where the  term popu la t ion  
r e f e r s  to the s e t  o f  a l l  r e a l  or  hy p o th e t ica l  persons or  o b je c t s  t h a t  
might  be involved  in  the s tudy  (Borg,  1971). In t h i s  connec t ion ,  a 
r e p r e s e n t a t i v e  sample i s  t h a t  which s a t i s f i e s  a c e r t a i n  c h a r a c t e r i s t i c  
o r  measure t h a t  the  popu la t ion  s a t i s f i e s .  G enera l ly ,  the  l a r g e r  the  
sample i s ,  the more l i k e l y  i t  i s  to  be r e p r e s e n t a t i v e ,  b u t  in  p r a c t i c e ,  
a l a rg e  sample i s  no t  a v a i l a b l e  to  the  r e s e a r c h e r .  Hence in  choosing a 
r e p r e s e n t a t i v e  sample,  I kept to  the  fo l lowing  r u l e ,  excep t  in  two cases :  
the q u e s t i o n n a i r e  in  2 . 4 .0 . 1  and the  s tudy o f  the  im p l ic a t io n s  o f  the 
t e s t - f o r m  in 2 . 4 . 0 . 3  (both d is cussed  l a t e r ) .
R ep re sen ta t iv e  samples in  genera l  were i d e n t i f i e d  accord ing  to  r e g u l a t i o n s  
provided  by the M in is t ry  of Education in  Kuwait. These r e g u l a t i o n s  admit  the 
e x i s t e n c e  o f  a grade in  a secondary school i f  the s tu d e n t s  t h a t  could  jo i n  
t h i s  grade c o n s t i t u t e  two c l a s s e s ,  i . e .  approx imate ly  50 s t u d e n t s .  In 
a d d i t i o n ,  a l l  s tu d e n t s  in  any grade in a secondary school  a re  randomly 
d i s t r i b u t e d  i n t o  c l a s s e s .  All the mathematics t e ach e r s  in the secondary 
s t a g e  must have a u n i v e r s i t y  degree in mathematics.  Moreover, a l l  s tu d e n t s  
in the same grade in a l l  secondary schools  use the same tex tbook.  This 
i s  a l s o  t r u e  f o r  s tu d e n t s  in each course  in mathematics a t  Kuwait 
U n iv e r s i t y .
Hence, I cons idered  any s e t  o f  s t u d e n t s  who c o n s t i t u t e  two c l a s s e s  in the 
same grade to  be a r e p r e s e n t a t i v e  sample f o r  the  popu la t ion  o f  the grade .
In a d d i t i o n ,  I cons idered  the sample o f  s i z e  n o t  l e s s  than 50 to be 
r e p r e s e n t a t i v e  o f  the popu la t ion  o f  a mathematics course  in  Kuwait
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U n iv e r s i ty  s in c e  the s i z e  of  the r e l e v a n t  popula t ion  i s  sm a l l .  I did 
n o t  pay a t t e n t i o n  to d i f f e r e n c e s  in  sex ,  s ince  female s tu d e n t s  in Kuwait 
have always proved to be no l e s s  e f f i c i e n t  in  mathematics than the male 
s t u d e n t s ,  whether in school o r  u n i v e r s i t y .
As f o r  the q u e s t i o n n a i r e ,  mentioned in  2 . 4 . 0 . 1 ,  I chose a l l  the i n s p e c to r s
o f  mathematics in  the secondary s t a g e ,  lo (reduced to 9) s e n io r  mathematics
te achers  a t  random and ten mathematics te achers  in  f i v e  secondary schools
a t  random. This was the only p o s s ib le  s i t u a t i o n  f o r  me to conduct  t h i s
in s t rum en t  under the a v a i l a b l e  c i rcum stances ;  d e t a i l s  a re  found in 
6 . 1 . 2 . 1 .
In connection with the in s t ru m en t  T^ in  2 . 4 . 0 . 3 ,  I chose only one c l a s s  
f o r  each o f  the  s i x  t e s t s  t h a t  c o n s t i t u t e  t h i s  in s t ru m e n t ,  s i n c e  i t  was 
imposs ib le  to choose two c l a s s e s  because o f  the c o nd i t ions  t h a t  were 
imposed on them. D e ta i l s  a re  found in 8 . 3 . 5 .
F i n a l l y ,  i t  i s  to  be noted t h a t  s u b j e c t s  o f  the second grade o f  secondary 
school were aged on average a t  l e a s t  15-16 y e a r s ,  while  s u b j e c t s  o f  the  
f i n a l  grade were aged on average a t  l e a s t  17-18 y e a r s .  However, s u b j e c t s  
o f  the samples in  Kuwait U n iv e r s i t y  were on average a t  l e a s t  18 y ea r s  o ld .  
F u r th e r  d e t a i l s  o f  the numbers in  each sample o f  the t e s t s  a re  found in 
Table 2 .3 .
2 . 4 . 2 .  Some A t t r i b u t e s  Of A Research Technique
One o f  the most im por tan t  founda t iona l  s k i l l s  needed f o r  r e sea rch  i s  in 
the a b i l i t y  o f  the r e s e a r c h e r  to a p p ra i s e  the procedure he in tends  to  use
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f o r  the c o l l e c t i o n  and a n a l y s i s  o f  data (Fox, 1969). In my view, t h i s  
means the r e s e a r c h e r  should f i r s t l y  be ab le to de f ine  the technique  used 
on the b a s i s  o f  c e r t a i n  c o n s t r u c t s  he has formed f o r  the re search  
development. Secondly,  the r e s e a r c h e r  should pay s u b s t a n t i a l  a t t e n t i o n  
to  the  c r e d i b i l i t y  o f  the measure used,  so t h a t  he can r e l y  on more 
co n f id e n t  da ta  as well as r e s u l t s .
2 . 4 . 2 . 0 .  D e f in i t io n  Of Test s
The procedures  in conduct ing  t h i s  r esearch  g e n e ra l l y  stem from the 
c o n s t r u c t  t h a t  a m o d i f i c a t io n  f o r  the  improvement of  the achievement o f  
s tu d e n t s  in mathematics could r e s u l t  from a s tudy  o f  the t r u t h  va lue of  
the  c o nd i t iona l  s ta t em en t :  x i s  capable o f  => x i s  ab le in P.
Here P i s  a well de f ined  problem and P^ i s  a s e t  of s t im u l i  co n s t ru c ted  
on the b as i s  of  a c e r t a i n  c r i t e r i o n  r e l e v a n t  to  P: x i s  capable of  P^
i f  he i s  complete ly ab le  in a l l  elements o f  P^.
The t r u t h  value o f  t h i s  c o n d i t io n a l  s ta t em en t  was viewed to p r e s e n t  the 
advantages o f  the achievement in P^ f o r  P and was c a l l e d  the e f f i c i e n c y  
(see Appendix A). F u r the r  development of  t h i s  measure suggested 
Pq = as a kernel  f o r  P in the sense t h a t  X t e s t s  the a b i l i t y  of  s tuden t s  
in the bas ic  and necessary  components o f  knowledge o f  P t h a t  a re  based on 
b as ic  behavioural  o b j e c t i v e s  of  P. Yet t h i s ,  according to a c e r t a i n  tr end  
in  t h i s  t h e s i s  based on the conception of  space of knowledge (Chapter  5 ) ,  
e n t a i l e d  t h a t  a s tudy  of the t r u t h  value ' r '  o f  the p rev ious ly  mentioned 
cond i t iona l  s ta t em en t  should be r e l i a b l e .  By t h i s  is  meant t h a t  r  should
demonstrate change in the problem, as in T^ ( 6 . 1 . 2 . 2 ) ,  as well as being 
compatible with o th e r  measures,  such as t h a t  c o m p a t ib i l i t y  o f  r  in S and 
U in T^ (8 .3 )  with the c o r r e l a t i o n s  in T^ ( 7 . 2 . 1 ) .  N ev e r th e le s s ,  the
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development o f  the s tudy  r e s u l t e d  in the emergence of  r e l a t e d  s tu d i e s  
such as t h a t  in T-j ( 7 .2 . 0 )  which d iscussed  how f a r  the achievement in 
the space S could be o f  use in the space H.
The t e s t s  in the fo u r  c a t e g o r i e s  could be c a l l e d  pure ly  r esearch  t e s t s  
in  the sense of  K ru te s t sk i  (1976) who has run a system of  exper imental  
problems f o r  i n v e s t i g a t i n g  school  c h i l d r e n ' s  mathematical a b i l i t y .  Each 
o f  these  t e s t s  cou ld ,  in  gene ra l ,  be def ined  as :
A research  t e s t  based on r e v e a l in g  hidden phenomena r e l a t e d  to a 
m o d i f ica t io n  in  methodology aimed a t  improving the achievement of 
s tu d e n t s  in  mathematics,  whose r e s u l t s  can be expressed  q u a n t i t ­
a t i v e l y  and can undergo s t a t i s t i c a l  t r ea tm e n t .
The hidden phenomena can be found in the two c o n s t r u c t s  of  improving the 
achievement on the b a s i s  o f  the personal  c o n s t r u c t s  o f  e f f i c i e n c y  and 
space o f  knowledge (see Appendix A).
2 . 4 . 2 . 1 .  V a l i d i t y  And R e l i a b i l i t y
These two terms a re  two e s s e n t i a l  a t t r i b u t e s  o f  t e s t s  or  measurements.  
Klausmeir and Goodwin (1975) advoca te a t h i r d  a t t r i b u t e  u s a b i l i t y  which 
inc ludes  a spec t s  o f  s k i l l s ,  c o s t  and t ime,  p a r t i c u l a r l y  in  the  case o f  a 
r e s e a r c h e r  r e ly i n g  on pub l i shed  t e s t s .  They claim t h a t  these a re  th r e e  
d e s i r a b l e  a t t r i b u t e s  o f  educa t iona l  and psychologica l  measuring devices .  
U s a b i l i t y  i s  indeed inc luded  from a s p ec t s  o f  s k i l l s  and t ime.  Hence I 
paid  a t t e n t i o n  to the o t h e r  two a t t r i b u t e s ,  as in  what fo l low s :
G enera l ly ,  as Morris and F itz -Gibben  (1978) s t a t e ,  judgements o f  v a l i d i t y
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involve the q u es t io n :  Is  the t e s t  an ap p ro p r ia t e  one f o r  what i s  to be
measured? R e l i a b i l i t y  i n d i c a t o r s  answer the ques t ion :  Does the t e s t
y i e l d  c o n s i s t e n t  r e s u l t s ?  In l i n e  with t h i s ,  according to Gronlund 
(1968) ,  v a l i d i t y  in fo rm at ion  i n d i c a t e s  the degree to which the t e s t  i s  
capable o f  achieving  c e r t a i n  aims,  while  r e l i a b i l i t y  i n d i c a t e s  the 
accuracy ( co n s i s ten c y  and s t a b i l i t y )  o f  i t s  r e s u l t s .
Here,  I exp la in  how those two a t t r i b u t e s  were employed in  t h i s  s tudy .
2 . 4 . 2 . 1 . 0 .  Discussion  Of V a l i d i t y
Since a l l  the t e s t s  in the l a s t  th r e e  c a t e g o r i e s  were essay  type t e s t s ,  
they w i l l  s u f f e r  from lower v a l i d i t y  -  e s p e c i a l l y  decreased co n ten t  
v a l i d i t y  as Pyne (1974) r e p o r t s .  He exp la in s  t h a t  the behaviour e l i c i t e d  
by the  t e s t  i s  n o t  hoped f o r  by the  i n s t r u c t o r  o r  d i c t a t e d  by the t a b l e  o f  
s p e c i f i c a t i o n s .  A ccordingly ,  I paid sp e c ia l  a t t e n t i o n  to m a in ta in  an 
acc ep tab le  leve l  o f  c o n t e n t  v a l i d i t y .  In a d d i t i o n ,  I found the c o n s t r u c t  
v a l i d i t y  to be o f  prime impor tance ,  s in c e  i t  may be cons idered  as a 
s t a t i s t i c a l  ex tens ion  o f  c o n t e n t  v a l i d i t y ,  as Fox (1969) s t a t e s .
a) Content  v a l i d i t y : This  may be taken as the  degree to  which the
sample o f  t e s t  i tems r e p r e s e n t  the  c o n te n t  t h a t  the t e s t  i s  des igned to 
measure (Borg and G a l l ,  1971).
Pyne (1974) claims t h a t  in  a s s e s s i n g  c o n te n t  v a l i d i t y ,  one seeks :
"an answer to  t h i s  q u e s t io n :  How adequa te ly  do the items o f
t h i s  t e s t  measure the o b j e c t i v e s ,  in terms o f  both s u b j e c t
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m a t te r  and c o g n i t i v e  s k i l l s ,  t h a t  I want them to measure? 
Content  v a l i d i t y  r e s t s  on the s p e c i f i c a t i o n  o f  the un ive rse  
of  behaviour to be sampled" (pp.  255 -  256).
T here fo re ,  with the aims o f  m a in ta in ing  the c o n te n t  v a l i d i t y  o f  the  t e s t ,  
I formed a panel (o f  whom I was one) of  people who work in the a rea  being 
s tu d ie d  to c o n s t r u c t  the  t e s t s .  The panel was always o f  s i x  members, 
and a judgement was cons idered  to  take p lace  i f  a t  l e a s t  fou r  members 
agreed on i t .  ( In  case o f  s p l i t  v o te ,  I had an e x t r a  c a s t i n g  v o te ,  
al though th e r e  was consensus in most c a s e s ) .  The s p e c i f i c a t i o n s  f o r  
c o n s t ru c t in g  a t e s t  were always i d e n t i f i e d  by a s e t  o f  behav ioural  
o b j e c t i v e s .
b) C ons t ruc t  v a l i d i t y : This i s  def ined  ( i n  gene ra l )  as the a b i l i t y  o f
the in s t rum en t  to d i s t i n g u i s h  between groups known to behave d i f f e r e n t l y  
with regard  to  the v a r i a b l e  o r  c o n s t r u c t  under s tudy  (Fox,  1969).  Verma 
and Beard (1981) d e f in e  c o n s t r u c t  v a l i d i t y  in  t h a t :
" I t  add res ses  i t s e l f  to the problem o f  de te rmin ing  to what 
e x t e n t  a t e s t  o r  too l  measures a p a r t i c u l a r ,  t h e o r e t i c a l l y  
def ined  a s p e c t  o f  the v a r i a b l e  being considered"  ( P . 181).
An im por tan t  f a c t o r  o f  t h i s  type of  v a l i d i t y  i s  found in  i t s  r e levance  
to measuring h y p o th e t i c a l  c o n s t r u c t s  t h a t  c o n s t i t u t e  unobservable i n t e r n a l  
p r o c e s s e s ,  e . g .  c r e a t i v i t y .
In my t u r n ,  I have in  genera l  used c o n s t r u c t  v a l i d i t y  to r e f l e c t  my 
c o n s t r u c t s  o f  the s tuden t s '  behaviour  in spaces S and H. In a d d i t i o n ,  I
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have p resen ted  these  c o n s t r u c t s  as t e s t a b l e  hypotheses in o th e r  p la c e s .  
In t h i s  s ense ,  Borg and Gall (1971) ass ign  a cons ide rab le  r o l e  to 
c o n s t r u c t  v a l i d i t y  in  plann ing a r e sea rch  s tudy  t h a t  proposes to  t e s t  a 
hypo thes i s .
2 . 4 . 2 . 1 . 1 .  Discussion Of R e l i a b i l i t y
The term r e l i a b i l i t y  r e f e r s  in genera l  to  the accuracy o f  the da ta  in  the 
sense o f  s t a b i l i t y ,  r e p e a t a b i l i t y  o r  precfsiov* (F o x ,1969).  A p e r f e c t l y  
r e l i a b l e  d a t a - c o l l e c t i o n  in s t ru m en t  i s  one which,  i f  adm in is te red  twice 
under the same c o n d i t i o n s ,  would be expected  to provide i d e n t i c a l  d a t a .  
However, i f  t h e o r e t i c a l l y  i t  could be assumed t h a t  behav iour  would be in 
genera l  c o n s i s t e n t ,  the problem u s u a l l y  amounts to  the r e l i a b i l i t y  in 
marking those t e s t s  which a re  o f  an assay  type in the l a s t  th ree  c a t e g o r i e s  
d iscussed  in  2 . 4 . 0 .  In t h i s  c o n t e x t  Tuckman (1975) r e p o r t s  t h a t
" the te a c h e r  as an e ssay  response s c o r e r  i s  an im per fec t  
measuring in s t ru m e n t ,  s u b j e c t  -  as any human being i s  -  to 
f a t i g u e ,  b i a s e s ,  e x p e c t a t io n s  and o th e r  sources  o f  i n f l u e n c e .  
However, because the  t e a c h e r  i s  a measuring in s t rum ent  s teps  
must be taken to i n s u r e  the  g r e a t e s t  degree o f  o b j e c t i v i t y  
(o r  co n s i s te n cy  o r  accuracy) or  r e l i a b i l i t y .  To t h i s  end,  
m u l t i p l e  judgements a re  recommended " ( P . 131).
Hence, in  o rde r  to  m a in ta in  the  r e l i a b i l i t y  o f  sco r ing  procedure known as 
the  i n t e r - r a t e r  r e l i a b i l i t y  o r  i n t e r - j u d g e  r e l i a b i l i t y  (Tuckman, 1975),
I al lowed a per iod  o f  t i m e , n o t  l e s s  than 12 months,  to e l a p se  a f t e r  
c o r r e c t i n g  the answer s h e e t s .  Then I chose 10 answer sh e e t s  from each
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t e s t  in the t e s t s  o f  the  l a s t  th ree  c a t e g o r ie s  mentioned b e fo re ,  and 
c o r r e c t e d  them again under the method o f  sco r ing  suggested  f o r  each 
t e s t .  I t  could e a s i l y  be seen t h a t  th e re  was concordance between the  p a s t  
and p r e s e n t  marking f o r  each i t em,  excep t  in two cases in two i tems in 
( r e p o r t e d  in 8 , 3 . 5 ) .  As a m a t t e r  o f  f a c t  Thorsland and Novak (1974),  
in  d i s c u s s in g  the in s t ru m en t  r e l i a b l i t y  in an experiment  based on 
in t e rv ie w  t a p e - a n a l y s i s , have main ta ined  an accordance o f  ranking on the 
b a s i s  o f  c o e f f i c i e n t  o f  accordance va lue .  However, I was s a t i s f i e d  by 
the  f i r s t  s i g h t  sugges ted  by Tuckman.
As f o r  T^ -  r e p o r te d  in  6 . 1 . 2 , 2  -  t h i s  was a m u l t i p l e  choice t e s t  and I 
f i r s t l y  used the  method of  ' r a t i o n a l  form'  found in the Kuder-Richardson 
21 in o rd e r  n o t  to ove re s t im a te  the r e l i a b i l i t y  c o e f f i c i e n t .  This was 
0 .66 .
A worthwhile word i s  t h a t  the i n t e r - r a t e r  r e l i a b i l i t y  i s  the  only method 
used in  Kuwait secondary s c h o o l s , as well  as in  genera l  examinations  f o r  
s a t i s f y i n g  the r e l i a b i l i t y  o f  such in s t ru m en ts .
Table 2 .3  o v e r l e a f ,  shows the  c o n te n t  v a l i d i t y  and r e l i a b l i t y  f o r  the  
fo u r  c a t e g o r i e s  o f  t e s t s .
2 - 4 0
Category Ins trument No.of s u b je c t s  
in  the sample
Content V a l id i ty R e l i a b i l i  ty
F i r s t To 71 Judged by apanel
The Kuder- 
Richardson 21
Second T*1 * * ^2 *
2  " T"! * ^ 2  Ï
*3
*3
196, 196, 196 
73, 84,  53
If I n t e r - R a t e r
Third 3 * * ^2 * •3 144, 52, 274 II I n t e r - R a t e r
T. :  6 t e s t s 1) 24 vs 22
2) 22 vs 19
3) 23 vs 20
II II
Fourth T(Ki) 87 vs 87 It I n t e r - R a t e r
T(K2> 87 vs 87 It II
T(K) 33 vs 28 II II
T(K) 32 vs 33 II II
Table 2 .3
Content  V a l i d i t y  And R e l i a b i l i t y  For The Four 
Ca tegor ies  Of Tes t s .
2 . 5 .  Summary
This chap te r  reviews the sources  o f  knowledge in exp e r i e n c e ,  a u t h o r i t y ,  
deduct ion ,  in d u c t io n  and the s c i e n t i f i c  method. I t  a l s o  o u t l i n e s  some 
views t h a t  a re  r e s t r i c t e d  to  the s c i e n t i f i c  method, such as Kuhn's and 
Feyerband 's .  In a d d i t i o n ,  i t  t r i e s  to throw l i g h t  on s c i e n t i f i c  theory  
which i s  e s s e n t i a l  in e x p l a in in g  and p r e d i c t i n g  r e l a t e d  events  in  the area  
o f  s tu dy .
In a d d i t i o n ,  the c h a p te r  d i s c u s s e s  the con t rove rsy  over the d e f i n i t i o n  of
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educa t iona l  r e s e a r c h .  Lovell and Lason (1970) f i n d  i t  d i f f i c u l t  to 
adopt  a un ive rsa l  d e f i n i t i o n ,  whereas o th e r s ,  such as Ary e t  a l .  (1972),  
propose t h a t  educa t iona l  r e sea rch  i s  a r e s u l t  of  applying the s c i e n t i f i c  
method to the s tudy  o f  an educa t iona l  problem. I t  f u r t h e r  o u t l i n e s  
re sea rch  methodologies  in educa t ion  through the  expe r im en ta l ,  ex p o s t  
f a c t o ,  d e s c r i p t i v e  and h i s t o r i c a l  methods. As f o r  t h i s  r e s e a r c h ,  the 
r e s e a r c h e r  views t h a t  i t  i s  educa t iona l  in  the sense  o f  Ary e t  a l .
The ch ap te r  f u r t h e r  d i s c u s s e s  the th r e e  s tages  o f  the  r e sea rch  so as to  
demonstrate  the s t r u c t u r e  in  the  t h e s i s .  In a f u r t h e r  s t e p ,  the t h e s i s  
was o u t l i n e d  c h a p te r  by ch a p te r .
The r e sea rch  methodology was then cons idered  through a d i s c u s s io n  o f  the 
in s t rum en ts  employed, the samples of  the popu la t ions  invo lved ,  the 
d e f i n i t i o n  o f  t e s t s  t h a t  a re  employed in  the s tu d y ,  and the two major 
a t t r i b u t e s  o f  a t e s t ,  i . e .  v a l i d i t y  and r e l i a b i l i t y .
CHAPTER THREE
LITERATURE REVIEW
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3. LITERATURE REVIEW 
3 . 0 '  I n t ro d u c t io n
Published l i t e r a t u r e  i s  a f r u i t f u l  source  f o r  a r e s e a r c h e r  
in h ig h l i g h t i n g  h i s  problems.  I t  a l s o  he lps  him to r e l a t e  
h i s  work to the e x i s t i n g  knowledge of  a d e s i r ed  system. The 
l i t e r a t u r e  reviewed in t h i s  chap te r  w i l l  have an im por tan t  
f u n c t io n  in t h a t  i t  i s  a l so  supposed to help to i d e n t i f y  a 
c e r t a i n  phenomenon in  mathematics educa t ion .  This phenomenon 
can se rve  as a s t a r t i n g - p o i n t  f o r  the development o f  t h i s  
s tu d y ,  as was proposed in  proposit ion 6.1 which I r e s t a t e :
(P ro p o s i t io n  6.1 ) :
A phenomenon t h a t  i n d i c a t e s  a change in the 
achievement of  s t u d e n t s  under a c e r t a i n  
change in  a t e a c h i n g - l e a r n i n g  s i t u a t i o n  i s  
s i g n i f i c a n t  as a s t a r t i n g - p o i n t  f o r  development 
in c u r r e n t  t e a c h in g - l e a r n i n g  s i t u a t i o n s .
I t  i s  th e r e f o r e  n a t u r a l ,  in  look ing f o r  such phenomena, t h a t  I 
should review such p rob lem at ic  consequences as a re  u s u a l l y  d iscussed  
in mathematics educa t ion .  The l i t e r a t u r e  i s  a r i c h  source  and
" th e re  e x i s t s ,  in  the l i t e r a t u r e ,  a s o l i d  body of
in form ation  about  mathematics educa t ion"  (Begle ,  1979, P . 156).
In  d i s c u s s in g  c u r r e n t  views on approach,  and the p rob lem at ic  '
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consequences found in  methods or  techniques  t h a t  are adopted 
to serve  f o r  the approach,  one phenomenon a t t r a c t e d  my a t t e n t i o n .  
This phenonmenon i s  found in  the e f f i c i e n c y  o f  m a t e r i a l s ,  i . e .  
p r e s e n t a t i o n s  o f  t a s k s ,  t h a t  are s e t  in t e a c h in g - l e a rn in g  
s i t u a t i o n s .  Frase (1975) t e l l s  us t h a t  manipula t ion  o f  le a rn in g  
m a te r i a l s  i s  e f f i c i e n t  to the degree t h a t  i t  reduces unnecessary 
l e a r n e r  p rocess ing .  He a l s o  s t a t e s  t h a t
"There i s  some ev idence t h a t  i f  the  l e a r n e r  does n o t  
apply c e r t a i n  s p e c i f i c  s k i l l s ,  m a te r i a l s  can be a l t e r e d  
in compensating ways" ( P . 58).
which shows t h a t  th e re  i s  a c e r t a i n  r e l a t i o n s h i p  between the 
m a te r ia l  ( c o n te n t s )  and the p roduc t  o f  t e a c h in g - l e a r n in g .
Another s ign  i s  found in the  work o f  Myers e t  a l .  (1973) ,  who 
found t h a t  r e c a l l  was b e t t e r  when sen tences  were grouped accord ing 
to ' a t t r i b u t e s ’ than when they  were grouped accord ing to 'nam es ' .  
This i n d i c a t e s  t h a t  t h e r e  are two s t r u c t u r e s ,  and the change in 
r e c a l l  i s  due to  the change between these  s t r u c t u r e s .
Other s t u d i e s  in mathematics,  no tab ly  those o f  Mayer and Greeno 
(1972),  found d i f f e r e n t  l e a rn in g  outcomes were ob ta ined  when 
s e t t i n g  a ta sk  according to d i f f e r e n t  p r e s e n t a t i o n s .
In the fo l lowing pages ,  I w i l l  give a general  o u t l i n e  fol lowed 
by a simple survey  o f  some mathematical  even ts  f o r  the purpose o f  
t r a c in g  such phenomena t h a t  could p o s s i b ly  he lp  suppo r t  r e l a t i n g  
change in  mathematics achievement to  a r e l e v a n t  change in  a 
mathematical s i t u a t i o n  e i t h e r  in the m a te r i a l  con ten ts  or  in any 
o t h e r  p o s s ib le  even t .
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3 .1 .  General Overview
The movement towards reform in  mathematics educa tion  does 
have pure ly  educa t iona l  purposes r e l e v a n t  to the growth o f  
knowledge in  developmental psychology and i t s  im p l ic a t io n s  
f o r  the te ach ing  and l e a rn in g  o f  mathemat ics,  in ad d i t io n  
to  i t s  o t h e r ,  s o c i a l ,  aims. But i t  must be s a id  t h a t  
r e sea rch  in t o  the psychology o f  educa t ion  i s  s t i l l  l i m i t e d ,  
and t h a t  th e re  i s  a marked dependence upon in t r o s p e c t i o n  
(C h i ld ,  1973). The c o g n i t i v e  psychology has no t  made the d e s i r e d  
p ro g r e s s ,  in the opinion o f  Lovell (1981):
"Cognit ive psychology -  which reckons to 
s tudy  i n t e l l i g e n c e  o r  how people th i n k -  
has made a l i t t l e  p rogress  over the l a s t  
30 y e a r s ,  a l though  some o f  i t s  f ind ings  have 
been known i n t u i t i v e l y  long be fo re" .
As f o r  l e a rn in g  t h e o r i e s .  Child (1973) p o in t s  o u t  t h a t
"no one l e a r n in g  theory  p rov ides  us with a l l  
the answers.  Fur thermore ,  a l l  t h e o r i e s  pu t  
to g e th e r  do no t  provide  us with a l l  the  answers.
The only  course we can j u s t i f i a b l y  take  i s  a 
pragmatic  one -  choosing amongst the exper imenta l  
f in d in g s  the  p o in t s  o f  c l e a r  re levance  to our  
t a s k .  In most c a s e s ,  p s y c h o lo g i s t s  a re  not
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r e a l l y  arguing about  the f in d in g s  so much as; 
the i n t e r p r e t a t i o n  o f  those f ind ings"  ( P . 107).
The prev ious  p o in t s  throw l i g h t  on the i n t r i c a c y  o f  r esearch  in 
the educa t iona l  f i e l d .  N ever the less  the re  may be o th e r  po in t s  
t h a t  could help d i r e c t  us towards a phenomenon t h a t  might be found 
amongst r ep o r te d  l i t e r a t u r e :  a phenomenon, o f  c l e a r  re le vance  to the
problem t h a t  would f u l f i l l  the aims o f  p ro p o s i t i o n  6 ,1 .
As Bruner proclaimed in the l a t e  1950 's :
"something new was s t i r r i n g  in the land"
(Bruner ,  1966, P . v i i  ) .
This s t i r r i n g  produced a rash  o f  new c u r r i c u l a  in U.S.A. and 
most developed c o u n t r i e s .  Freyberg (1980) notes t h a t
"what the se  c u r r i c u l a  purpor ted  to  have in 
common was a new approach to  the o r g a n i s a t i o n  
based on "concep tual  s t r u c t u r e "  r a t h e r  than 
h i s t o r i c a l  development,  l e v e l  o f  complexity ,  
c h i l d r e n ' s  i n t e r e s t s ,  everyday re le vance  and 
so on. There was much t a l k  about  fundamental 
o r  b a s i c  concep ts ,  and the need f o r  the se  to 
provide  the framework on which the p a r t i c u l a r  
curr iculum would be b u i l t " .
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The theme o f  these  s ta t em en t s  was t h a t  the s t r u c t u r e  o f  a 
s u b j e c t - m a t t e r  should be the ce n t r a l  p o in t  o f  educa t iona l  
development. Bruner (1966),  in defending t h i s  theme, s t a t e s  
t h a t
"Good teach ing  t h a t  emphasizes the s t r u c t u r e  
o f  a s u b j e c t  i s  probably  even more va luab le  
f o r  the l e s s  ab le  s t u d e n t  than f o r  the g i f t e d  
one,  f o r  i t  i s  the former r a t h e r  than the 
l a t t e r  who i s  most e a s i l y  thrown o f f  the 
tr ack"  ( P . 9 ) .
Howson e t  a l .  (1981) t e l l  us t h a t  the s t r u c t u r a l i s t  approach i s  
based on i n v e s t i g a t i o n s  conducted by g e n e t i c  ep istemology  
t h e o r i s t s  i n t o  the  p rocesses  o f  concept  fo rm at ion ,  from which 
Bruner has developed h i s  theo ry  o f  the  " s t r u c t u r e  o f  the d i s c i p l i n e s "  
Howson e t  a l .  (1981) in i l l u s t r a t i n g  the broad o u t l i n e  o f  the 
theo ry  wro te :
"Cognit ive  s t r u c t u r e s  a re  combinations of  
acqu i red  concepts  and th ink ing  a b i l i t i e s .
Simple s t r u c t u r e s ,  made o f  a few concep ts ,  are 
developed i n t o  more e l a b o r a t e  ones through the 
a d d i t i o n  o f  new concep ts .  At t h e i r  h ig h e s t  
s t a g e  o f  development,  c o g n i t i v e  s t r u c t u r e s  
correspond to the s t r u c t u r e  o f  the s c i e n c e s ,  
taken as the essence  o f  a l l  concepts  and processes  
conta ined  in them. These s t r u c t u r e s  are so 
complex and they inc lude  a l l  i n s i g h t s ,  concepts
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and procedures  of  the s c i e n c e s ,  bu t  they are 
s imul taneously  so easy  to formulate t h a t  they 
can be t r a n s m i t t e d  a t  a lower leve l  o f  c o g n i t io n .
The purpose o f  the  t ransm is s ion  o f  the s t r u c t u r e s  
o f  the s c i e n t i f i c  d i s c i p l i n e s  i s  no t  the 
a c q u i s i t i o n  o f  the knowledge of  these  s t r u c t u r e s  
by p u p i l s ;  i t  i s  no t  so much a m a t t e r  o f  t r a n s ­
m i t t i n g  in an elementary  manner the s t r u c t u r e s  as 
a con ten t  o f  e d u c a t io n ,  as o f  d i s p la y in g  t h e i r
process  c h a r a c t e r .  T h i s ,  to  a l a rg e  e x t e n t ,  i s
the b a s i s  f o r  the  correspondence between 
s c i e n t i f i c  and co g n i t iv e  s t r u c t u r e s ,  and a means 
o f  promoting c o g n i t iv e  processes  in p u p i l s "  ( P . 108).
The s t r u c t u r a l i s t s  could a l s o  have been convinced ( o r ,  perhaps 
tempted) by the f in d in g s  o f  those o f  the Bourbaki School who found
t h a t  the s t r u c t u r e  o f  mathematics i s  founded on th r e e  fundamental
s t r u c t u r e s :  ( i )  the a l g e b r a i c  s t r u c t u r e s  based on the concept  o f
o p e r a t i o n ,  ( i i )  the o rd e r in g  s t r u c t u r e s  based on r e l a t i o n s  and 
( i i i )  the topo log ica l  s t r u c t u r e s  based on such concepts  as c o n t in u i t y  
and prox im ity .  The Bourbaki group,  f u r t h e r  has o f f e r e d  a sy s t e m a t i c  
d e s c r i p t i o n  o f  mathematics,  r eo rg an i se d  so as to  emphasise s t r u c t u r a l  
c o n s id e r a t i o n s  and p resen ted  in a uniform language with g r e a t  
p r e c i s i o n .  Whatsoever the case i s ,  the  s t r u c t u r a l i s t  approach i s  
based on the idea  t h a t :
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" opera t ing  w i th in  the s t r u c t u r e s  o f  the sc iences  
r e in f o r c e s  the p rocesses  by which new concepts  
a re a s s im i l a t e d  by a given s t a g e  of  c o g n i t iv e  
development. The l e a r n e r  i s  thus given the 
o ppo r tun i ty  to gain f a m i l i a r i t y  with the s t r u c t u r e s  
and to o b ta in  a b e t t e r  grasp  o f  t h e i r  complexity 
which,  in t u r n ,  w i l l  f u r t h e r  the a c q u i s i t i o n  
o f  new conce p ts ,  e t c . ,  u n t i l  a complete correspondence 
between the l e a r n e r ' s  c o g n i t iv e  s t r u c t u r e s  and those 
o f  the sc ience  i s  ach ieved ,  when the l e a r n e r  w i l l  
have become a s c i e n t i s t "  (Howson e t  a l . ,  1981,
P. 108).
In t h i s  connec tion ,  th e re  has been a b e l i e f  t h a t  s t r u c t u r a l  l e a rn in g  
exper iences  should r e c e iv e  the predominant  emphasis a t  a l l  s tag es  
in  the school .  Th is ,  i t  was b e l iev ed  would lead  to u n i t y  in the 
mathematics being used,  as well  as to b e t t e r  achievement in 
mathematics.  (Lamon, 1972).
The c r i t i c a l  p o in t  o f  the s t r u c t u r a l i s t  approach i s  how to t r a n s m i t  
the se  s c i e n t i f i c  s t r u c t u r e s  to  p u p i l s  endowed with lower cogn i t ive  
s t r u c t u r e s ,  however, these  goa l s  were be l ieved  to be achieved 
through 'd i s c o v e ry  l e a r n i n g '  (Howson e t  a l . ,  1981).
Hence, based on G e s t a l t  psychology,  a p p re c ia t i o n  and conceptual  
development o f  s t r u c t u r e  a re  enhanced in  p r a c t i c e  by such a 
methodology t h a t  uses l e a rn in g  s i t u a t i o n s  t h a t  encourage s tu d e n t s
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to  d i s co v e r  i n t e r r e l a t i o n s h i p s  of  p a r t s  as well as of  the whole 
(Lamon, 1971).
I t  was t h e r e f o r e  lo g i c a l  to f ind  a demand f o r  c r e a t i v e  
mathematical l e a rn in g  s i t u a t i o n s  to be e s t a b l i s h e d  with the 
i n t e n t i o n  o f  he lp ing  in  the development o f  the a b i l i t y  to 
unders tand  commonly occuring  r e l a t i o n s h i p s  between concepts  and 
i d e a s ,  which in tu rn  develop  p r o f i c i e n c y  and s k i l l  in  manipu la t ion  
and c a l c u l a t i o n  o f  mathematical  i d e a s .  (Lamon, 1972).
In the schools  o f  va r ious  c o u n t r i e s ,  among them Kuwait, a l l  (o r  
most) c u r r e n t  mathematics c u r r i c u l a  based on the p o in t s  p rev ious ly  
mentioned are  co n s t ru c t e d  f o r  the purpose of  s a t i s f y i n g  the theme 
o f  s t r u c t u r e .  This theme emphasizes the concept  o f  s t r u c t u r e  
and breaks  down the a r t i f i c a l  b a r r i e r s  e r e c t e d  f o r  a long time 
between the  d i f f e r e n t  p a r t s  o f  mathematics.  This has indeed 
happened,  in a s h i f t  from s o - c a l l e d  ' t r a d i t i o n a l  mathemat ics '  
to 'modern'  o r  ' contemporary m a them at ic s ' .  The new mathematical  
tex tbooks  in  most Arab S t a t e s  who followed th i s  s h i f t ,  were 
designed on the b a s i s  o f  l e a r n in g  by d iscovery .  The 'why' has 
always been found to  he lp  the t e a c h e r  to fo l low ' d i s c o v e ry  
t e a c h i n g ' .
U nfo r tu n a te ly ,  no t  a l l  o f  these  changes have been s u c c e s s fu l  in 
meeting the  demands f o r  development in the a r e a .  Teachers ,  s tu d e n t s  
and p a re n t s  have been complaining about  the low achievement in
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mathematics.  Other complain ts  are r a i s e d  about  c e r t a i n  weakness 
in app ly ing mathematics in non-mathematics f i e l d s ,  e . g .  phys ics .
The t r a d i t i o n a l  approaches to mathematics have proved to be 
i n a p p r o p r i a t e ,  and modern approaches demonstrate d i s t i n c t  
inadequacies  in  p re s e n t in g  the accomplishments t h a t  p a s t  
methodologies produced and in improving upon p a s t  f a i l u r e s  
(Lamon, 1972).
This being the ca se ,  Lamon (1972) gloomily pointed  o u t  t h a t
" I t  should no t  be s u r p r i s i n g  t h a t  people are 
exp res s ing  d i s s a t i s f a c t i o n .  Mathematics 
p r o f e s s o r ,  educa t ion  and psychologica l  
p r o f e s s o r s ,  as well as p r a c t i s i n g  t e a c h e r s ,  
qu es t io n  s e r i o u s l y  the v a l i d i t y  o f  c u r r e n t  
pedagogy and the  wisdom o f  teach ing  youngs te rs  
the s o - c a l l e d  'New Math' " (P.  8).
Begle (1979) expressed  growing concern about the s i t u a t i o n ,  s t a t i n g  
t h a t :
" l i t t l e  new knowledge about  mathematics 
educa t ion  emerged in  the  l a s t  decade,  and we s t i l l  
lack  t h e o r e t i c a l  s t r u c t u r e  to suppor t  our  re search  
we have no e s t a b l i s h e d  th eory  to provide a 
b a s i s  f o r  our d i s c u s s i o n .  Deductive reason ing  now 
p lays  no use fu l  r o l e  in  mathematics educa t ion  s ince  
educa to rs  have ,  in g e n e r a l ,  nothing to deduce from . . .
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I p r e d i c t  t h a t  f u t u r e  i n t e r n a t i o n a l  congress 
w i l l  be much l i k e  the  p a s t  ones ,  new f a c e s ,  new o p in io n s ,  
but  very l i t t l e  new knowledge" (Ps.  x iv ,  x ix  and 156).
These s t a t e m e n t s ,  and s i m i l a r  o t h e r  ones ,  show the magnitude o f  
the depress ion  f e l t  by those involved  in mathematics educa t ion .
Now i f  we accep t  t h a t  ach iev ing  mathematics should be based on 
c e r t a i n  approaches ,  then an op t im iz ing  phenomenon f o r  development 
o f  t h i s  s tudy in  the sense  o f  p r o p o s i t i o n  6 .1 .  could be found 
through d i s c u s s in g  d i f f e r e n t  a s p ec t s  o f  educa t iona l  s i t u a t i o n s  
t h a t  are used to se rve  f o r  the  approach.  I t  was be l ieved  t h a t  
a reading tin the l i t e r a t u r e  t h a t  d i s c u s s e s  the approach and the 
e f f e c t i v e n e s s  o f  the d i f f e r e n t  a s p e c t s  o f  the events  t h a t  are 
found in the ‘methodology f o r  the approach'  w i l l  d i s c l o s e  a 
c e r t a i n  phenomenon t h a t  m e r i t s  s tudy .  The term 'methodology 
f o r  the approach'  in t h i s  t h e s i s  i s  used to inc lude  a l l  p o s s ib le  
f a c t o r s  t h a t  genu ine ly  se rve  f o r  the approach,  e . g .  the cu r r icu lum ,  
methods of  t e a c h in g ,  e t c .
In the fo l lowing pages I s h a l l  d i s c u s s  some a spec t s  o f  the c u r r e n t  
approach as well as the  'methodology f o r  the approach ' .
3 .2 .  The Current  Approach: The S t r u c t u r e
To Anthony., an approach i s  ax iomat ic .  I t  d e sc r ibe s  the na tu re  
o f  the s u b j e c t - m a t t e r  to be ta u g h t .  On t h i s  p o in t  Anthony (1963)
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wrote :
" I t  s t a t e s  a p o i n t  o f  view, a ph ilosophy ,  an a r t i c l e  
o f  f a i t h  - something which one be l i e v e s  bu t  cannot  
n e c e s s a r i l y  prove.  I t  i s  o f ten  unarguable  excep t  in 
terms o f  the e f f e c t i v e n e s s  o f  the methods which grow 
out  o f  i t " .
The c u r r e n t  theme o f  many p s y c h o lo g i s t s  and many mathemat ic ians i s  t h a t  
a mathematical  approach should be based on s t r u c t u r e s .
F ischbein  (1973) t e l l s  us t h a t ,  to  P i a g e t ,  a s t r u c t u r e  in i t s  
b ro ad es t  term i s  a system, and t h i s  system i s  a t o t a l i t y  t h a t  
has laws and p r o p e r t i e s  t h a t  a re  c h a r a c t e r i s t i c  of  i t  as a t o t a l i t y .
On the o t h e r  hand he in t ro d u c e s  mathematical  s t r u c t u r e  as a s e t  o f  
elements  between which th e re  a re  c e r t a i n  r e l a t i o n s .  And i t  i s  
well-known t h a t  f o r  the Bourbaki ,  t h e re  a re  th r e e  types o f  s t r u c t u r e s ,  
a l g e b r a i c ,  o rd e r  and t o p o l o g i c a l .  This indeed means t h a t  any 
branch o f  mathematics i s  r e l a t e d  to one o f  these  s t r u c t u r e s ,  and 
consequent ly  a l l  d i f f e r e n t  brances  o f  mathematics can be c l a s s i f i e d  
and brought t o g e th e r  to form an a r c h i t e c t u r a l  u n i ty .
Skemp (1971) uses "schema" as a mental s t r u c t u r e  in b ro a d e s t  
psychologica l  term. He f in d s  a schema to have two main f u n c t i o n s :
" I t  i n t e g r a t e s  e x i s t i n g  knowledge, and i t  i s  a mental tool  
f o r  the a c q u i s i t i o n  o f  new knowledge" ( P . 39) .
The polemic evoked by mathematical  approach p o l a r i s e s  i n t o  two main
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schools  as F i schbe in ,  (1973) s t a t e s :  One should leave the
genera l  schemas o f  thought to  form themselves g r a d u a l ly ,  by a 
s o r t  o f  na tu ra l  g e n e r a l i z a t i o n ,  a f t e r  a s t u d e n t  has a s s im i la t e d  
a f a i r l y  cons ide rab ly  amount o f  mathematical  knowledge.
The view o f  t h i s  s ch o o l ,  i s  t h a t  acqua in tance  with these  (mental)  
s t r u c t u r e s  a f t e r  a good p re p a ra t io n  in  mathematics would 
n a t u r a l l y  help in a s s i m i l a t i n g  g e n e r a l i z a t i o n s ,  i . e .  s t r u c t u r e s .
This school cons ide rs  t h a t :
1) The n a tu ra l  course  in the knowledge-development i s  from the 
p a r t i c u l a r  to the g e n e r a l ,  from the concre te  to  the a b s t r a c t .
2) Mathematical s t r u c t u r e s  a re  in  na tu re  of  an ext remely high 
degree o f  a b s t r a c t i o n  and,  consequen t ly ,  they could no t  be 
unders tood or  a s s im i l a t e d  u n t i l  the  i n t e l l i g e n c e  has reached the 
s t a g e  o f  formal o p e r a t i o n ,  i . e .  the s t a g e  o f  f i n a l  e q u i l ib r iu m .
3) These s t r u c t u r e s  a rose  o u t  of  the c o n f ro n ta t io n  o f  d iv e rse  
mathematical  domains. The pupil  t h e r e f o r e  should have the 
o p p o r tu n i ty  on the  c a p a b i l i t y  o f  unders tand ing  mathematics on a 
f a i r l y  broad mathematical  b a s i s  in a r i t h m e t i c ,  a lgeb ra  and 
geometry.
The view o f  t h i s  school was the  predominant  one in the s o - c a l l e d  
' t r a d i t i o n a l  m a them a t ic s ' .  As f o r  the  second s c h o o l ,  i t  views t h a t :
I t  i s  b e t t e r  f o r  c h i ld r e n  to be brought up with mathematical s t r u c t u r e s  
This helps in the development o f  schemas which in tu rn  he lp  to  form
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mathematical  thought .
This  school cons ide rs  t h a t  these  s t r u c t u r e s :
1) express  the fundamental s t r u c t u r e s  and genera l  schemas o f  
i n t e l l i g e n c e  and are  no t  j u s t  a means o f  g iv ing  in fo rm at ion^or  
a manner of  proceeding in  a p a r t i c u l a r  i n s t a n t .
2) should be al lowed to fu n c t io n  during the per iod  o f  the growth 
o f  i n t e l l i g e n c e .
3) should be in t roduced  in  the e a r l i e r  s tages  to  help  during the 
per iod  o f  the  f i n a l  e q u i l ib r iu m  o f  formal o p e r a t i o n s .
The second school could be cons idered  to be the contemporary one.
I t  i s  c l o s e l y  l in k e d  to  contemporary developmental  psychology.
P ia g e t  (1972a)has i n d i c a t e d  t h a t  th e re  i s  a c lose  r e l a t i o n a h i p  between 
the  im por tan t  mathematical  s t r u c t u r e s  and the o r g a n i s a t i o n  o f  human 
i n t e l l i g e n c e .  According to  him, mathematical  s t r u c t u r e s  a re  c l o s e l y  
r e l a t e d  to the main o p e ra t io n a l  s t r u c t u r e s  of  i n t e l l i g e n c e  g ra d u a l ly  
b u i l t  up dur ing  the s u b j e c t s  o n to g e n s i s ,  and group s t r u c t u r e  i s  a t  the 
core o f  t h i s  r e l a t i o n s h i p .  The o p e ra t io n  i s  one o f  main f e a t u r e s  
o f  mathematical  s t r u c t u r e s ,  and P ia g e t  (1964) th inks  o f  ope ra t ion  as 
the essence  o f  knowledge when s t a t i n g  t h a t :
"An o p e ra t io n  i s  an i n t e r i o r i s e d  a c t io n .  But in 
a d d i t i o n ,  i t  i s  a r e v e r s i b l e  a c t io n ;  t h a t  i s ,  i t  can
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take p lace  in  both d i r e c t i o n s ,  f o r  i n s t a n c e ,  adding 
o r  s u b t r a c t i n g ,  jo i n in g  o r  s e p a ra t in g .  So i t  i s  a 
p a r t i c u l a r  type o f  ac t io n  which makes up lo g i c a l  s t r u c t u r e s " .
And an o p e ra t io n  i s  never  i s o l a t e d .  I t  i s  always l inked  to o th e r  
o p e r a t i o n s ,  and as a r e s u l t  i t  i s  always p a r t  of  a t o t a l  s t r u c t u r e .
An ope ra t ion  could c o n s i s t  o f  jo i n in g  o b je c t s  in a c l a s s  to  c o n s t r u c t  
a c l a s s i f i c a t i o n ,  o r  o f  adding ,  o r  p u t t in g  th ings  in a s e r i e s ;  or  
an o p e ra t io n  could c o n s i s t  o f  count ing  or  of  measuring.
He then p o in t s  o u t  t h a t  a lo g i c a l  c l a s s  does n o t  e x i s t  in  i s o l a t i o n ;  
what e x i s t s  i s  the t o t a l  s t r u c t u r e  o f  c l a s s i f i c a t i o n .  A number 
does no t  e x i s t  in i s o l a t i o n .  What e x i s t s  i s  the s e r i e s  o f  numbers 
which c o n s t i t u t e  a s t r u c t u r e ,  an exceed ing ly  r i c h  s t r u c t u r e  whose 
va r ious  p r o p e r t i e s  have been revea led  by mathematic ians .  P i a g e t  (1964) 
w r i t e s  t h a t  these  o p e ra t io n a l  s t r u c t u r e s  are what
"seem to me to c o n s t i t u t e  the b a s i s  o f  knowledge, the 
n a tu ra l  psycholog ica l  r e a l i t y ,  in terms o f  which we must 
unders tand the development o f  knowledge. And the c e n t r a l  
problem o f  development i s  to  unders tand  the fo rm at ion ,  
e l a b o r a t i o n ,  o r g a n iz a t i o n ,  and fu n c t io n in g  o f  the se  
s t r u c t u r e s  " ,
P i a g e t  cons iders  the t h r e e  Bourbaki lo g i c a l  s t r u c t u r e s  o f  mathematics 
( th e  a l g e b r a i c ,  o r d e r  and to p o lo g ic a l  s t r u c t u r e s )  to be in 
' co r respondence '  to  e lementary  s t r u c t u r e s  o f  the i n t e l l e c t ,  and 
claims t h a t
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"In r e a l i t y ,  i f  the e d i f i c e  o f  mathematics r e s t s  on 
' s t r u c t u r e s '  t h a t  correspond to  the s t r u c t u r e s  o f  the 
i n t e l l e c t ,  i t  i s  on the p rog re s s ive  o r g a n i s a t i o n  of  
these  o p e r a t io n a l  s t r u c t u r e s  t h a t  mathematical  te ach ing  
must be based " (Lamon, 1972, P . 136).
However, Skemp (1971),  who p r e s e n t s  i n t e l l i g e n c e  ' B' in  the terms of  
Vernon as
" the cumulat ive t o t a l  o f  the schemata or  mental plans 
b u i l t  up through the i n d i v i d u a l ' s  i n t e r a c t i o n  wi th h i s  
envi ronment,  in  so f a r  as h i s  c o n s t i t u t i o n a l  equipment 
al lows" ( P . 16).
argues  t h a t  p s y c h o l o g i s t s ,  who are i n t e r e s t e d  in  i n t e l l i g e n t  l e a r n i n g ,
S)f in d  t h a t  s tudy ing  the leaj^ing and unders tanding  o f  mathematics i s :
"s tudy ing  the  fu n c t io n in g  of  i n t e l l i g e n c e  in  what i s  a t  
once a p a r t i c u l a r l y  pu re ,  and a l so  a widely  a v a i l a b l e  
form" ( P . 16).
Skemp a l s o  argues t h a t  mathematics i s  a p a r t i c u l a r l y  good example 
o f  i n t e l l i g e n c e  'B ‘ s in c e  ( i )  the  l e a rn in g  o f  mathematics a f fo rd s  
many c l e a r  examples o f  the development o f  schemas which c o n s t i t u t e  
i n t e l l i g e n c e  'B' as d e s c r ib e d  by Vernon and ( i i )  the a p p l i c a t i o n s  
o f  mathematics in d i f f e r e n t  f i e l d s  o f  knowledge i s  so powerful t h a t  
i t  appears  to be the  most h igh ly  developed mental too l  a v a i l a b l e  to  
us f o r  dea l ing  wi th the p l y s i c a l  environment.
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L a s t ly ,  Skemp p o in t s  o u t  t h a t
"The s tudy  o f  the  s t r u c t u r e s  themselves i s  an im por tan t
p a r t  o f  mathematics:  and the study  o f  the ways in which
they are  b u i l t  up,  and f u n c t i o n ,  i s  a t  the very core o f
the psychology o f  l e a r n in g  mathematics" ( P . 39).
Bruner (1966),  who i s  one o f  the  o u ts ta nd ing  f i g u r e s  in the area
o f  the schoo l ,  in t roduced  the term ' fundamenta l '  f o r  an idea  to
be a t a u to lo g y ,  in the sense  t h a t  i t  has wide,  as well as 
powerful a p p l i c a b i l i t y .  In recommending f o r  te ach ing  the  fundamental 
s t r u c t u r e  o f  a s u b j e c t ,  Bruner claims t h a t :
(1) Understanding the fundamentals  makes a s u b j e c t  more 
comprehensible.
(2) This approach r e l a t e s  to  human memory, s in ce  the most b a s ic  
th ing  t h a t  can be s a id  about  memory a f t e r  a cen tury  o f  i n t e n s i v e  
r e s e a r c h ,  i s  t h a t
"un les s  d e t a i l  i s  p laced  in t o  a s t r u c t u r e d  p a t t e r n ,  i t  i s  
r a p i d l y  f o r g o t t e n .  D e ta i led  m a te r ia l  i s  conserved in 
memory by the  use o f  s i m p l i f i e d  ways o f  r e p r e s e n t in g  i t .  
These s i m p l i f i e d  r e p r e s e n t a t i o n s  have what may be c a l l e d  
a ' r e g e n e r a t i v e  c h a r a c t e r '  " ( P . 24).
For example,  B ru n e r ' s  view i s  t h a t  a s c i e n t i s t  does not  t r y  to 
remember the d i s t a n c e  t r a v e l l e d  by f a l l i n g  bodies in  d i f f e r e n t
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g r a v i t a t i o n a l  f i e l d s  over d i f f e r e n t  per iods  o f  t ime.  What he does 
ca r ry  in h i s  memory i s  a ' s t r u c t u r e d  p a t t e r n '  f o r  such e v e n t s ,  
i . e .  the formula s = | g t ^ .  The d e t a i l e d  m a te r ia l  i s  conserved 
in the memory by the use o f  s i m p l i f i e d  ways o f  r e p re s e n t in g  i t  
i . e .  by a fundamental s t r u c t u r e ,
(3) An unders tand ing  o f  the fundamental s t r u c t u r e s  o f  p r i n c i p l e s
and ideas  i s  adequate  to ' t r a n s f e r  o f  t r a i n i n g ' .
(4) The emphasis on s t r u c t u r e  in teaching  w i l l  r e s u l t  in
re-examining the m a te r ia l  t a u g h t  in a l l  grades o f  school f o r  i t s  
fundamental c h a r a c t e r .  This w i l l  help  in narrowing the gap 
between 'advanced '  knowledge and 'e le m en ta ry '  knowledge,  s ince
" p a r t  o f  the d i f f i c u l t y  now found in the p rog res s ion  
from primary school through high school to  co l lege  
i s  t h a t  m a te r i a l  l e a rn ed  e a r l i e r  i s  e i t h e r  o u t  o f  date 
o r  m is lead ing  by v i r t u e  o f  i t s  lagging too f a r  behind 
developments in a f i e l d "  ( P . 26).
According to the views he ld  by eminent  i n d i v id u a l s  in  the  f i e l d  
o f  psychology,  the ' s t r u c t u r e '  was considered  to  be the c e n t r a l  
approach f o r  a l l  s u b j e c t  m a t t e r s ,  e s p e c i a l l y  mathematics and o th e r  
s c ie n c e s .
These views are  p a r t  o f  the  t h e o r e t i c a l  framework o f  the c u r r e n t  
approach.
The psychologica l  and pedagogical  im p l ic a t io n s  o f  the  approach u n d e r l i e  
such methods and techniques  as are employed to  serve  f o r  i t .
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To Anthony (1963) and Wardhaugh (1969),  as w i l l  be d iscussed  
l a t e r ,  methods meant p lans  of  cur r icu lum and teaching  which 
der ived  from approach.  These two f a c t o r s  are expec ted  to be 
based on the p a r t i c u l a r  kind o f  s t r a t e g y  t h a t  de r ive s  from an 
approach.  Technique , to bo th ,  meant e x a c t ly  how to  do what 
you decide to do,  the s p e c i f i c  kinds o f  p r a c t i c e  t h a t  one 
chooses to employ in a s p e c i f i c  classroom.
Upon reading  the l i t e r a t u r e ,  I f e l t  t h a t  those who advance the 
approach were a l so  aware o f  i t s  im p l i c a t io n s  in methods and 
te chn iques .
As a m a t t e r  o f  f a c t ,  P i a g e t  (1964) who seemed to fo re s e e  a p o s s i b l e  
confus ion  o f  the harmony between the approach through s t r u c t u r e s  
and methodology,  s t a t e s :
"Now, I should  l i k e  to  show t h a t  l e a rn in g  i s  p o s s ib le  in 
the case o f  the se  lo g i c a l  s t r u c t u r e s ,  b u t  one cond i t ion  - 
t h a t  i s ,  the  s t r u c t u r e  which you want to teach the 
s u b j e c t  can be suppor ted  by s im p le r ,  more e lementa ry ,  
lo g ica l -m a th em a t ica l  s t r u c t u r e s  "♦
He then e x p la in s  t h a t
"In o t h e r  words,  l e a r n in g  i s  p o s s ib le  i f  you base the 
more complex s t r u c t u r e  on s im p le r  s t r u c t u r e s ,  t h a t  i s ,  
when th e re  i s  a n a t u ra l  r e l a t i o n s h i p  and development o f  
s t r u c t u r e s  and no t  s imply an e x te rn a l  re in fo rcem en t ."*
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He concludes t h a t  l e a r n in g  o f  s t r u c t u r e s  seems to obey the same 
laws as the n a tu ra l  development o f  the s t r u c t u r e s  o f  the i n t e l l e c t .  
Thus, l e a rn in g  i s  subo rd ina ted  to development,  no t  v ic e - v e r s a .
In a d d i t i o n ,  we must be aware o f  the spontaneous ope ra t io n s  which 
we p r e s e n t  a t  the o u t s e t  and the o p e ra t io n a l  le ve l  which has been 
achieved a f t e r  the l e a r n in g  expe r i ence .
Skemp (1971) a l s o ,  who as an aware mathematician cons idered  the 
term ' c o n c e p t '  to be undef ined ,  f in d s  t h a t  the format ion o f  a 
concept  r e q u i r e s  exper i ences  which have something in common.
An ap p ro p r ia t e  formation o f  concep t  w i l l  be useful  s i n c e ,  as he 
s t a t e s :
"A concept  i s  a way o f  posse ss ing  da ta  which enables  
the u s e r  to  b r ing  p a s t  exper ience  u s e f u l l y  to  bear  on 
the p r e s e n t  s i t u a t i o n "  ( P . 28) .
As f o r  the a p p ro p r ia t e n e s s  o f  e a r l y  schemas, Skemp (1971) b e l i e v e s  
t h a t :
"The c e n t r a l  importance o f  the schema as a too l  o f  
l e a rn in g  means t h a t  d i s a p p r o p r i a t e  e a r l y  schemas w i l l  
make the a s s i m i l a t i o n  o f  l a t e r  ideas  much more d i f f i c u l t ,  
perhaps im poss ib le  " ( P .5 1 ) .
In an a t tem p t  to  develop h i s  i d e a s ,  Skemp (1971) p re sen te d  a s e t  
o f  models (pp. 308-313),  based on conceptual  a n a l y s i s  o f  the 
in n e r  r e l a t i o n s  between mathematical  t o p i c s .
3-20
In a d d i t i o n ,  from h is  work in psychology o f  l e a r n i n g ,  Bruner 
(1966) f in d s  t h a t  an a b s t r a c t  s t r u c t u r e  can be t r a n s m i t t e d  and 
a s s im i l a t e d  as such ,  remaining u n a l t e r e d  by means o f  var ious  
embodiments. He sugges ted  (1964) t h a t  an idea  might  be 
r ep re s en ted  in  the  unders tand ing  o f  the l e a r n e r  on th r e e  l e v e l s :
( i )  e n a c t i v e ,  where m a t e r i a l s  a re  manipulated d i r e c t l y ,
( i i )  i c o n i c ,  in which mental images o f  o b je c t s  a re  formed,  and
( i i i )  symbolic in the sense t h a t  images a re  rep laced  by symbols 
t h a t  can be manipu la ted .  E n ac t iv e ,  i c o n ic  and symbolic 
r e p r e s e n t a t i o n s  can s e rve  as v e h ic le s  f o r  an embodiment and 
t r a n s m i t  the same mathematical  s t r u c t u r e  (F i schbe in ,  1973).
There may be more than one embodiment which might help in 
unders tanding  the  s t r u c t u r e .  A s u b j e c t  w i l l  g r a d u a l ly  grasp 
a s t r u c t u r e  by t h i s  means.
Dienes (1963) c a l l e d  t h i s  procedure ' t h e  p r i n c i p l e  o f  pe rcep tua l  
v a r i a b i l i t y '  o r  in  i t s  most genera l  form ' t h e  p r i n c i p l e  o f  
m u l t i p l e  embodiment ' .
Dienes (1972) a l s o  r e p o r te d  t h a t  mathematics l e a rn in g  s i t u a t i o n s  
a re  o f  an a b s t r a c t  n a tu re  which are  d i f f i c u l t  to develop i f  l e a rn in g  
i s  i n e f f e c t i v e .  He co n s id e r s  a mathematical s t r u c t u r e  as a s e t  
o f  r e l a t i o n s ,  where the  s t u d e n t  should f i r s t  be f a m i l i a r i z e d  with 
the concre te  m a t e r i a l s  to be used and then p re s e n t in g  d i f f e r e n t  
concre te  embodiments o f  the  s t r u c t u r e ,  with e x e r c i s e s  to encourage 
the s t u d e n t ' s  awareness o f  the c o r r e l a t i o n s  between the embodiments 
and the a b s t r a c t i o n s  from the  s i t u a t i o n s .  In ex p la in in g  a
3-21
s t r u c t u r a l  l e a r n i n g ,  Dienes s t a t e s :
"We s t a r t e d  with the i n t e r a c t i o n  o f  the c h i ld  with the 
environment through concre te  m a t e r i a l s .  We went on 
to  i d e n t i f y  a mathematical  s t r u c t u r e  by l i k e n in g  one 
s i t u a t i o n  to  a no the r  in a p r e c i s e  way. A f te r  t h a t ,  
we t r i e d  to p r e s e n t  s t r u c t u r e s  s p a t i a l l y  to  enable us 
t o  handle them^look a t  them and th ink about  them.
A f te r  t h a t ,  we desc r ibe d  t h i s  image, and the d e s c r ip t i o n  
gave us the germs o f  an ax iomat ic  system. As soon as 
we e s t a b l i s h e d  the  ru l e s  o f  the ' p r o o f  game' ,  we reached a 
formal system in  which we could prove theorems.
Needless to say ,  i t  i s  very  seldom t h a t  mathematics i s  
l e a rn ed  in t h i s  r a t i o n a l  manner" (Lamon, 1972, P .61) .
Suggest ing  the  p o s s i b i l i t y  o f  e s t a b l i s h i n g  f u l l y  c r e a t i v e  
mathematical l e a r n in g  s i t u a t i o n s  in  a l l  s tag es  o f  mathematics-  
l e a r n i n g ,  Dienes (1971) w r i t e s :
"When a c h i l d  has e f f e c t i v e l y  formed a concept  from h is  
own e x p e r i e n c e s ,  he has r e a l l y  c rea ted  something t h a t  was 
no t  th e re  b e f o r e ,  and t h i s  something i s  b u i l t  i n t o  h i s  
p e r s o n a l i t y  in  the  psycholog ica l  sense in the same way as 
e s s e n t i a l  subs tances  in h i s  food are b u i l t  i n to  h i s  
body " ( P . 17).
There are genuine ideas  behind what those p s y cho log i s t s  who work on 
the l e a rn in g  o f  mathematics produce ,  r e f l e c t i n g  in  f a c t ;
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( i )  t h e i r  awareness o f  t r a i t s  which might lead to  becoming 
s t r anded  in the methodology as well  as ( i i )  the b e l i e f  t h a t  
good psychology i s  good mathematics (Skemp, 1971).
Bruner (1966) ,  who a l s o  seemed aware o f  the d i f f i c u l t y  f o r  
prov id ing  a proper  methodology f o r  the approach,  s t a t e d  t h a t
"Given the importance o f  t h i s  scheme, much too  l i t t l e  
i s  known about  how to teach fundamental s t r u c t u r e  
e f f e c t i v e l y  o r  how to provide  l e a rn in g  cond i t ions  t h a t  
f o s t e r  i t "  . ( P . 12).
This would i n e v i t a b l y  le ad  to  q u e s t i o n s ,  such as :  how e f f e c t i v e l y
can the  c u r r e n t  methodology f o r  the mathematical  approach meet the 
views o f  those who work on the  psychology o f  mathematics le a rn in g ?  
And what o t h e r  problems could p o s s i b ly  be involved? The a rea  
o f  such q u es t io n s  as well  as o t h e r  r e l e v a n t  ones c o n s t i t u t e  the 
m a jo r i t y  o f  problems in  mathematics e d u c a t io n ,  and in the fo l lowing 
pages I s h a l l  d i s cu s s  what I b e l i e v e  to  be r e l e v a n t  to t h i s  s t u d y . .
3 . 3 .  Summary I
P ubl i shed  l i t e r a t u r e  i s  in v a lu a b le  f o r  a r e s e a r c h e r .  I t  he lps  
him to d i s c o v e r  a worthwhile problem, and i t  h i g h l i g h t s  im por tan t  
p o in t s  in  h is  f i e l d  o f  r e s e a r c h .  In looking f o r  a phenomenon t h a t  
could be a s t a r t i n g - p o i n t  f o r  the  development o f  t h i s  s tu d y ,  evidence
3-23
was found to i n d i c a t e  t h a t  i f  m a t e r i a l s  are changed,  then 
l e a rn in g  outcomes could a l s o  change.  Hence the e f f i c i e n c y  o f  
m a t e r i a l s ,  i . e .  p r e s e n t a t i o n s  o f  t a s k s ,  could be a va luab le  
phenomenon f o r  t h i s  s tudy  on the b a s i s  o f  f in d in g s  o f  Mayer and 
Greeno (1972).
A genera l  survey o f  the a rea  showed t h a t  re sea rch  i n t o  the 
psychology o f  educa t ion  i s  s t i l l  l i m i t e d  and dependent  upon 
i n t r o s p e c t i o n .  Cogni t ive  psychology has a l so  made l i m i t e d  
p ro g re s s ,  and l e a rn in g  t h e o r i e s  can n o t  prov ide the answers we 
need.  There has been a t r end  towards the theme o f  ' t h e  s t r u c t u r e '  
in the l a s t  two decades ,  and t h i s  t r end  r e s u l t e d  in a s h i f t  to 
modern mathematics.  U n f o r tu n a t e ly , i t  did no t  r e s u l t  in so lv ing  
the problems of  t e a c h in g - l e a r n i n g  o f  mathematics.  Hence, in 
looking f o r  o t h e r  p o s s i b l e  phenomenon f o r  t h i s  s tu d y ,  i t  was 
b e l i e v e d  t h a t  a survey  would be n e c e s s a ry ,  and t h a t  t h i s  should be 
in  the f i e l d  o f  the  b e l i e f  behind c u r r e n t  mathematical approach 
and some aspec t s  o f  i t s  im p l i c a t i o n s  in  the whole methocblogy t h a t  
i s  r e l e v a n t  to the approach.
In approach,  th e re  a re  two main schools  o f  thought ;  the f i r s t  
b e l i e v in g  t h a t  mathematical  approach should no t  be e a r l i e r  based 
on s t r u c t u r e ,  while the  second school b e l i e v e s  t h a t  i t  should be.
I t  i s  b e l iev ed  f o r  example by the P i a g e t  s ch o o l ,  t h a t  t h e r e  i s  a 
correspondence between mathematical  s t r u c t u r e s  and elementary  s t r u c t u r e s  
o f  the i n t e l l e c t .  Hence e a r l i e r  l e a rn in g  o f  mathematical  s t r u c t u r e s  
w i l l  a id  adequate growth o f  the s t r u c t u r e s  o f  the i n t e l l e c t ,  which 
w i l l  in  tu rn  help  grasp  mathematics.  This a l so  he lps  l e a r n in g  to be
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more comprehensive and memory to conserve the d e t a i l e d  ma te r ia l  
in  s im pler  p r e s e n t a t i o n .  P s y c h o lo g i s t s ,  who were a l so  aware 
o f  the  im p l ic a t io n s  o f  the approach in  methodology,  proposed 
p roper  l e a rn in g  s i t u a t i o n s .  P i a g e t  sugges ts  t h a t  l e a rn in g  o f  
complex s t r u c t u r e s  could be based on simple ones;  Skemp s t r e s s e s  
the formation o f  concep ts ,  Bruner proposes e n a c t i v e ,  i c o n ic  and 
symbolic r e p r e s e n t a t i o n  to se rve  as t o o l s ,  and Dienes f inds  t h a t  
a c h i ld  should be helped in  forming concepts  from h i s  exper i ence .  
The awareness was a l s o  c l e a r l y  s t a t e d  by Bruner (1966) who claimed 
t h a t  the  l e a r n in g  c o n d i t io n s  which w i l l  f o s t e r  e f f e c t i v e  te ach ing  
o f  fundamental s t r u c t u r e  a re  s t i l l  e l u s i v e .
3 .4 .  Some Aspects  Of The'Methodology For Approach'
3 . 4 . 0 .  In t ro d u c t io n .
In the fo l lowing  s e c t i o n  I s h a l l  t r y  to  throw l i g h t  on the im p l ic a t io n s  
o f  approach in  t e a c h i n g - l e a r n in g  s i t u a t i o n s .  This could be observed 
by app ly ing the approach in  r e a l i t y .  Since an approach i s  based 
on a c e r t a i n  b e l i e f  ( a x io m a t i c ) ,  t h e i a  phenomenon f o r  development 
in  t h i s  s tudy  might be found in such even ts  as may emerge from the 
outcome o f  apply ing  the approach.
Anthony (1963) in t ro d u ces  an o rg a n iz a t i o n a l  key f o r  the t h r e e  te rms,  
approach,  method and techn ique ,  in  t h a t :
" techn iques  c a r ry  ou t  a method which i s  c o n s i s t e n t  with an 
approach".
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And the re  may be d i f f e r e n t  methods t h a t  share  the same approach,  
Wardhaugh (1969) who sha res  Anthony's  i d e a s ,  sees  'method' as 
p lans  f o r  curr iculum and te a c h in g .  He w r i t e s :
"Method i s  then the p a r t i c u l a r  kind o f  s t r a t e g y  t h a t
d e r iv e s  from an approach.  I t  i s  the o v e r a l l  plan t h a t  we
have in  mind f o r  te ach ing  the  s u b j e c t  in  a p a r t i c u l a r  
s e t  o f  ci rcumstances  " .
Technique,  to  both o f  them, meant e x a c t l y  how to do what you have 
decided  to  do: the  s p e c i f i c  kinds  o f  p r a c t i c e s  t h a t  one chooses
to employ in a s p e c i f i c  c la ss - room .  To Wardhaugh (1969) ,  t h i s  i s  
j u s t  where much o f  the i n t e r e s t  o f  the  class- room te a c h e r  l i e s .
In connec tion with  t h i s  t h e s i s ,  the  term ' methodology f o r  approach ' 
w i l l  mean a l l  p o s s i b l e  f a c t o r s  t h a t  c o n t r i b u t e  towards a p a r t i c u l a r  
approach.  I t  n a t u r a l l y  in c lu d e s  methods and te chn iques  bes ides  
the c o n s t ru c t s  o f  those who c o n t r i b u t e  f o r  f u l f i l l i n g  the 
demands o f  the approach,  e . g .  a curr icu lum d e s ig n e r  removes h is  
b e l i e f  o f  te ach ing  i n t o  the  cur r icu lum and v ice  v e r s a .  Here I 
p r e s e n t  some a spec t s  o f  the  methodology t h a t  i s  implemented to 
se rve  f o r  the approach.  The two main t e r r a i n s  f o r  t h i s  s tudy  w i l l  
be in  the  curr icu lum and i n s t r u c t i o n .
3 . 4 . 1 ,  The Curriculum: D e f in i t io n  And Cons truc t ion
I .  Tanner and Tanner (197^  p r e s e n t  d i f f e r e n t  views about  d e f in in g  
the cu r r icu lum.  They argue ,  d e s p i t e  what some cur r ic u lum w r i t e r s
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c o n t e n d , t h a t :
"un less  a f i x e d ,  u n i v e r s a l l y  agreed-upon d e f i n i t i o n  o f  
curr iculum i s  developed ,  t h e r e  can be l i t t l e  p rogress  
in the f i e l d  " ( P . 48).
However, s c i e n t i s t s  have not  agreed on a f ixed  d e f i n i t i o n  o f  
s c i e n c e ,  and y e t  t h i s  has no t  impeded s c i e n t i f i c  p rog re s s .  The 
Tanners sugges ted  what they  c a l l e d  a comprehensive and t e n t a t i v e  
d e f i n i t i o n  in  which they see the curr icu lum
"as the planned and guided l e a rn in g  exper iences  and
in tended l e a r n in g  outcomes,  formula ted  through the 
sy s t e m a t i c  r e c o n s t r u c t i o n  o f  knowledge and ex p e r i en ce ,  
under the ausp ices  o f  the  s ch o o l ,  f o r  the l e a r n e r ' s  
cont inuous and w i l l f u l  growth in  p e r s o n a l - s o c i a l  
competence " ( P . 45).
Richmond (1971) l i s t e d  some d e f i n i t i o n s  found in  the English
schoo l .  These d e f i n i t i o n s  might  be seen as (a) a l l  l e a rn in g
which i s  planned o r  guided by the s ch o o l ,  (b) the curr icu lum
c o n s i s t s  o f  the c o n t e n t ,  te ach ing  methods and purposes ,  (c)  a
program o f  a c t i v i t i e s  des igned so t h a t  p u p i l s  w i l l  o b ta in  c e r t a i n  
educa t ion  and (d) the co n t r iv e d  a c t i v i t y  and exper ience  -
organized  and sy s t e m a t i c  -  t h a t  l i f e ,  unaided ,  would no t  p rov ide .
I t  i s  n o t  in tended  in t h i s  s tudy  to d e f in e  cu r r icu lum ,  bu t  i t  ha's 
been found t h a t  i t  i s  no t  good f o r  such a s tudy  complete ly  to 
ignore  t h i s  very im por tan t  f a c t o r  in educa t ion .  N e v e r th e le s s ,
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in t h i s  s tudy ,  curr iculum w i l l  r e f e r  only to  the mathematical  
o b j e c t s  which we in tend  our  s tu d e n t s  to absorb ,  the con ten ts  
o f  the i n s t r u c t i o n a l  programs devoted to mathematics,  and the 
s t r u c t u r e  under ly ing  the p r e s e n t a t i o n  of  mathematical  t a s k s .
This i n e v i t a b l y  r e f l e c t s  e i t h e r  i m p l i c i t l y  o r  e x p l i c i t l y  the c o n s t ru c t s  
of  people who made c o n t r i b u t i o n s  in  the a re a .
In recommending the im por tan t  r o l e  o f  the cur r ic u lum,  Bruner 
(1966) wrote t h a t
"The f i r s t  and most obvious problem i s  how to c o n s t r u c t  
c u r r i c u l a  t h a t  can be t a u g h t  by o rd in a ry  t e ach e r s  to  
o rd in a ry  s tu d e n t s  and t h a t  a t  the same time r e f l e c t  
c l e a r l y  the b a s i c  o r  under ly ing  p r i n c i p l e  o f  var ious  
f i e l d s  o f  i n q u i r y  " ( P . 18).
The r a d i c a l  changes in  mathematics c u r r i c u l a  a re  found in the so-  
c a l l e d  'New', 'Modern ' ,  o r  'Contemporary Mathematics'  t h a t  p r e v a i l s  
in  the c u r r e n t  c u r r i c u l a  in  many c o u n t r i e s ,  in c lu d in g  Kuwait. I t  
was be l ieved  t h a t  the  new mathematics,  which i s  g e n e r a l l y  based on 
p r i n c i p l e s  o f  mathematical  l o g i c ,  to g e th e r  with the concept  o f  s e t  
and what might  be genera ted  from them f o r  example,  r e l a t i o n ,  f u n c t i o n ,  
o p e r a t i o n ,  . . .  , i s  the adequate body f o r  b u i ld in g  up mathematics 
based on mathematical s t r u c t u r e .  I t  a l so  seemed t h a t  th e re  was 
sometimes an under ly ing  t r end  f o r  the approach,  in t h a t  e a r l i e r  
a b s t r a c t i o n  in the methodology f o r  approach would se rve  b e t t e r .
The in f lu e n c e  o f  t h i s  t r end  i s  e a s i l y  observed in  the p r e s e n t a t i o n  o f
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mathematical t a sk s  which h e a v i ly  depend on d e f i n i t i o n s ,  few 
a b s t r a c t  examples and a lmos t  a complete abandonment o f  what 
t r a d i t i o n a l l y  was c a l l e d  app l ied  mathematics.  This t r e n d ,  I 
b e l i e v e ,  could be r e l a t e d  to  (a)  the b e l i e f  o f  some pure 
mathematic ians  in  a b s t r a c t i o n  i . e .  mathematics i s  an a b s t r a c t i o n  
t h a t  i s  b u i l t  on a b s t r a c t i o n ,  and i t  i s  th e r e f o r e  b e s t  in t roduced  
through cont inuous a b s t r a c t i o n ,  (b) the in f lu e n c e  o f  the 
p s y c h o lo g i s t s  who work in  mathematics l e a rn in g  who seem not  to 
have been ab le to s t r e s s  s u f f i c e n t ly  the methodology f o r  approach 
to  be o f  more p r a c t i c a l  use and (c) the i n e r t i a  which i s  found in 
any e r e c t e d  system l i k e  the educa t ion  system, and which has 
r e s u l t e d  in people who oppose any r a d i c a l  change n o t  c o -o p e ra t in g  
e f f i c i e n t l y  in  the development.  In drawing some in d i c a t i o n s  
from personal  exper i ence  in  the f i e l d  in my own c oun t ry ,  I
b e l i e v e  t h a t  the c o n f l i c t  between groups in (a)  and (c) where
the  group in (b) could n o t  e f f i c i e n t l y  i n t e r e a c t ,  has led  to the 
p r e s e n t  s i t u a t i o n  when we f in d  the m a jo r i t y  in (c) s imply c r i t i c i s e s  
the  approach and the concept  o f  s e t  in the new cur r icu lum .  They 
did  no t  e f f i c i e n t l y  c o n t r i b u t e  in  d i s c u s s in g  what u n d e r l i e s  the 
methodology f o r  approach,  and how the approach can be main ta ined  
in  prov id ing  p roper  c o n d i t io n s  o f  l e a rn in g .
As f o r  app l ied  mathematics,  S c o t t  (1972) in tu rn  c r i t i s i s e s  in
genera l  the s e p a r a t i o n  between pure and app l ied  mathematics in 
e a r l y  school ma thematics.  He f i n d s  t h a t  the b ia s  favour ing  pure 
mathematics has ignored  the va lue  o f  mathematics in  ga in ing  
knowledge about  the n a t u r a l  world .  T h i s ,  he s t a t e s ,  devalues  
the knowledge o f  s c i e n t i f i c  a p p l i c a t i o n s  in am pli fy ing  mathematics.
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Accordingly,  he w r i t e s :
"Since the i n t r o d u c t i o n  o f  app l ied  mathematics with 
i t s  p r a c t i c a l  s i t u a t i o n s  and i t s  i n h e re n t  c o n c re te n e s s ,  
a l so  introduces f e a t u r e s  t h a t  have c o n s id e ra b le  consonance 
with the c h a r a c t e r i s t i c  f e a t u r e s  o f  c h i l d r e n ' s  l e a r n i n g ,  
the  con t inu ing  n e g l e c t  o f  app l ied  mathematics seems 
i n d e f e n s i b l e  " ( P . 30).
Begle (1979) in  genera l  c ons ide r s  the  t e x t  book as one o f  those 
educa t iona l  v a r i a b l e s  t h a t  are d i r e c t l y  concerned with  the 
cur ricu lum.  He f in d s  however t h a t  the  d i f f e r i n g  con ten ts  of  
t e x t  books r e s u l t e d  in  d i f f e r e n t  mathematical l e a rn in g  outcomes.
In a d d i t i o n ,  Skemp (1971) p r e s e n t s  two p r i n c i p l e s  o f  the  l e a rn in g  
o f  mathematics and recommends t h a t  the communicator o f  mathematical 
i d e a s ,  no t  the r e c i p i e n t ,  should be aware of  them. But Skemp f in d s  
t h a t  most t e x t  books a re  the  f i r s t  to  d ep a r t  from them.
As regards  the  development o f  the mathematics c u r r i c u l a  in Kuwait,  
Al-Dhahir  and Yaseen ( 1980b)repor ted :
" I t  i s  c l e a r  t h a t  th e re  has been a g lobal  t r end  towards 
a b s t r a c t i o n  in  the  new c u r r i c u l a ,  to the e x t e n t  t h a t  the 
computat ional  s k i l l s ,  as well  as the a p p l i c a t i o n s  o f  
mathematics in  r e a l i t y  - t r a d i t i o n a l l y  mechanics -  were 
almos t  abandoned.  This r e s u l t e d  in c u r r i c u l a  ap p a re n t ly  
o f  a comple te ly  a b s t r a c t  s t r u c t u r e ,  u s e l e s s  to  the o th e r  
s c i e n c e s .  We ca l l  f o r  c u r r i c u l a  t h a t  harmonise s t r u c t u r e s .
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computat ional  s k i l l s  and a p p l i c a t i o n s  o f  mathematics 
in  o th e r  f i e l d s  " •
A f i r s t  impression then i s  t h a t  a s t a r t i n g - p o i n t  f o r  d i scuss ion  
could be the evidence  o f  Begle (1979),  who r e p o r te d  t h a t  d i f f e r i n g
c on ten ts  r e s u l t e d  in  d i f f e r e n t  ach ievement. This phenomenon 
was found to be f r u i t f u l  f o r  f u r t h e r  purposes o f  t h i s  s tudy .
I I .  Another main problem of  c u r r i c u l a  i s  t h e i r  c o n s t r u c t io n .
In curr icu lum c o n s t r u c t i o n ,  the i n e v i t a b l e  qu es t io n  t h a t  a r i s e s  
i s  what  should be the o b j e c t i v e s  o f  the  curr iculum? The 
c on t rove rsy  about  t h i s  problem has mainly two schools  (Scandura,  
1972).
1) The f i r s t  school which has many educa t iona l  p s y cho log i s t s  
as p roponen ts ,  such as Mager (1964) ,  Tyler  (1964),  Lipson (1967),  
Popham (1969) and Gagne (1970) ,  f i n d  t h a t  s t a t i n g  o b j e c t i v e s  i s  
o f  l i t t l e  use as f a r  as e d u ca t io n a l  plann ing i s  concerned,  unle ss  
the o b j e c t i v e s  a re  s t a t e d  unambiguously and in opera t iona l  terms.  
To Popham and Baker (1970) ,  who see the curr iculum as the a l l  
planned l e a rn in g  f o r  which the school i s  r e s p o n s i b l e ,  curricu lum 
q u es t io n s  revo lve  around c o n s id e r a t i o n  o f  e n d s , i . e .  the o b j e c t iv e s  
t h a t  an e duca t iona l  system hopes i t s  l e a r n e r s  w i l l  achieve .
They then p o i n t  ou t  t h a t
"A p ro p e r ly  s t a t e d  behav ioura l  o b j e c t i v e  must de sc r ibe  
w i thou t  ambiguity  the n a tu re  o f  l e a r n e r  behaviour  or  
p roduc t  to  be measured " ( P . 37).
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In ad d i t io n  Gagne,who d e f in e s  curricu lum as :
"a sequence of  c o n te n t  u n i t s  ar ranged  in  such a way t h a t  
the l e a rn in g  o f  each u n i t  may be accomplished as a s i n g l e  
f a c t  provided  the  c a p a b i l i t i e s  desc r ibed  by s p e c i f i c  p r i o r  
u n i t s  ( in  the sequence) have a l ready  been le a rned  by the 
te acher"  (O l iv e r ,  1977, P . 5) ,
f in d s  t h a t  a course o r  curr icu lum r e q u i r e s  d ec i s io n  about  the 
sequencing of  o b j e c t i v e s ,  s in c e  no t  a l l  o b j e c t i v e s  can be ta u g h t  
a t  once (Gagne and B r iggs ,  1979),
In answering the question o f  how to  f in d  the b a s i s  f o r  a c o r r e c t  
sequencing o f  the e n t i r e  s e t  o f  t o p i c s  f o r  a c o u r s e ,  Gagne and 
Briggs (1979) c o n s id e r  t h a t  i t  i s  d i f f i c u l t  to f i n d  such b a s i s  
o t h e r  than in
"a kind o f  ' common-sense' l o g i c a l  o rder ing"  ( P . 146).
Tanner and Tanner (1975) c r i t i c i z e  the d o c t r i n e  o f  behavioural  
o b j e c t i v e s ,  in t h a t  i t
"appears  to be based upon the notion  t h a t  the broken egg 
can be pu t  back to g e t h e r  aga in .  All i t  takes  a f t e r  the 
proper  a n a l y s i s ,  i s  the reassemblage of  the c o n s t i t u t e n t  
p a r t s . "  ( P . 29) .
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A second p o in t  of  c r i t i c i s m  was pu t  forward by Ehrenpre is  and 
Scandura (1974) in two p a r t s :  (a) t h i s  approach dea l s  only with
observab le  behaviour  and says nothing about  how the behaviour  i s  
genera ted  and (b) i t  p rovides  no s y s tem a t ic  way o f  dea l ing  with 
i n t e r - r e l a t i o n s h i p s  among the i d e n t i f i e d  o b j e c t iv e s  o r  the 
e q u i v a l e n t s ,  o f  b u i ld in g  t r a n s f e r  i n t o  a cu r r icu lum ,  s ince  i t  i s  
c l e a r l y  an imposs ib le t a sk  to teach the l e a r n e r  e x p l i c i t l y  
eve ry th ing  the  c o n s t r u c t o r  o f  the curr icu lum wants him to le a rn .
As a m a t t e r  o f  f a c t  Gagne (1970) and Resnick,  Wang and Kaplan (1970) 
were aware o f  the second p o i n t  by making use o f  task a n a l y s i s  
f o r  the approach based on l e a rn in g  h i e r a r c h i e s ,  which thus 
might  p r e s e n t  a b e t t e r  s o l u t i o n  to  Scandura ' s  nex t  p o i n t ,  i . e .  the 
a t t e n t i o n  to i n t e r - r e l a t i o n s h i p s  among the i d e n t i f i e d  o b j e c t iv e s  
(Scandura,  1977).
Tanner and Tanner (1975) c r i t i c i z e  Popham and Baker (1970) ,  who 
pu t  forward the idea  t h a t  cur r icu lum i s  the end and i n s t r u c t i o n  
i s  the means, s t a t i n g  t h a t :
"Thus the t e a c h e r  i s  regarded  as a s o r t  o f  mechanic 
whose job i t  i s  to see to i t  t h a t  the curricu lum and 
o t h e r  components o f  the techno log ica l  process  o f  p roduction  
y i e l d  the s u f f i c i e n t  q u a n t i t y  o f  produc ts  under the 
necessa ry  q u a l i t y  c o n t ro l s  " ( P . 28).
2) The o t h e r  school whose main proponents l i k e  E i sn e r  (1967),  Atkin 
(1968) and Ebel (1970) r a i s e d  cau t ion  concerning the p o s s i b i l i t y  of
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s p e c i fy in g  the  o b j e c t i v e s .  They would argue t h a t  the most 
t r i v i a l  o b j e c t i v e s  could a c t u a l l y  be s p e c i f i e d .  This schoo l ,  
i t  seems,  i s  based on mathematics and mathematics e d u c a t io n ,  
as i s  apparen t  from t h e i r  comments on the a b i l i t y  to make 
i n t e l l i g e n t  g u es se s ,  the a b i l i t y  to  th ink  m a them a t ic a l ly ,  e t c .  
(Scandura,  1972).
They argue t h a t  such comments could be considered  to be main 
o b j e c t i v e s  o f  mathematical  educa t ion  and o t h e r  people should 
c o n t r i b u t e  in developing mathematical  a b i l i t i e s .  (Scandura,
1972).
Scandura (1972),  in c r i t i c i z i n g  both schools  and p r e s e n t in g  h i s  
own op in ion ,  w r i t e s  t h a t :
"My own view i s  somewhere in  between.  On the one hand,
I fee l  t h a t  complete r e l i a n c e  on o p e r a t i o n a l l y  def ined  
o b je c t i v e s  has led  some t o  fragmental  curricu lum -  a 
curr icu lum based on d i s c r e t e  b i t s  o f  knowledge with l i t t l e  
o r  no a t t e n t i o n  to  b a s i c  r e l a t i o n s h i p s  t h a t  may e x i s t  in 
the s u b j e c t  m a t t e r  -  o r  to  general  p rocess ing  s k i l l s  t h a t  
are im por tan t  in l e a r n in g  and doing mathematics.  On the 
o th e r  hand,  I f ee l  t h a t  the n o n o b j e c t i v i s t s  have n o t  gone as 
f a r  as p o s s ib le  in p inning  down the vague and nonopera t ional  
aims o f  mathematics educa t ion  t h a t  they  propose " (P .141 ) .
Scandura (1977) looks on c u r r i c u l a  as ' s imply  'what  i s  to be le a rn e d '  
and proposes an a lg o r i th m ic  approach to  curricu lum c o n s t r u c t io n  
when, in  t h i s  sense ,  he w r i t e s  t h a t :
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"The a lg o r i th m ic  approach i s  b a s i c a l l y  a method fo r  
c o n s t ru c t in g  c u r r i c u l a  based on behavioura l  o b j e c t i v e s  
and c h a r a c t e r i z e d  in terms o f  ru l e s  and h ig h e r -o rd e r  
r u l e s  " ( P . 392).
By h ig h e r - o r d e r  r u l e s ,  he means t h a t  i f  R1 and R2 a re  two r u l e s ,  
then i f  th e re  i s  a r e l a t i o n s h i p  between R1 and R2 such t h a t  t h i s  
r e l a t i o n s h i p  could induce a r u l e  R to play  the r o l e s  o f  both R1 
and R2, then R i s  c a l l e d  a h ig h e r - o r d e r  r u l e  to R1 and R2,
" I f  r u l e s  a re  o p e ra t in g  on o t h e r  r u l e s ,  they a re  r e f e r r e d  
to  as being r e l a t i v e l y  h ig h e r - o r d e r ;  i f  they are  being 
a c ted  on, they  are  s a id  t o  be of  r e l a t i v e l y  low er -o rde r  " 
(Scandura,  1977, P . 545) .
Gagne and Briggs (1974),  in  d i s c u s s in g  the  h i g h e r - o r d e r  r u l e s ,  have
desc r ibe d  them in the example o f  adding the two polynomials
2x + 3 x ^ + 1
2 + 3x + 4x^
When the s tu d e n t  i s  asked:
"What i s  the  sum of  the se  two expres s ions?"
I f  he knows the r u l e  t h a t  a v a r i a b l e  y i f  added to the v a r i a b l e  y
2r e s u l t s  in the sum y + y , then he can use i t  as a subo rd ina te  r u l e  
to  the ;p roblem.  I f  he a l s o  knows the r u l e  t h a t  2y^ + 3y^ = 5y^ 
( t h i s  i s  ano ther  s u b o rd in a t e  r u l e  to  the  prob lem),  the s tu d e n t  
then combines such r u l e s  i n t o  a more complex r u l e  which i s  the 
s o l u t i o n  o f  the problem. In t h i s  case the s u b j e c t  as they s t a t e :
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"has r e c a l l e d  r e l e v a n t  r u l e s  and combined them to 
form a new h ig h e r - o r d e r  r u l e  " ( P . 47) .
Another example o f  the h i g h e r - o r d e r  r u l e  can be found in d i f f e r e n t
p r e s e n t a t i o n s  o f  the equa t ion  o f  a c i r c l e .  The equa t ions  when 
(a)  the c e n t e r  i s  on the  x - a x i s ,  (b) the c e n t r e  i s  on the y -
ax is  and (c)  the ends o f  a d iamete r  are known. One ru le  can
9 7 9r e p la ce  a l l  these  r u l e s ,  i . e .  (x-x^)  + (y-y^) = r  .
This r u l e  could be unders tood  as a h i g h e r - o r d e r  r u l e  f o r  r u le s
in ( a ) ,  ( b ) ,  and ( c ) .  F u r th e r  d i s c u s s io n  o f  h ig h e r - o r d e r  r u l e s
i s  in t roduced  in Chapter  4.
In a c r i t i c a l  argument to the s i t u a t i o n ,  Begle (1979) ,  who began 
h i s  c a r e e r  as a mathematic ian  and l a t e r  tu rned  to curr iculum 
development,  b e l i e v e s  t h a t  t h e r e  i s  l i t t l e  hope f o r  any f u r t h e r  
s u b s t a n t i a l  improvement in  mathematics educa t ion  u n t i l ;
"we tu rn  mathematics educa t ion  in t o  an exper imenta l  s c i e n c e ,  
u n t i l  we abandon our  r e l i a n c e  on p h i lo so p h ic a l  d i s c u s s io n  
based on dubious assumptions " ( P . x i ) .
He asks in s t e a d  f o r  a ca r e fu l ly  constr icted p a t t e r n  o f  obse rva t ion  
and s p e c u l a t i o n ,  s i m i l a r  to  those o f  the phys ica l  and n a tu ra l  
s c i e n t i s t s :
"We need to  fo l low  the  procedure used by our  co l leagues  
in  p h y s ic s ,  chem is t ry ,  b io lo g y ,  e t c .  in  o rd e r  to  b u i ld  
up a theory  o f  mathematics educa t ion  . . .  We need to 
s t a r t  with e x t e n s i v e ,  c a r e f u l ,  empir ica l  o b s e rv a t io n s  of  
mathematics educa t ion  " ( P . x i ) .
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Discussion o f  the curr icu lum as one o f  the main problems in  the 
'methodology f o r  approach'  r e v e a l s  the d i f f i c u l t i e s  to  be encountered  
in apply ing  theory  in r e a l i t y .  Bruner (1966) in d i s c u s s in g  the 
ques t ion  o f  how to e n l i s t  the a id  o f  our most ab le  s c h o la r s  and 
s c i e n t i s t s  in des ign ing  c u r r i c u l a  f o r  primary and secondary 
schools  s t a t e s  t h a t
"There i s  a t  l e a s t  one major m a t t e r  t h a t  i s  l e f t  u n s e t t l e d  
even by a l a r g e - s c a l e  r e v i s i o n  o f  c u r r i c u l a  in the 
d i r e c t i o n  i n d i c a t e d .  Mastery o f  the  fundamental ideas  
o f  a f i e l d  in vo lves  n o t  only  the g ra sp ing  o f  genera l  
p r i n c i p l e s ,  bu t  a l s o  the development o f  an a t t i t u d e  towards 
l e a rn in g  and en q u i ry ,  toward guess ing  and hunches ,  toward 
the p o s s i b i l i t y  o f  so lv in g  problems on o n e ' s  own " ( P . 20) .
I b e l i e v e  t h a t  Bruner asked then  f o r  numerous i n t r i c a t e  achievements,  
and i t  i s  expec ted  t h a t  he w i l l  ask f o r  them now.
3 . 4 , 2 .  I n s t r u c t i o n
Gagne and Briggs (1979) look upon i n s t r u c t i o n  as a human under tak ing  
whose purpose i s  to help o t h e r  people l e a r n ,  while l e a rn in g  could 
happen w i th o u t  any i n s t r u c t i o n .  They view teach ing  as only one 
form o f  i n s t r u c t i o n ,  a l b e i t  a s i g n a l l y  im por tan t  one.  Other 
forms may be by a t e l e v i s i o n  program or  by a combination o f  
phys ica l  o b j e c t s ,  among o t h e r  t h i n g s .
"of  course ,  a t e a c h e r  may p lay  an e s s e n t i a l  r o l e  in the 
arrangement o f  any o f  the se  e v e n t s .  Or, as a l re ad y
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mentioned,  the l e a r n e r s  may be able  to manage i n s t r u c t i o n a l  
even ts  themselves " (Gagne and Br iggs ,  P . 3) .
Begle (1979) in tu rn  f i n d s  t h a t  l e a rn in g  depends a l so  on methods 
o f  t e ach ing :
"What s tu d e n t s  l e a r n  about  mathematics depends n o t  only 
on the  c h a r a c t e r i s t i c  o f  t h e i r  t e a c h e r ,  the cur r iculum 
which they fo l l o w ,  t h e i r  own c h a r a c t e r i s t i c ,  and t h e i r  
environment bu t  a l s o  on the way in which they a re  t a ugh t  "
( P . 113).
Tanner and Tanner (1975) in  responding to those who c o n t r a s t  
i n s t r u c t i o n  with curr icu lum (Popham and Baker,  1970),  s t a t e  t h a t :
" I t  i s  a l s o  c l e a r  t h a t  the t h e o r e t i c a l  s e p a r a t i o n  of  
teach ing  from what  i s  to  be t a u g h t  has led  to  an undue 
emphasis on the former and n e g l e c t  o f  the l a t t e r .  This 
i s  dilemma o f  the cur r icu lum f i e l d  . . .  Yet the dilemma 
has worsened with the r e c e n t  e s o t e r i c  i n t e r e s t  in teach ing  
as an a b s t r a c t  phenomenon. H opefu lly ,  with the he igh ten ing  
o f  i n t e r e s t  in  t e a c h e r  p a r t i c i p a t i o n  in curr icu lum improvement, 
the t i d e  w i l l  tu rn  away from the s tudy  o f  teach ing  in  
a b s t r a c t i o n  and begin to  tu rn  to teach ing  as an i n t e g r a l  
p a r t  o f  the cur r ic u lum f i e l d  " (P .601) .
In t h i s  sense ,  the Tanners give a very  im por tan t  r o l e  to the t e a c h e r  
in t h a t  they see  teach ing  as an e s s e n t i a l  and i n t e g r a l  p a r t  o f  the 
cur r icu lum.  In t h i s  connec tion O l iv e r  (1977) ,  who cons ide rs  the
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u l t im a te  goal o f  curr icu lum p lanning  as improvement of  the 
l e a r n e r ' s  behav iour ,  f in d s  t h a t
"good teach ing  w i l l  c a r ry  out  the i n t e n t  o f  curr iculum 
p lanners  " ( P . 262).
In d i s c u s s in g  i n s t r u c t i o n a l  v a r i a b l e s ,  Begle (1979) notes t h a t  the re  
are  d i f f e r e n t  v a r i a b l e s  t h a t  a f f e c t  i n s t r u c t i o n :
( i )  some o f  these  v a r i a b l e s  a re  r e l a t e d  to the t e a c h e r ,  e . g .  
a f f e c t i v e  c h a r a c t e r i s t i c ,  knowledge o f  mathematics,  e f f e c t i v e n e s s .  
Begle r e p o r t s  t h a t  the a r e a  o f  mathematics educa t ion  i s  the more 
f o r t u n a t e  one,  in  t h a t  a c o n s id e r a b le  amount o f  s u b s t a n t i a l  
reviews o f  the em p i r ica l  s t u d i e s  as well as much in fo rm at ion  about  
t e a c h e r s  has been p u t  t o g e t h e r ,  o rganized  and made e a s i l y  a v a i l a b l e .
Begle then concludes:
"Probably the  most im por tan t  g e n e r a l i z a t i o n  which can be 
drawn from t h i s  body o f  in form at ion  i s  t h a t  many of  our 
common b e l i e f s  about  t e a c h e r s  are f a l s e ,  o r  a t  the very 
b e s t  r e s t  on shaky fo u n d a t io n s .  Thus, f o r  example,  th e re  
are no e x p e r t s  who can d i s t i n g u i s h  the  e f f e c t i v e  from the 
i n e f f e c t i v e  t e a c h e r  merely on the b a s i s  o f  e a s i l y  observab le  
t e a c h e r  c h a r a c t e r i s t i c s .  S i m i l a r l y ,  the e f f e c t  o f  a 
t e a c h e r ' s  s u b j e c t  m a t t e r ,  knowledge and a t t i t u d e s  on 
s t u d e n t s '  l e a r n in g  seem to be f a r  l e s s  powerful than most 
o f  us had r e a l i z e d  " ( P . 54).
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(n i )  Other v a r i a b l e s  a re  r e l a t e d  to l e a rn ing  th e o r i e s  and 
teaching  c h i ld r e n :  m o t iv a t io n ,  whole o r  p a r t  l e a r n i n g ,  l e a rn in g
by e x p o s i t io n  o r  d i s c o v e ry ,  l e a r n in g  by i n s i g h t ,  i n d i v id u a l i z e d  
l e a r n i n g ,  e t c .
Here a b r i e f  mention o f  l e a rn in g  by d iscovery  and of  i n d i v i d u a l i z e d  
methods o f  i n s t r u c t i o n  i s  p r e s e n te d .  The f i r s t  i s  g e n e ra l ly  
advocated by those  who s u ppo r t  the approach through s t r u c t u r e s  
e . g .  Bruner (1966) .  Child (1973) comments on the p lace  o f  l e a r n in g  
by d i scovery ,  w r i t i n g  t h a t  t h i s  method:
"has been a h o t - p o t a t o  in e duca t iona l  psychology 
p a r t i c u l a r l y  s in c e  the Second World War " ( P . 110)
The second,  i . e .  i n d i v i d u a l i z e d  i n s t r u c t i o n ,  has s t ro n g  t h e o r e t i c a l  
suppo r t  f o r  p r e s e n t in g  the  optimum programme f o r  l e a r n in g .  I t  
s imply s t a t e s  t h a t ,  s in c e  no two s tu d e n t s  a re  a l i k e ,  i t  i s  lo g i c a l  
to implement i n d i v i d u a l i z e d  programmes t h a t  f i t  the  p a r t i c u l a r  
a b i l i t i e s  and i n t e r e s t  o f  each s t u d e n t .
My choice o f  both methods i s  based on:
(1) The demand, in  Kuwait,  f o r  fo l lowing  the f i r s t  method,  which 
i s  well based p s y c h o lo g i c a l l y  and a p p rec ia te d  in  o p o s i t i o n  to the 
well-known and p r e v a l e n t  e x p o s i t o r y  method,
(2) i n d i v i d u a l i z e d  l e a r n in g  a l s o  has l o g i c a l  and psychologica l  
r o o t s ,  and i s  a l so  promising s in c e  i t  pays more a t t e n t i o n  to 
in d iv id u a l  d i f f e r e n c e s ;  however d e s p i t e  these  v i r t u e s  i t  i s  almost  
ignored in Kuwaiti s c h o o l s .
(3) The f i r s t  method u s u a l l y  l ays  the burden on the t e a c h e r  in 
th ink ing  c a r e f u l l y  so as to  p r e s e n t  the s u b j e c t - m a t t e r  through
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adequate and simple q u e s t i o n s  t h a t  lead  to the t a r g e t ,  while 
the second lays  the burden on the s tu d e n t  in looking f o r  progress  
on h i s  own b u t  under the s e n s i b l e  guidance o f  the t e a c h e r .  Hence 
I chose the se  two methods on the one hand f o r  the above mentioned 
reasons  and on the o t h e r  to begin d i scuss ion  about  i n s t r u c t i o n  which 
should  no t  be ignored  in any e d u ca t io n a l  r e s e a rc h .
3 . 4 , 2 . 0 .  Discovery I n s t r u c t i o n .
This s o r t  o f  l e a r n in g  i s  c h a r a c t e r i z e d  by the comparison o f  
the favoured method -  d i s covery  -  to an unfavoured method l a b e l l e d  
v a r io u s l y  as e x p o s i t o r y  t e a c h in g ,  r e c e p t i v e  t e a c h in g ,  r o t e  
te ach ing  and ve rba t i sm .  This method i s  cons idered  to be 
a d i s c i p l i n a r y  e f f o r t  to  teach  c h i ld r e n  to th ink  l i k e  s c i e n t i s t s  
in s t e a d  o f  c h i ld r e n .  This  d isco v e ry  i n s t r u c t i o n ,  in which the 
s t u d e n t  i s  asked to exp lo re  a s i t u a t i o n  in h i s  own way, i s  
in v a lu a b le  in  deve loping  c r e a t i v e  and independent  t h in k in g  in the 
i n d i v i d u a l .  (Howson e t  a l . ,  1981).  Such a method as seve ra l  
e n q u i ry -d i s c o v e ry  courses  fo l low  the ' i n d u c t i v e  approach'  where 
the s tu d e n t  induces  a b s t r a c t i o n s  o r  g e n e r a l i z a t i o n s  from s p e c i f i c  
ca s e s .  Thus, ' e n q u i r y '  i s  equated  with induc t ion  (Tanner and 
Tanner,  1975).
Bruner (1966) as one o f  the s t r o n g  proponents o f  t h i s  s o r t  o f  
l e a r n i n g ,  b e l i e v e s  t h a t  l e a rn in g  the  ' fundamental  s t r u c t u r e '  o f  
a s u b j e c t  i s  the  b e t t e r  i f  l e a rn e d  through d i scove ry .  In t h i s  
sense  he w r i t e s :
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" . . .  whether  one speaks to mathematicians or  p h y s i c i s t s  
o r  h i s t o r i a n s ,  one encounters  r e p ea ted ly  an express ion  of  
f a i t h  in the powerful e f f e c t s  t h a t  come from p e rm i t t ing  
the s tu d e n t  to  pu t  th ings  to g e th e r  f o r  h im se l f ,  to be 
h i s  own d i s c o v e r e r  "•
In t h i s  connec t ion ,  Watson (1976) s t a t e s  t h a t  no d i s cu s s io n  o f  
'psychological  i n s i g h t '  can omit mentioning the i s s u e  ' l e a r n i n g  
by d isco v e ry '  o f  Bruner (1961).  In a d d i t i o n ,  the whole concept  
of  l e a rn in g  by d iscovery  has been the s u b j e c t  o f  in t e n s e  debate .
But exper imenta l  s t u d i e s  have revea led  t h a t  at tempts
" to  demonstrate the s u p e r i o r i t y  o f  one or  the o th e r
method have been g e n e r a l l y  inconc lus ive  " (Watson, 1976, P . 32)
O thers ,  l i k e  L a v e te l f i  e t  a l .  (1972) ,  f in d  t h a t  d iscovery  methods 
o f  teach ing  are  based on the  premise t h a t  c h i ld ren  l e a rn  to so lve  
problems and acqu i re  concepts  on the b a s i s  o f  in d u c t iv e  reasoning  
from em pir ica l  d a t a ,  i . e .  t h i s  method f o s t e r s  s c i e n t i f i c  method.
But Conant (1964) s t a t e s  t h a t  the so c a l l e d  " s c i e n t i f i c  method" 
i s  a misnomer, s in c e  s c i e n t i f i c  knowledge has not  advanced from one 
s i n g l e  method. He then s t a t e s  t h a t  the no tion  t h a t  s c i e n t i f i c  
knowledge today i s  the  r e s u l t  o f  in t e r c o n n e c t io n  o f  g e n e r a l i z a t i o n s  
a r r i v e d  a t  by only  the e m p e r i c a l - i n d u c t iv e  method, i s  f a l s e .
According to  Kagan (1966) ,  the d iscovery  approach r e q u i r e s  more 
involvement by the l e a r n e r ,  and r e s u l t s  t h e r e f o r e  in h i s  g iv ing  
maximum a t t e n t i o n  to  a t a s k .  But Kagan p o in t s  o u t  a l so  t h a t  the re  
were some compell ing arguments a g a i n s t  the d iscovery  method.
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Cronbach, (1966) dea l s  wi th the problem thus :
"I  have no f a i t h  in  any g e n e r a l i z a t i o n  upholding one 
teach ing  techn ique  a g a i n s t  an o th e r ,  whether  t h a t  p r e f e r r e d  
method be aud iov isua l  a i d s ,  programmed i n s t r u c t i o n ,  
l e a r n in g  by do ing ,  in d u c t iv e  t e ach ing ,  o r  whatever.  A 
p a r t i c u l a r  educa t ion  t a c t i c  i s  p a r t  o f  an i n s t r u c t i o n a l  
system; a p roper  educa t iona l  design c a l l s  upon t h a t  
t^f-tic a t  a c e r t a i n  p o i n t  in  the sequence,  f o r  a c e r t a i n  
per iod  o f  t ime,  fo l lowing  and preceding c e r t a i n  o t h e r  
t a c t i c s .  No conc lus ion  can be drawn about  the t a c t i c  
cons idered  by i t s e l f  " ( P . 77).
Tanner and Tanner (1975) in  tu rn  p o i n t  ou t  t h a t
" the re sea rch  on d i scovery  teach ing  h as ,  thus f a r ,  f a i l e d  
to  produce g e n e r a l i z a t i o n s  about  the p lace  o f  d iscovery  
teach ing  in  the  cu r r icu lum  because t h i s  q u es t io n  has no t  
been asked " ( P . 360),
Decidedly ,  the debate on d isco v e ry  teach ing  i s  never -end ing .  In 
commenting on the work o f  Wertheimer (1959),  Gard iner  (1980) w r i t e s ,  
in t h i s  s e n s e ,  t h a t
"d i scove ry  te ach ing  i s  much more cha l leng ing  than e x p o s i to ry  
te ach ing  . . .  Expos i to ry  te ach ing  i s  o f t e n  the r e s u l t  of  
r o t e  l e a rn in g  by teachers . .  They a re  simply p a r r o t i n g  t h e i r  
t e a c h e r ' s  procedures  as t h e i r  s t u d e n t s ,  in  t u r n ,  p a r r o t  t h e i r  
p rocedu res"  ( P . 254).
He then s t a t e s  t h a t :
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"Discovery te ach e r s  a re  a l so  encouraged by the ' eu rek as '  
they hear from t h e i r  s tu d e n t s  . . .  s in ce  the word i s  
so new to i n f a n t s ,  they are  making d i s c o v e r i e s  a l l  the 
t ime.  Some developmental  p sycho log i s t s  have argued t h a t  
the smile i s  an i n f a n t ' s  way o f  saying ' e u r e k a ' .  Look 
f o r  those sudden smiles  " ( P . 255).
Wit trock  (1966) f i n d s ,  in t u r n ,  t h a t  d iscovery  takes  time and
" th e re  a re  probably  seve ra l  processes  invo lved  in  d iscovery  
Induction  has no exc lu s iv e  i d e n t i t y  with  d iscovery  
le a rn in g  " ( P . 33).
3 . 4 . 2 . 1 .  I n d iv i d u a l i z e d  Learning
In d iv i d u a l i z e d  l e a rn in g  i s  cons idered  as a s o l u t i o n  to  in d iv idua l  
d i f f e r e n c e ,  hence i t s  importance .  A s tu d e n t  i s  al lowed to work 
on a u n i t  as long as he needs to  maste r  i t .  He works in dependen t ly ,  
using s e l f - i n s t r u c t i o n ,  s e l f - c o r r e c t i o n ,  and w e l1-developed m a t e r i a l .  
A f te r  each s e l f - t e s t ,  the  c h i ld  i s  given a check t e s t  by h i s  t e a c h e r .  
In connec tion to  programmed i n s t r u c t i o n ,  Tanner and Tanner (1975) 
f ind  t h a t :
"o f ten  we hear  the terms ‘ i n d i v id u a l i z e d  i n s t r u c t i o n '  and 
'programmed i n s t r u c t i o n '  used in t e r c h a n g e a b ly ,  and many 
proponents o f  programmed i n s t r u c t i o n  b e l i e v e  e r ro n eo u s ly  
t h a t  to use programmed m a te r i a l s  i s  au to m a t i c a l ly  to 
' i n d i v i d u a l i z e '  i n s t r u c t i o n  " ( P . 266).
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While Gardiner  (1980) s t a t e s  t h a t  advocates o f  programmed i n s t r u c t i o n  
claim t h a t :
'"Programmed i n s t r u c t i o n '  i s  i n d i v i d u a l i z e d  i n s t r u c t i o n .  
S tudents  can proceed . . .  a t  d i f f e r e n t  r a t e s  and through 
d i f f e r e n t  ro u te s  " ( P . 78).
In a d d i t i o n ,  Gagne and Briggs (1979) in t roduce  the  'module'  f o r  
i n d i v id u a l i z e d  l e a r n i n g ,  based on performance o b j e c t i v e s ,  l e a rn in g  
h i e r a r c h i e s ,  sequencing and employment o f  a p p ro p r ia t e  i n s t r u c t i o n  
even ts  and co n d i t io n s  o f  l e a r n i n g .  In commenting on t h i s  system, 
they  w r i t e :
"Classroom co n t ro l  problems are u s u a l ly  l e s s  in i n d i v i d u a l i z e d  
i n s t r u c t i o n  than in  convent ional  i n s t r u c t i o n .  Teachers 
u s u a l l y  need s p e c i a l  t r a i n i n g  in the managements o f  such 
systems.  Once they m as te r  the necessary  r o u t i n e s ,  they 
a f t e r  p r e f e r  i n d i v i d u a l i z e d  to conventiona l  methods."  ( P . 284),
The e a r l i e r  s t r a t e g y  f o r  i n d i v i d u a l i z e d  le a rn in g  goes back to 
P ressey  in the 1920 's .  This s t r a t e g y  was f i r s t  used a t  the co l l e g e  
l e v e l .  L a t e r ,  seve ra l  o t h e r  i n d i v i d u a l i z e d  methods were developed 
f o r  the  c o l l e g e - l e v e l  s t u d e n t  as the  K e l le r  Plan ( K e l l e r ,  1956;
Ryan, 1974) and the Audio-Tutoria l  Approach ( P o s t l e t h w a i t ,  Novak and 
Murray, 1969).  Work in t h i s  f i e l d  has been extended to the  school  
l eve l  by such people as Weisgerber (1971) and Talmage (1975).
The 'Mathematics f o r  the M ajo r i ty  P r o j e c t ,  Assignment Systems'
(1970-4) has s t r o n g l y  recommended the  use o f  i n d i v i d u a l i z e d
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ass ignments ,  provid ing  examples o f  work on cards and g iv ing  
sugges t ion  f o r  t h e i r  use.  Watson (1976) f inds  t h a t  these
"are a l s o  h e lp fu l  in dea l ing  With problems caused by 
absence " ( P . 23).
I
In connec tion ,  Dienes (1971) w r i t e s :
"To al low f o r  c h i l d r e n ' s  in d iv id u a l  d i f f e r e n c e s  most of  
the l e a rn in g  should take  p lace  i n d i v i d u a l l y  o r  in small 
groups o f  twos and th re e s  " ( P . 37).
P re v io u s ly ,  he wrote in  1960 t h a t
" I t  would probably be necessary  to abo l i sh  almost  completely 
the p r e s e n t  method o f  c l a s s  teaching  with the t e ach e r  
p o n t i f i c a t i n g  from a c e n t r a l  p o s i t i o n  o f  power, and to 
r ep lace  t h i s  by i n d i v i d u a l i z e d  lea rn ing  o r  l e a rn in g  in 
small groups from concre te  m a te r ia l  and w r i t t e n  i n s t r u c t i o n ,  
with the t e a c h e r  a c t in g  as guide and co u n s e l lo r  " ( P . 29) .
Elton (1979) who r a i s e d  ques t ions  invo lv ing  the i n t e n t i o n s  of
( i )  making s tu d e n t s  more independent  in t h e i r  l e a rn in g  and ( i i )  
te ach ing  f o r  u n d e r s tand ing ,  b e l i e v e s  t h a t  innova t ive  methods which 
use group d i s c u s s io n  and i n d i v id u a l i z e d  le a rn ing  -  such as the 
K e l l e r  Plan course - should r e i n f o r c e  and encourage good h a b i t s  in 
l e a r n i n g ,  and t h a t  t e ach e r s  might  develop t h e i r  teach ing  methods i f  
they l e a r n t  about  c u r r e n t  developments in methods.
In d i s c u s s in g  "How f a r  we s h a l l  succeed in our  aims",  El ton say s .
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" I t  i s  a t  p r e s e n t  too e a r l y  to t e l l " .
The ro le  o f  the  t e a c h e r  in t h i s  method seems to be e l u s i v e .  For 
example,  Wheeler (1970) cla ims in  watching a t e a c h e r ,  t h a t  he 
teaches  the whole c l a s s  or  a group o f  the  whole c l a s s  much o f  the  
t ime,  adding t h a t
" I t  i s n ' t  easy  to  d e s c r ib e  the way in  which t h i s  t e a c h e r  
works ."
In connec t ion ,  Watson (1976) quote s  from Wheeler:
" I f  the c h i ld r e n  a re  a l l  working as i n d i v id u a l s  o r  in 
p a i r s ,  he w i l l  f in d  i t  im poss ib le  to  spend much time with  
each small group,  and the  o p p o r tu n i ty  f o r  him to  i n t e rv e n e  
in t h e i r  th in k in g  i s  co r respond ing ly  reduced.  There was,  
as we r e a l i s e ,  much concealed  i n a t t e n t i o n  and i n a c t i v i t y  
in  the t r a d i t i o n a l  c lass room,  even when a l l  the  ch i ld r e n  
were a p p a re n t ly  watching the  te a c h e r  in  h i s  dem ons t ra t ion ,  
e x p l a n a t i o n ,  or  q u e s t i o n in g .  I n d iv i d u a l i z e d  methods may 
only make some o f  t h i s  i n a c t i v i t y ,  o r  u s e le s s  a c t i v i t y ,  the  
more ap p a re n t ,  b u t  the  fundamental dilemma remains ;  how can 
the  t e a c h e r  e f f e c t i v e l y  d i s t r i b u t e  the re sou rce  o f  exper ience  
and s t im ulus  which he,  and he a lo n e ,  can p ro v id e ,  so t h a t  i t  
i s  made maximally a v a i l a b l e  to h i s  p u p i l s  " ( P . 28).
F u r th e r  s tudy- rev iew s  o f  the em p i r ica l  s t u d i e s  which compare t h i s  
method to t r a d i t i o n a l  ones t e l l  us t h a t :
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( i ) M i l l e r  (1976) r e p o r te d  t h a t  h a l f  the  s tu d i e s  he reviewed had 
shown no s i g n i f i c a n t  d i f f e r e n c e  between t h i s  method and the 
t r a d i t i o n a l  one. The o th e r  h a l f  g e n e r a l l y  favoured the 
i n d i v id u a l i z e d  r a t h e r  than the t r a d i t i o n a l  one.  He a l so  found 
t h a t  more than t h r e e - q u a r t e r s  o f  h i s  s tudy r ep o r te d  no s i g n i f i c a n t  
d i f f e r e n c e s  on a f f e c t i v e  outcomes. One i n t e r e s t i n g  tr end  which 
he r e p o r t s  i s  t h a t  the longer  the exper iment l a s t e d ,  the sm a l le r  
the advantage o f  i n d i v i d u a l i z a t i o n .
( i i )  Schoen (1976) in two s t u d i e s  found t h a t  t h i s  method has
p o s i t i v e  e f f e c t s ,  e s p e c i a l l y  on a f f e c t i v e  outcomes, f o r  the  primary 
g rades ,  bu t  t h a t  i t  i s  d e l e t e r i o u s  f o r  grades 5-8.  He noted t h a t  
a l l  the i n d i v id u a l i z e d  programmes which have been t r i e d  o u t  made 
severe  demands on the t e a c h e r ' s  time as well as imposing a d d i t io n a l  
f i n a n c i a l  burdens on the schoo l .
In commenting on the s i t u a t i o n ,  Begle (1979) w r i t e s :
" u n f o r tu n a te ly ,  we seem n o t ,  as y e t ,  to be ab le  to take
advantage o f  i t  to improve mathematics i n s t r u c t i o n  in  any
s u b s t a n t i a l  way " ( P . 122).
3 . 4 . 3 .  Summary I I
In t r a c i n g  a mathematical  phenomenon t h a t  could help  the development 
of  t h i s  s tudy ,  i t  was n a tu ra l  to  d i s c u s s  some f a c t o r s  t h a t  c o n t r i b u t e  
towards a c e r t a i n  approach e . g .  the c u r r i c u l a  and i n s t r u c t i o n .  The 
term 'methodology f o r  approach '  was in t roduced  to inc lude  a l l  such 
f a c t o r s .
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( i )  In d i s c u s s in g  the cur r iculum i t  was found t h a t  th e re  i s  no 
agreement on the d e f i n i t i o n  o f  curr icu lum.  The r a d ic a l  changes in 
mathematics c u r r i c u l a  came with  ‘modern mathemat ic s '  and the 
b e l i e f  t h a t  t h i s  mathematics can adequa te ly  serve  f o r  the s t r u c t u r e .
In a d d i t i o n ,  t h e r e  was in  many cases  no p lace  in the new curr iculum 
f o r  a p p l i c a t i o n s  o f  mathematics in r e a l i t y ,  i . e .  t r a d i t i o n a l  mechanics. 
This could have happened because o f  the in f lu e n c e  of  pure mathemat ic ians ,  
the oppos i t ion  o f  o t h e r  mathematic ians as well as educa to rs  of  
mathematics t e a c h e r s  to  c o n t r i b u t e  to  any change and f i n a l l y  the weak 
in f lu en ce  o f  p s y c h o lo g i s t s  working on mathematics l e a rn in g  on 
des ign ing  the  curr icu lum or  t e x t  books.  The f i r s t  impression o f
a phenomenon as a r e l e v a n t  s t a r t i n g  p o in t  f o r  t h i s  s tudy  was in t h a t ,  
" co n ten t  d i f f e r e n c e s  r e s u l t e d  in  d i f f e r e n t  le a rn in g  outcomes."
As f o r  c o n s t ru c t io n  o f  the  curr icu lum the s tudy  r e f e r s  to d i f f e r e n t  
views t h a t  defend complete r e l i a n c e  on o b je c t iv e s  and o th e r s  who 
expressed  concern regard ing  the p o s s i b i l i t y  o f  s p e c i fy in g  the 
o b j e c t i v e s .
( i i )  As f o r  i n s t r u c t i o n ,  Begle (1979) f inds  t h a t  th e re  a re  no 
ex p e r t s  who can d i s t i n g u i s h  the e f f e c t i v e  from the  i n e f f e c t i v e  
t e a c h e r  merely on the b a s i s  o f e a s i l y  observab le  t e a c h e r  c h a r a c t e r i s t i c s .  
Other v a r i a b l e s  concerned with  i n s t r u c t i o n  could be r e l a t e d  to  l e a rn in g  
t h e o r i e s  such a s :  m o t iv a t io n ,  l e a rn in g  by e x p o s i t i o n  o r  d i scove ry ,
. . . ,  i n d i v i d u a l i z e d  l e a r n in g .  The s tudy  d i s c u s s e s  d iscovery  
l e a rn in g  as a favoured  method as well as the i n d i v i d u a l i s e d  l e a rn in g  as
a promising method e s p e c i a l l y  f o r  in d iv id u a l  d i f f e r e n c e s .  The 
l i t e r a t u r e  r ev ea ls  t h a t  th e re  i s  no c l e a r - c u t  ev idence  e i t h e r  in favour  
o r  a g a i n s t  any o f  the se  methods.
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3 .5 .  Fu r the r  Discussion
3 . 5 . 0 .  I n t ro d u c t io n
The prev ious  review o f  mathematics educa t ion  and i t s  r e l a t i o n  to the
psychology o f  l e a r n in g  shows t h a t  development in  the a rea  does no t
e s t a b l i s h  a w e l l - e s t a b l i s h e d  and s o l i d  base f o r  continuous p ro g re s s .  
Scandura (1977) in d e s c r ib in g  the s i t u a t i o n  w r i t e s :
"In s p i t e  of  the  s o - c a l l e d  paradigm s h i f t  toward cogn i t ion  
g e n e r a l l y ,  and in fo rm at ion  p ro cess ing  in p a r t i c u l a r ,  t h e o r i e s
o f  complex human behaviour s t i l l  tend to  be h igh ly  r e s t r i c t i v e
The v a s t  bulk o f  r e s ea rch  and theory  c o n s t r u c t io n  in  
behavioura l  sc ience  today i s  s t i l l  very much a m a t t e r  of  
b u i ld in g -u p  o f  ' b r i c k - l a y i n g '  " ( P . 9 ) .
Begle (1979) on a gloomy n o te ,  exp re s se s  depress ion  f o r  the l i t t l e  
new knowledge t h a t  emerged in mathematics educa t ion  in the l a s t  two 
decades .  However, he b e l i e v e s  t h a t  the l i t e r a t u r e  inc ludes  a s o l i d  
body o f  in fo rm at ion  about  mathematics educa t ion  and c a l l s  f o r  
e x t r a c t i n g  and o rgan iz ing  t h i s  in fo rm at ion  from the s c a t t e r e d  
l i t e r a t u r e ,  o the rw ise  he p r e d i c t s  f u t u r e  i n t e r n a t i o n a l  congresses  
w i l l  be much l i k e  the  p a s t  ones:
"new f a c e s ,  new o p in io n s ,  bu t  very l i t t l e  new knowledge "
( P . 157).
But,  al though  the se  statements might  d e p i c t  the s i t u a t i o n  in  gloomy 
to n e s ,  the f a c t  i s  t h a t  p rogress  in any f i e l d  i s  developed by the
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f a i l u r e  o r  success o f  o t h e r s .  In t h i s  s ense ,  K o es t le r  (1959) 
d e sc r ibe s  the agonies and t h e e c s t a s i e s  o f  the many b r i l l i a n t  
t h i n k e r s  who s p en t  t h e i r  l i v e s  t r y i n g  to f in d  the  laws which 
govern p l a n e t a r y  motion.  As a r e s u l t  o f  t h e i r  e f f o r t s  we f ind  
the  b r i l l i a n t  Newton modest ly c laiming t h a t :
"he could see f a r  only because he s tood on the shou lders  
o f  g i a n t s  " (G a rd ine r ,  1980, P . 259).
Accordingly ,  a phenomenon t h a t  could be noted by one r e s e a r c h e r  
can b e n e f i t  ano the r  worker in conducting h is  r e s e a r c h .  Thereupon,
I t r i e d  to d i s cu s s  some d i f f e r e n t  ideas  in the approach and 
methodology f o r  approach as a way o f  ga in ing  some knowledge about 
a c e r t a i n  phenomenon t h a t  might  be o f  use.
I be l ieved  a phenomenon could be h e lp fu l  i f :
( i )  i t  i n t e r a c t s  with the exper i ence  o f  the r e s e a r c h e r .
( i i )  I t  i n t r i g u e s  the r e s e a r c h e r  and t h i s  i n t e r e s t  p e r s i s t s  in 
him.
( i i i )  the l i t e r a t u r e  rev iew,  about  the phenomenon, i n d i c a t e s  t h a t  
th e re  could be a t a n g ib l e  change in l e a rn in g  outcomes due to a
t a n g ib l e  change in a t e a c h in g - l e a r n i n g  s i t u a t i o n .
The l i t e r a t u r e  i s  ve ry  e s s e n t i a l  s in c e  i f  t h e o r e t i c a l  l i t e r a t u r e  i s  
excluded then i t  i s  no t  e a s y , f o r  example, to know‘anything o f  how te ache rs  
teach  ( F r e u d e n th a l , 1973).
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In the next  two s e c t i o n s ,  I p r e s e n t  a s imple d i s c u s s io n  o f  the 
p o in t s  t h a t  were r a i s e d  in t h i s  chap te r  with  the purpose o f  
l e a r n in g  more about  phenomena in  the f i e l d .
3 . 5 . 1 .  F i r s t :  The Approach.
The approach,  as was s t a t e d ,  i s  ax iom at ic .  And the c u r r e n t  approach 
t h a t  some eminent psychologis t s  ( e . g .  P iag e t )  advoca te ,  meets wi th 
the favour  o f  a f a i r  number o f  ma thematic ians ,  who b e l i e v e  t h a t  
mathematics i s  b e t t e r  in t roduced  through s t r u c t u r e s ,  e . g .  the 
Bourbaki school .  P ia g e t  b u i l t  h i s  idea  about  the approach on the 
b a s i s  o f  the s t r u c t u r e  o f  the nervous system. As a m a t t e r  of  f a c t ,  
developmental  psychology i s  concerned with the  s t r u c t u r e  o f  the 
nervous system, whereas b io logy  i s  concerned with  i t s  f u n c t io n  and 
ep is tomology  with  i t s  c on ten ts  (G ard in e r ,  1980). P i a g e t  argues 
t h a t  we i n h e r i t  a way o f  i n t e l l e c t u a l  f u n c t io n in g  which ope ra tes  
i n t e r a c t i v e l y  with  the  environment,  le ad ing  to  a p ro g re s s iv e  
development o f  i n t e l l e c t u a l  s t r u c t u r e  (McNally, 1977).  And th e re  
i s  a cor respondence between the e lementary  s t r u c t u r e s  o f  the i n t e l l e c t  
and the mathematical s t r u c t u r e s ,  in the sense  t h a t  te ach ing  mathematical  
s t r u c t u r e s  from the s t a r t  o f  the  c h i l d  a t  s choo l ,  w i l l  help in  the 
c o n s i s te n cy  o f  the se  s t r u c t u r e s ,  which,  in  t u r n ,  w i l l  then he lp  the 
c h i ld  to  cope b e t t e r  with mathematics.
The new approach has a l so  made emphasis on u nde rs tand ing ,  d i s c o v e ry ,  
p a t t e r n s  and s t r u c t u r e .  These could be cons idered  as b a s ic  
c h a r a c t e r i s t i c s  o f  the claims behind the  new development.
Three q u e s t i o n s  fundamenta l ly  r i s e  in looking f o r  f e a s i b l e  answers:
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(1) Is  the re  a promising change in  achievement in  mathematics 
under the c u r r e n t  t h e o r e t i c a l  v i s io n  o f  the approach?
(2) In the case o f  the  answer to the prev ious  ques t ion  being 
n e g a t iv e ,  then what conclusion  can be drawn?
(3) What p rob lem at ic  even ts  a re  encountered  in  the area? And 
how can proper  l e a rn in g  c o n d i t io n s  be f o s t e r e d  to improve 
achievement in  mathematics?
In d i s c u s s in g  th e se  q u e s t i o n s , e s p e c i a l l y  the f i r s t  two, I b e l i e v e  
t h a t  i t  i s  s t i l l  too e a r l y  to t e l l  whether the c u r r e n t  approach ,  
based on s t r u c t u r e s ,  i s  adequate o r  no t .  No development w i l l  
n e c e s s a r i l y  s tand  f irm f r o m i t s  f i r s t  a p p l i c a t i o n ,  e s p e c i a l l y  in 
ed u ca t io n .  I t  w i l l  r e q u i r e  m o d i f i c a t io n  as well as a p p l i c a t i o n  f o r  
a cons ide ra b le  per iod  o f  t ime.
However, i t  i s  t r u e  to  say t h a t  the  p r e s e n t  s i t u a t i o n  o f  achievement 
in mathematics i s  n o t  as s a t i s f a c t o r y  as t h a t  which was g e n e ra l l y  
ex pec ted ,  when modern . mathematics-  based on s t r u c t u r e  -  was 
in t roduced  in t o  the  system o f  mathematics educa t ion  in  schoo ls .
One could d e p i c t  the c u r r e n t  s i t u a t i o n  as t h a t  s t a t e d  by Skemp (1971)
"I became in c r e a s i n g l y  concerned with the problem o f  those 
p u p i l s  who, though i n t e l l i g e n t  and hard-working ,  c o u l d n ' t  
do mathematics " ( P . 15) .
Watson (1976) a l so  f i n d s  t h a t  r o l e  o f  techniques  and p r a c t i c e  was 
perhaps underes t imated  when w r i t i n g  t h a t :
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" P ra c t i c e  w i thou t  the power o f  mathematical th ink ing  leads 
nowhere; the power of  mathematical  th ink ing  w i thou t  
p r a c t i c e  i s  l i k e  knowing what to  do bu t  no t  having the 
s k i l l  to do i t  " ( P . 128).
The s i t u a t i o n  i s  t h a t  ev idence  t h a t  has been ga thered  has po in ted  
to s t r u c t u r e  as f a c i l i t a t i n g  mathematical achievement,  and the re  
has been a dec l in e  in computat ional  s k i l l s  in s tu d e n t s  in  modern 
programmes,but  th e re  has ,  a t  the same t ime,  been an in c re a s e  in 
p roblem-so lv ing .  (Begle ,  1979). However, Begle adds:
" I t  i s  hard to d e r iv e  any useful  g e n e r a l i z a t i o n s  because 
such a wide v a r i e t y  o f  modern i n s t r u c t i o n a l  programs was 
involved . . .  i t  i s  c l e a r  t h a t  f u r t h e r  s tu d i e s  a re  
c a l l e d  f o r  " ( P . 69,  P . 77) .
As a m a t t e r  o f  f a c t ,  Bruner (1966) seemed to have expec ted  such a 
s i t u a t i o n  when s t a t i n g  t h a t :
"In p o in t  o f  f a c t ,  d r i l l  need not  be ro t e  and,  a l a s ,  
emphasis on unders tand ing  may lead  s tu d e n t s  to a c e r t a i n  
verbal  g l i b n e s s . "  ( P . 29) .
F u r th e r ,  Boys (1972) in  r e p o r t i n g  about  the new programmes o f  
mathematics in Kuwait,  s t a t e s  t h a t :
"I  r ecogn ise  some advantages  in the sound lo g i c a l  development 
of  the  s u b j e c t ,  b u t  too  o f t e n  i t  seems t h a t  the language takes  
over  from the ideas  " .
3-54
Then he con t inues :
"The e x e r c i s e s  seem v a r i e d  and i n t e r e s t i n g ,  bu t  no t  
g iv ing  very generous amounts of  p r a c t i c e  . . .  I was 
d i sappo in ted  in the ' p roblems\  " .
In most cases  th e re  was found s i m i l a r  complaints  o f  incompetence 
o f  s tu d e n t s  in  computa t ional  s k i l l s  w i th in  the new c u r r i c u l a .
Moreover,  i f  P i a g e t ' s  fo u r  s t a g e s  o f  i n t e l l e c t u a l  development,  i . e .  
senso r im o to r ,  p r e o p e r a t i o n a l , conc re te  o p e ra t io n a l  and formal 
o p e r a t i o n a l ,  a re  acc ep ted ,  then we might  f in d  d i f f e r e n t  f a c t u a l  
s t u d i e s  which revea l  t h a t  a l a rg e  number of  s tu d e n t s  who are 
expec ted ,  in the p a s t  as well  as in  the  p r e s e n t ,  to  be formal 
o p e r a t i o n a l s  d id  no t  e n t e r  t h i s  s t a g e .
For example Herren (1977) r e p o r t s  t h a t :
( i )  Lovell in t e s t i n g  a number o f  s tu d e n t s  in  England has found 
t h a t  only between 23% and 37% o f  a sample composed o f  39 grammar 
school p u p i l s ,  10 t r a i n i n g  co l l e g e  s t u d e n t s ,  and 3 a d u l t s  demonstrated  
formal th o u g h t ;
( i i )  D a le ,  in  a s tudy  i n  A u s t r a l i a ,  has found t h a t  only 25%
o f  the 15 y e a r  o ld  s tu d e n t s  in h i s  sample were ab le  to so lve  complete ly  
a t a sk  designed to measure formal t h o u g h t ;
( i i i )  McKinnon and Renner ,  have found,  in a widely  p u b l i c i z e d
s tudy  undertaken a t  the U n iv e r s i t y  o f  Oklahoma, t h a t  50% o f  the College
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freshmen t e s t e d  were fu n c t io n in g  completely a t  P i a g e t ' s  concre te  
op e ra t io n a l  level  and t h a t  only 25% o f  the sample could be cons idered  
f u l l y  formal in t h e i r  thought .
( iv )  Herren (1977) has e s t im a ted  t h a t  roughly h a l f  o f  the non­
s c ience  s tu d e n t s  in co l l e g e  f a i l e d  to e x h i b i t  formal o pera t iona l  
thought.
In a r e c e n t  s tudy  in  1980, I a l so  ran a t e s t  in  Kuwait to 
i d e n t i f y  the knowledge o f  s tu d e n t s  in two d i f f e r e n t  s t r u c t u r a l  
p a t t e r n s  and found s i m i l a r  r e s u l t s .  The s tu d e n t s  were 16 and 
18 y ea r s  o ld .  This s tudy  i s  r ep o r te d  in ( P . 7 -8 ) .
I f  we n o t i c e  t h a t  n o t  a l l  samples of  s tu d e n t s  in the previous  
f i v e  examples were ta u g h t  in the modern mathematics based on the 
c u r r e n t  approach o f  the s t r u c t u r e ,  then we c e r t a i n l y  cannot  make 
a pre-judgement t h a t  the approach in  the p a s t  o r  in  the p r e s e n t  i s  
the c u l p r i t .  Such an answer would be a very naive one to a very 
complica ted  s i t u a t i o n .  But t i e re  must be something in these  
processes  which i s  l ack ing  o r  no t  adequa te .  This could lead  to 
r a i s i n g  the fo l lowing  major q u e s t i o n :
Are we sure  t h a t  the mathematics we in t roduce  i s  e f f e c t i v e  and 
a t  the same time meets the  demands o f  the approach?
This qu es t io n  i s  indeed in  the h e a r t  o f  t h i s  s tudy  and i t  i n e v i t a b l y  
e n t a i l s  a d i s cu s s io n  o f  some methodological  p o in t s  t h a t  were 
reviewed.
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3 . 5 . 2 .  Second: Methodological  Po in ts
( I )  The cur r icu lum :  One problem i s  the c o n s t ru c t io n  o f  a
curr icu lum which i s  s t i l l  unsolved .  For example: do we 
fo l low the  behavioura l  ob jec t ive-m odel  o r  not? I f  the answer i s  
n e g a t iv e ,  then the  s i t u a t i o n  w i l l  be ambiguous in  the sense t h a t  
we might  be unable to  i d e n t i f y  what i s  to be p r e s e n te d .  I f  the 
answer i s  p o s i t i v e ,  then t h i s  might  r e s u l t  in f ragmenting the 
s u b j e c t - m a t t e r  (Scandura,  1972).
Furthermore ,  Scandura (1977) in  d e s c r ib in g  the s i t u a t i o n  r e p o r t s :
"Curriculum c o n s t r u c t io n  has t r a d i t i o n a l l y  been a r t i s t i c  
endeavor.  Even today ,  the  v a s t  m a jo r i t y  o f  t e x t s  and new 
c u r r i c u l a  a re  developed almost  e x c l u s i v e l y  on the b a s i s  of  
the curricu lum constructors'" s u b j e c t - m a t t e r  knowledge and 
p ro fe s s io n a l  know-how " ( P . 389).
Another problem i s  found in  sequencing o f  the to p i c s  o f  the s u b j e c t  
m a t t e r .  This problem has indeed im p l i c a t i o n s  in  the psychology 
o f  l e a r n i n g ,  e . g .  the p lace  o f  f r a c t i o n ,  r a t i o ,  l i m i t ,  . . .
A t h i r d  problem i s  a l so  found in d i f f e r e n t  p r e s e n t a t i o n s  of  a 
d e f i n i t e  mathematical t a s k .  I would l i k e  to p r e s e n t  two examples 
concerning t h i s  t h i r d  problem from the  conference o f  BSPLM ( A p r i l , 1981) 
a t  the U n iv e r s i t y  o f  Leeds.
The f i r s t  example was in  how a t e x t  book b e t t e r  p r e s e n t s  so lv ing  
simul taneous  equa t ions  o f  the  f i r s t  degree .  We could begin with
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5x + 2y = 94 and 3x - 2y = 2
7x - 3y = 44 and 5x - 3y = 28
so t h a t  s tu d e n t s  a re  then guided to add or  s u b t r a c t  in the case 
where the abso lu te  value  o f  the  c o e f f i c i e n t  o f  one unknown i s  the 
same in both e q u a t io n s .  Or should we do b e t t e r  by beginning with 
5x + 2y = 29 and 2x + 3y = 16 
and d i scuss  the s o lu t i o n  by gu id ing  to  the main id e a ,  in t h a t  
a s tu d e n t  should comprehend t h a t  the s o lu t i o n  i s  embodied in
producing an equa t ion  in  one unknown from the two equa t ions?
The second example was in in t ro d u c in g  the  l i m i t  o f  a func t ion  or  
sequence.  Some educa to rs  p r e f e r  in t ro d u c in g  the idea by s t a t i n g
t h a t :  f (x )  tends towards a l i m i t  "1" as x tends towards "a" say.
Some p r e f e r  to  say t h a t  the l i m i t  i s  un reachab le ,  whence the 
anomaly o f  a c o n s ta n t  f u n c t io n  ( f ( x )  = 1) which reaches  i t s  l i m i t  
f o r  a l l  values  o f  x.
The t h i r d  problem cover ing the curr iculum was in p re s en t in g  a
c e r t a i n  t a s k  in  the tex tbook .  T h i s ,  in my o p in io n ,  i s  the fundamental 
one,  s ince  the phenomenon most d i r e c t l y  r e l a t e d  to the s tu d e n t  in t h i s  
t h e s i s  i s  p r im a r i l y  concerned with the p r e s e n t a t i o n  o f  mathematical 
t a s k s .  The textbook i s  indeed a 'main v a r i a b l e '  in the whole
process  o f  mathematics e d u c a t io n .  I t h e r e f o r e  draw the d i s t i n c t i o n
between the textbook as opposed to the main heading o f  the c u r r i c u l a ,  
s ince :  ( i )  the textbook i s  a f a c t u a l  p r o j e c t i o n  of  the c o n s t r u c t s  t h a t  
u n d e r l i e  the a u t h o r ' s  i n t e r p r e t a t i o n  o f  the c u r r i c u l a ;  and ( i i )  i t
i s  s t i l l  t r u e  t h a t  c u r r i c u l a  a re  mostly vague and u su a l ly  admit
o f  g r e a t  v a r i e t y  o f  i n t e r p r e t a t i o n  (F reuden tha l ,  1973).  The weight  
o f  the t e x t  could no t  t h e r e f o r e  be ignored when d i s c u s s in g  the
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cur r iculum as a r e a l  f a c t o r  in  methodology which could have the 
same weight  as the  curr icu lum i t s e l f ,  d e s p i t e  being p a r t  o f  i t .
( I I )  The tex tbook:  Education as a human a c t i v i t y  i s  u su a l ly
r e f l e c t e d  in t e x tbooks ,  and a tex tbook  can be considered  to e s t a b l i s h  
r e a l i s t i c  i n t e r p r e t a t i o n  o f  a cur r ic u lum.  H i s t o r i c a l l y ,  the textbook 
has been the key medium through which the s u b j e c t - m a t t e r  has been 
organized  f o r  i n s t r u c t i o n .  I t  undoubtedly has i t s  i n f lu e n c e  on 
the educa t iona l  sys tem, e s p e c i a l l y  in some developing c o u n t r i e s ,  where 
the textbook i s  the main source  both f o r  the s t u d e n t  and the te a c h e r .
O l ive r  (1977) r e f e r s  t h a t  whether  or  no t  a s t a t e  o r  a c i t y  d i c t a t e s  
the one t e x t  to be used ,  most c l a s s e s  use one o r  seve ra l  t e x t s ,  bu t :
"some te a c h e r s  s l a v i s h l y  fo l low  the t e x t  chosen;  o th e rs  
u t i l i z e  i t  as a b a s i c  guide  or  as a p o in t  o f  d e p a r tu r e .
In any ca se ,  the  w r i t t e n  m a te r i a l  e x e r t s  a powerful in f lu en ce  
on what  i s  and what i s  no t  t a u g h t .  E d i to r s  in the var ious  
p u b l i sh in g  houses may have a hand in  the m a t t e r ,  t o o ,  as 
they sometimes s e l e c t  the au thors  who a re  to w r i t e  the books,  
and t h e i r  e d i t o r i a l  p o l i c i e s  may a f f e c t  what i s  p resen ted  and 
the  manner o f  p r e s e n t a t i o n  " ( P . 178).
He con t inues  h i s  argument in a way which indeed might  a c c u r a t e l y  
d e s c r ib e  the s i t u a t i o n  in  developing  c o u n t r i e s :
"when the s e l e c t e d  m a te r i a l  i s  o rganized  and p re sen te d  in  a 
way t h a t  enhances l e a r n i n g ,  the value o f  the  p r i n t e d  word 
from a u t h o r i t y  becomes even g r e a t e r  " ( P . 198).
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In p r a i s i n g  the  use o f  the textbook by s t u d e n t s ,  Begle (1979) 
r epo r te d  t h a t  NLSMA provided  cons ide rab le  evidence  t h a t  the 
mathematical to p i c s  and the mathematical emphasis t h a t  are 
contained in a textbook do g e t  through to the s tu d e n t .  I t  was 
found t h a t  textbooks  o f  secondary as well as elemen tary  l e v e l s  
have an e f f e c t  on s t u d e n t  l e a rn in g  and e v i d e n t ly  should not  be 
ignored (Begle,  1979).
The most i n t e r e s t i n g  f in d in g s  were c l e a r l y  demonstrated by NLSMA, 
in t h a t ,  con ten t  d i f f e r e n c e s  in  tex tbooks  r e s u l t e d  in  d i f f e r e n c e s  in 
s tu d e n t  achievement (Begle ,  1979).  This phenomenon i s  a t  the h e a r t  
o f  t h i s  re sea rch  problem, and consequent ly  i t  w i l l  be d is cussed  in 
d e t a i l  in the fo l lowing  Chapter  4.
The in f lu e n c e  o f  the textbook in mathematics t e ach ing  and l e a rn in g  
in Kuwait w i l l  a l so  be d i s cu s s ed  in  Chapter  4 as i t  was b r i e f l y  
d iscussed  in (d) o f  1 .2 .
( I l l )  Rel iance on A b s t r a c t i o n :  There was a l s o  a t r end  towards
a b s t r a c t i o n  in p r e s e n t i n g  mathematical  concep ts .  This t r end  has 
almost  led to  a complete d i s r e g a r d  o f  the c o n te n t  and methodology 
by which t r a d i t i o n a l  mathematical  pedagogy has been communicated.
This was n o t  only n a i v e ,  b u t  a l so  a
" r e g r e t t a b l e  misunders tand ing  o f  what the  l e a rn in g  and 
te ach ing  o f  mathematics i s  r e a l l y  a l l  a b o u t . "  (Lamon, 1972, P . 4)
This has r e s u l t e d  in  a s h i f t i n g  to  a view t h a t  the approach to
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mathematics should be based on a b s t r a c t i o n .  Dieudonne (1969) 
as an eminent  f i g u r e  in  the mathematics o f  the French s c h o o l ,  
th inks  o f  mathematics as a s tudy  o f  s t r u c t u r e ,  and t h a t :
" the  pupil  must be t a u g h t  to be aware o f  the  a b s o lu te
n e c e s s i t y  o f  an ax iomatic  approach to mathematics.  At
the e a r l i e s t  p o s s i b l e  moment, the pupil  must g e t  used to
the c o n s t a n t  d e a l in g  with a b s t r a c t  concept  " (Watson, 1976, P . 124)
In n e g l e c t i n g  the  concre te  a p p l i c a t i o n s ,  th e re  has almost  been a t o t a l  
igno r ing  o f  the adv ice  of  p sy c h o lo g i s t s  working on mathematics 
l e a rn in g  about  concept  fo rm at ion .  The g r e a t e r  emphasis on the 
a b s t r a c t i o n  o f  the  s t r u c t u r e  has r e s u l t e d  in overlooking  the f a c t  t h a t  
the g r e a t e r  emphasis on s t r u c t u r e  should lead  to  .g re a te r  a p p r e c i a t i o n  
o f  the need f o r  s k i l l s  use fu l  in apply ing t h a t  s t r u c t u r e  to p r a c t i c a l  
problems (Lamon, 1972).
(IV) The te a c h e r :  Changing a cur r ic u lum does not  imply changing o t h e r
f a c t o r s  t h a t  a re  involved  in  the educa t iona l  system. This system i s
complex and has a high i n e r t i a l  mass (Watson, 1976).  For example,
d e s p i t e  the change in the curr icu lum and the claims t h a t  teach ing  
should be based on unders tand ing  o f  the fundamental s ,  I found,  as an 
i n s p e c t o r  o f  mathematics,  t h a t  a number of  t e ach e r s  s t i l l  work on 
the r u l e s ; ( a )  te ach ing  i s  t e l l i n g ;  (b) memorizing i s  l e a rn in g  and 
(c) being ab le  to repeat  something in an examination i s  ev idence  o f  
unders tend ing .
In d e s c r ib in g  s i m i l a r  s i t u a t i o n s ,  Scandura (1977) w r i t e s :
"In s p i t e  o f  con t inu ing  a t t e n t i o n  to CAI, computer-based
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c u r r i c u l a ,  and o t h e r  techno log ica l  approaches to educa t ion ,  
most schools  and co l leg e  i n s t r u c t i o n  s t i l l  takes  place  in 
the classroom» I n s t r u c t o r s  r e l y  f o r  the most p a r t  not  on 
th e o r i e s  o f  l e a r n i n g ,  p rob lem -so lv ing ,  o r  i n s t r u c t i o n ,  bu t  
r a t h e r  on p r o fe s s io n a l  'know-how' " ( P . 553).
Skemp (1971) in tu rn  f in d s  a g r e a t  r e s p o n s i b i l i t y  of  the te ach e r  in 
the e a r l y  s t a g e s  o f  l e a r n in g  and he th e r e f o r e  guides the t e a c h e r :
( i )  to make sure t h a t  schematic l e a rn in g  i s  ta k ing  place  adequa te ly ;
( i i )  to  d i s t i n g u i s h  which s tag es  r e q u i r e  only  s t r a i g h t f o r w a r d  
a s s im i l a t i o n  and which need acconjSdation*, and ( i i i )  to plan 
schemas t h a t  w i l l  be adap tab le  to f u t u r e  as well as p r e s e n t  needs .
But some te a c h e r s  do n o t  fo l low such advice and some f a l l  upon one 
o f  those c o l o u r l e s s  textbooks  w r i t t e n  w i thou t  any previous  a n a l y s i s
o f  the s u b j e c t  m a t t e r  and lack ing  any d idac t ica l  background (F reuden tha l ,  
1973).  A te a c h e r  in  t h i s  group a p p l i e s  what he might  b e l i e v e  to be 
t r u e ,  i r r e s p e c t i v e  o f  i t  e d u ca t io n a l  va lue .  Skemp (1971) de p ic t s  
the s i t u a t i o n  in  s t a t i n g :
"to  know mathematics i s  one t h i n g ,  and to be able  to teach i t  -  
to communicate i t  to those a t  a lower conceptual  leve l  -  i s
q u i t e  an o th e r ;  and I b e l i e v e  t h a t  i t  i s  the l a t t e r  which i s
most l ack ing  a t  the moment. As a r e s u l t ,  many people
acqui re  a t  school a l i f e - l o n g  d i s l i k e ,  even f e a r ,  of
mathematics " ( P . 36).
(V) Teaching methods: One o f  the methods t h a t  has been h igh ly
recommended i s  the d i scovery  t e a c h in g - l e a r n in g  method. But t h i s  
method has e i t h e r  been n a iv e ly  misunderstood  o r  o veres t im a ted .
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Teachers who m i s i n t e r p r e t  t h i s  method u s u a l ly  unders tand the method 
as embedded in posing any q u e s t i o n s  r e l e v a n t  to  the s u b j e c t - m a t t e r ,  
whether i t  works o r  no t .  I watched a t e a c h e r  who was d i scu ss in g  
the d e f i n i t i o n  of  a ' s e q u e n c e ' ,  suddenly ask the s tu d en t s  about 
the p o s s ib le  d e f i n i t i o n  o f  the l i m i t  o f  a sequence.  A second te a c h e r  
asked s tu d en t s  what they ' im ag ine '  the d e r i v a t i v e  o f  a func t ion  i s  
about ,  befo re  p re s e n t in g  any r e l e v a n t  idea o f  t h i s  concept .  Another 
te a c h e r  asked once about  the number o f  the  s id e s  of  a t r i a n g l e ,  though 
h i s  s tu d en t s  were in  the  secondary s t a g e ,  and had l e a r n t  about  the 
concept  o f  the t r i a n g l e  and i t s  im p l ic a t io n s  f o r  th r e e  y e a r s  a t  
l e a s t  - he was asking j u s t  any q u e s t i o n .
Others gave a s o r t  o f  o v e re s t im a t io n  of  t h i s  method. At a 
conference on d iscovery  l e a r n i n g ,  Shulman and K e i s l e r  (1966) 
repo r ted  t h a t  some exper imen ts  showed pre fe rence  o f  t h i s  method to 
ex p o s i to ry  methods, while  o th e r s  proved the c o n t ra r y .  U n fo r tu n a t e ly , 
the s i t u a t i o n  i s  no d i f f e r e n t  today (Begle,  1979). While Karplus 
e t  a l .  (1981) r e p o r t  t h a t :
"While s tu d e n t  autonomy i s  necessary  f o r  a l l  development 
o f  r eason ing ,  s t u d e n t s  cannot  d i s co v e r  on t h e i r  own a l l  o f  the 
mathematics t h a t  may be use fu l  f o r  t h e i r  problem so lv ing  and 
o th e r  a c t i v i t i e s  " (P i i i ) .
In connection with t h i s  i d e a ,  Lamon (1972) s t a t e s  t h a t :
" I ,  f o r  one,  have never  had the  p r i v i l e g e  o f  n o t i c in g  any 
s tu d e n t  ' d i s c o v e r '  a mathematical  a b s t r a c t i o n  w i thou t  being 
prompted by an enormous number of  c lu e s .  One reason f o r
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t h i s  i s  t h a t  in most i n s t a n c e s ,  the cog n i t iv e  equipment or  
c a p a c i ty  f o r  coping wi th the demands o f  a s p e c i f i e d  
c o g n i t iv e  ta sk  i s  almost  n o n - e x i s t e n t  in our  s tu d e n t s  " ( P . 5)
Freudenthal  (1973) ,  in t u r n ,  f i n d s  t h a t  t h e o r e t i c a l  teach ing  re sea rch  
o f ten  has the c h a r a c t e r  o f  t e l l i n g  o t h e r  people how they have to 
te ach .  Then i t  i s  programmatic,  and o f t e n  even u n r e a l i s t i c ;
" I t  i s  backed by f i rm  b e l i e f  o r  by the ac tua l  teaching  
exper ience  o f  the man who i s  p r e s e n t in g  h i s  i d e a .  He 
claims h i s  method has proved s u c c e s s f u l ,  though o th e rs  may 
doubt whether  h i s  success  i s  n o t  due more to  h i s  personal  
q u a l i t i e s  r a t h e r  than to  the method i t s e l f . "  ( P . 160).
He then p o in t s  to an e x t r a o r d i n a r y  ev en t  in t h a t  he s t a t e s :
"I must a l s o  confess  t h a t  th e re  was a very high p o s i t i v e  
c o r r e l a t i o n  between the most p r e t e n t i o u s  modern mathematics 
and the most a r c h a i c  pedagogies  " ( P . 160).
(VI) The exam ina t ions :  Whatsoever i s  s a id  about  v i r t u e s  and v ices
o f  the examinat ions  o r  t e s t s ,  they dec ided ly  have t h e i r  deep in f lu e n c e  
in  the  te ach ing  and l e a r n in g  p r o c e s s e s .  I have no t i ced  t h a t  i f  
examinat ions  were i n t e r e s t e d  in fundamenta ls ,  the te ach ing  as well 
as the l e a rn in g  tended to deal with  fundamental s .  Examinations can 
a l s o  be bad in  the sense o f  emphasizing t r i v i a l  a s p ec t s  o f  the s u b j e c t -  
m a t t e r  and t h i s  encourages  te ach ing  in a d isconnec ted  fa sh ion  and 
r o t e  l e a r n in g  (Bruner,  1966).
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The previous  s ix  p o in t s  could r e f e r  to seve ra l  phenomena in 
the educa t iona l  system. F u r th e r  q u es t io n s  could r e f e r  to o th e r  
phenomena in the f i e l d  which m e r i t  d i s c u s s io n .  For example,
Gagne (1972) poses q u e s t i o n s  such as :
( i )  How can the le a rn in g  o f  mathematics be ar ranged so as to
Ypreven t  the occuijfence o f  o b s t a c l e s  and emotional  blocks to l e a rn in g ?
( i i )  How can i n s t r u c t i o n  be a r ranged so t h a t  a h ighe r  p ropo r t ion  
o f  s tu d e n t s  can cope with  c e r t a i n  s p e c i f i e d  mathematics t o p i c s .
( i i i )  Suppose a s t u d e n t  has j u s t  learned  to d e r iv e  a mathematical 
e x p re s s io n .  How many examples must now be provided befo re  we can 
be sure  he knows how to  do t h i s ?  Two? Five? And does t h i s
number vary with the kind o f  problem o r  with the n a tu re  of  the
s t u d e n t ' s  p a s t  exper ience?
These q u es t i o n s  a re  among the enormous number which s t i l l  c o n s t i t u t e  
p rob lem atic  a rea s  in  the  body o f  mathematics e d u c a t io n .  One i n t e r e s t i n g  
s ta t e m e n t  by Gagne and Briggs (1979) might  d e p i c t  the s i t u a t i o n :
" I s  th e re  a s t r u c t u r e  o f  i n t e l l e c t u a l  s k i l l s  which p r e s e n t s  
the 'p a th  o f  g r e a t e s t  l e a rn in g  e f f i c i e n c y '  f o r  every  s u b j e c t  
in  the curr icu lum? In t h e o ry ,  th e re  i s .  Do we know what  
t h i s  s t r u c t u r e  i s ?  Only vaguely,  as y e t .  A f te r  a l l ,  
t e a c h e r s ,  cur r icu lum s p e c i a l i s t s ,  and tex tbook w r i t e r s  ' t r y '  
to r e p r e s e n t  s t r u c t u r e  in t h e i r  le ssons  and curridililum p l a n s , and 
have been t r y i n g  f o r  many y e a r s .  N e v e r th e le s s ,  on the whole 
t h e i r  e f f o r t s  must be c h a r a c t e r i z e d  as p a r t i a l  and inadequate  " 
( P . 74).
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Therefore in answering a major ques t ion  which was posed,  we r e s t a t e  
aga in :  Are we sure  t h a t  the mathematics we in t roduce  i s  e f f e c t i v e
and meets a t  the same time the demands o f  the approach? We f in d  in 
the l i g h t  o f  f a c tu a l  ev idence and complaints  o f  those who a re  d i r e c t l y  
o r  i n d i r e c t l y  involved  in  the mathematics s i t u a t i o n  ( i . e .  te ache rs  
and p a r e n t s ) , t h a t  the e f f e c t i v e n e s s  o f  what we teach  i s  not  
s a t i s f a c t o r y  and the p rev ious  d i s c u s s io n  proves t h a t  the area  abounds 
in enormous problems t h a t  concern the approach.  All answers f o r  
th ese  p rob lem at ic  even ts  could be con ta ined  in  the  answers to the 
t h i r d  ques t ion  (on P. 3 -52) .
The s i t u a t i o n  now, i s  a lmost  s i m i l a r  to t h a t  which Bruner (1966) has 
s t a t e d :
"much too l i t t l e  i s  known about  how to teach  fundamental 
s t r u c t u r e s  e f f e c t i v e l y  o r  how to provide l e a r n in g  cond i t ions  
t h a t  f o s t e r  i t  " ( P . 12).
N e v e r th e le s s ,  the second p a r t  o f  the  ques t ion  i s  r e l e v a n t  to t h i s  
s tudy .  This i s  the b e l i e f  t h a t  in  accordance with p ro p o s i t i o n  6.1 
a s tudy  o f  the phenomenon ' d i f f e r e n t  p r e s e n t a t i o n s  o f  a mathematical  
ta sk  r e s u l t  in  d i f f e r e n t  l e a r n in g  outcomes" could be worthwhile in 
improving the c u r r e n t  s i t u a t i o n .  The importance o f  t h i s  phenomenon 
l i e s  in the change o f  one v a r i a b l e  ( l e a r n in g  outcomes) under the 
change of  a no the r  v a r i a b l e  (p r e s e n t a t i o n ) ,  where p re s e n ta t io n ,  as t h a t  
d iscussed  in Chapter 4 , i s  cons idered  in  t h i s  t h e s i s  to c o n s t i t u t e  the 
core o f  the con ten ts  o f  a c e r t a i n  t e a c h in g - l e a r n in g  t a s k .
L a s t l y ,  I s h a l l  p r e s e n t  in the fo l low ing  genera l  conclusion  what might  
give some p a r t i a l  answers to  those q u es t io n s  posed on P. 3-52.
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3 . 5 . 3 .  General Conclusion 3.1
I f  the e s s e n t i a l  psycho-educa t iona l  problem i s :  as mathematical  
s t r u c t u r e s  a re  by t h e i r  n a tu re  ab s t r a y io n s  o f  extreme g e n e r a l i t y ,  
then should o r  should not  the se  s t r u c t u r e s  be p resen ted  e a r l y  ( in  
the educa t iona l  process)  to  help develop genera l  schemas o f  thought? 
Then t h i s  problem i s  n o t  y e t  so lved .  Thus, i f  we conceive the 
approach to be ax iom at ic ,  we have no s t rong  ev idence a g a i n s t  the 
c u r r e n t  approach.  The con t rove rsy  about improving the achievement 
in mathematics could b e t t e r  be s h i f t e d  towards methodology t h a t  
involved  t e a c h in g - l e a r n in g  s i t u a t i o n s  so t h a t  we might  improve the 
achievement o f  both t e a c h e r s  and s tu d e n t s  in mathematics.
One o f  the phenomena t h a t  could be promising f o r  m o d i f i c a t io n  in 
methodology f o r  b e t t e r  improvement could be inc luded  in some s tu d ie s  
which i n d i c a t e  t h a t , a  change in  the  achievement o f  s tu d e n t s  could 
r e s u l t  under change in the  m a te r ia l  c o n te n t s .
3 . 5 . 4 .  Summary I I I
There i s  s t i l l  no w e l l - e s t a b l i s h e d  base f o r  s u b s t a n t i a l  p rog res s  in 
mathematics educa t ion  o r  in the  psychology o f  l e a r n i n g .  The 
s i t u a t i o n  seemed gloomy to  some mathematics educa to rs  as well as 
to some who work in the psychology o f  l e a rn ing  mathematics.  In 
looking f o r  a phenomenon to  d i s c u s s  both the approach and r e l e v a n t  
methodology in mathematics e d u c a t io n ,  I was c o n te n t  t h a t  t h i s  
phenomenon should ( i )  i n t e g r a t e  with  ex p e r i e n c e ,  ( i i )  su rv ive  w i th in  
r e s e a r c h e r ,  and ( i i i )  the l i t e r a t u r e  re v e a l s  t h a t  l e a r n in g  outcomes
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could change under t h a t  phenomenon. A d iscuss ion  in two p a r t s ,  
the f i r s t  f o r  the approach and the second f o r  some methodological  
p o i n t s ,  was conducted f o r  the  purpose o f  l e a rn in g  more about  such 
phenomena in the f i e l d .  As f o r  the approach ,  i t  was i n d i c a t e d  
t h a t  i t  i s  suppor ted  by many eminent  p s y cho log i s t s  as well  as 
ma thematic ians .  The idea  was t h a t  teach ing  mathematics through 
s t r u c t u r e s  would b e n e f i t  the i n t e l l e c t u a l  s t r u c t u r e s  of  i n d i v id u a l s  
as well as he lp ing  l e a r n e r s  to  grasp mathematics b e t t e r .
The answer to the qu es t io n  whether  th e re  i s  a promising change,
i s  t h a t  i t  i s  too e a r l y  to t e l l .  The approach i s  ax iomatic  and 
consequent ly  we have no ev idence  t h a t  i t  i s  the c u l p r i t  f o r  any 
low achievement,  A major qu es t io n  was r a i s e d ,  whether  the 
mathematics we in t ro d u ce  i s  e f f e c t i v e  and in harmony with the 
approach,  and t h i s  q u es t io n  was d iscussed  in the second p a r t  o f  t h i s  
s tudy  through d i s c u s s in g  p rob lem at ic  consequences under s i x  headings.
( I )  The curr icu lum: where s t u d i e s  revea l  t h a t  th e re  a re  s t i l l
problems in c o n s t r u c t i o n ,  sequencing of  top ics  and d i f f e r e n t  p r e s e n t a t i o n s  
of  t a sks  in tex tbooks .  The l a s t  a rea  here was a t t r a c t i v e  and 
t h e r e f o r e  the second p o i n t  was ( I I )  The textbook:  This p o i n t  revea led
t h a t  the textbook i s  b a s i c  and e f f e c t i v e  on s tu d e n t  l e a rn in g  and 
co n ten t  d i f f e r e n c e s  in textbooks r e s u l t e d  in d i f f e r e n c e s  in s tu d e n t  
achievement.  ( I l l )  Reliance  on a b s t r a c t i o n :  I t  was found t h a t  th e re
was a l so  a s t rong  tr end  towards a b s t r a c t i o n  in the c u r r e n t  mathematics
s i t u a t i o n .  This r e s u l t e d  in  ignor ing  t h a t  the emphasis on s t r u c t u r e
should no t  n e g l e c t  the concre te  a p p l i c a t i o n  bu i ld ing  up concept  
fo rmat ion .  (IV) The te a c h e r :  Changing o f  the curr iculum did  not
imply changing the t e a c h e r s '  a t t i t u d e s  towards the whole process o f  
change.  Many te ach e r s  s t i l l  b e l i e v e  t h a t  te ach ing  i s  t e l l i n g ,  
memorizing i s  l e a rn in g  and working on examination papers i s
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unders tand ing ,  i t  was a l so  r epor ted  t h a t  t e ach e r s  do no t  r e ly  
on t h e o r i e s  o f  l e a r n i n g ,  bu t  r a t h e r  on p ro fe s s io n a l  "know-how".
(V) Teaching methods:The d iscovery  method i s  one o f  the methods 
t h a t  was h igh ly  recommended to be inc luded  in the changes in the 
cur ricu lum.  But t h i s  method was n a iv e ly  unders tood or  o v e r -e s t im a ted
(VI) The examinat ion:  The con t rove rsy  about  examinations never  
cea ses .  N e v e r th e le s s ,  exam inat ions  could moni tor  to a c e r t a i n  
e x t e n t  t r ends  in  t e a c h i n g - l e a r n i n g  s i t u a t i o n s .
The prev ious  p o in t s  i n d i c a t e  d i f f e r e n t  p rob lem at ic  even ts  which 
could u n d e r l i e  d i f f e r e n t  phenomena. And a l l  o f  these  prob lem at ic  
even ts  could u n d e r l i e  d i f f e r e n t  re sea rch  work s in c e  the answers t h a t  
are  p resen ted  f o r  the  "path o f  g r e a t e s t  l e a rn in g  e f f i c i e n c y "  could 
be c h a r a c t e r i z e d  as p a r t i a l  and ina dequa te .  A phenomenon,in the 
sense o f  p r o p o s i t i o n  6 . 1 , was be l i e v e d  to be in  " d i f f e r e n t  p r e s e n t a t i o n s  
o f  a mathematical  ta sk  r e s u l t  in d i f f e r e n t  l e a rn in g  outcomes" which 
denote a change in one v a r i a b l e  as a fu n c t io n  o f  change in  ano the r .
This phenomenon was c a l l e d  the  p r e s e n t a tion-phenomenon and i s  
f u l l y  d is cussed  in Chapter  4.
A general  conclusion  was t h a t  we s t i l l  have no s t ro n g  ev idence a g a i n s t  
the approach and the con t ro v e r sy  o f  mathematics achievement could 
b e t t e r  be s h i f t e d  towards methodology.
3 .6 .  General Summary
In looking  f o r  a c e r t a i n  phenomenon t h a t  could be used as a s t a r t i n g  
p o in t  f o r  the development o f  t h i s  s tu d y ,  the l i t e r a t u r e  review was 
monitored towards s tudy ing  p rob lem at ic  consequences t h a t  could be found
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in the approach and the methodology f o r  approach.  The c u r r e n t  
opinion i s  g e n e ra l ly  accepted  in t h a t  a mathematics approach i s  
b e t t e r  i f  based on s t r u c t u r e s .  This approach has psycho- 
mathematical  r o o t s .  I f  the approach i s  accep ted  as an ax iomat ic  
one , then  these  p rob lem at ic  phenomena could be found in  methodological 
p rocedures .  These problems,  as was found, could be in the curriculum 
( in  the con ten ts )  as well as in the i n s t r u c t i o n .  I t  was found t h a t  
t e x tb o o k ' s  con ten ts  are i n f l u e n t u a l  t o o l s  and should n o t  be ignored .  
The b a s ic  phenomenon t h a t  was a t t r a c t i v e  as a s t a r t i n g  p o i n t  in t h i s  
s tudy  was " co n ten t  d i f f e r e n c e s  could r e s u l t  in d i f f e r e n t  l e a rn in g  
outcomes . "
3 .7 .  A Personal  P o in t  Of View
The v a s t  range o f  c r i t i c i s m  o f  school mathematics r e q u i r e s  a knowledge 
o f  a v a i l a b l e  i n d i c a t i o n s  in  r e a l i t y .  Here I l i s t  some o f  these  p o in t s  
which I could pe rce ive  w h i l s t  working as a t e a c h e r ,  s e n i o r  t e a c h e r  and 
in s p e c t o r  o f  mathematics f o r  a q u a r t e r  cen tury  in a l l  s t a g e s  o f  the 
s c h o o l , though mos tly  secondary .
( I )  In mathematics:
( i )  The s u b j e c t - m a t t e r  proves to  be no t  e a s i l y  grasped by the 
m a jo r i t y .
( i i )  I t  i s  an a b s t r a c t  e d i f i c e ,  where each a b s t r a c t i o n  i s  based 
on a n o th e r ,  and we s t i l l  need more i n t e l l i g i b l e  t o o l s  in o rd e r  to 
he lp  s tu d e n t s  grasp  t h i s  a b s t r a c t i o n .
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( I I )  The te a c h e r :
( i )  Not a l l  t e a c h e r s  a re  c r e a t i v e  and the m a jo r i t y  in most
developing c o u n t r i e s  a re  n o t .  Most o f  the t e a c h e r s  in these  
c o u n t r i e s  a re  no t  c o n te n t  p r o f e s s i o n a l l y ;  they work in  t h i s  
p ro fe s s io n  s ince  they have no b e t t e r  o p p o r tu n i ty  in ano the r  one.
( i i )  Teachers ,  in g e n e r a l ,  have no t  enough t ime,  because of  
the  heavy burden they have on t h e i r  s h o u ld e r s ,  to  reform t h e i r  
methods, even i f  they  wished to  do so.
( i i i )  The f a c i l i t i e s  t h a t  a re  a v a i l a b l e  to  t e ach e r s  to in t ro d u ce
a b e t t e r  t a s k  a re  l i m i t e d .  For example,  we b e l i e v e  in  the idea  
t h a t  p repa r ing  f o r  p r e s e n t in g  a b s t r a t i o n  r e q u i r e s  drawing from 
i n t e l l i g i b l e  concre te  models o f  the a b s t r a c t  idea^ befo re  launching i n ­
to the a b s t r a c t i o n  i t s e l f .  Yet we f i n d  t h a t  in genera l  most t e a c h e r s  
have n e i t h e r  the a b i l i t y  nor  the  time to do t h i s .
( i v )  The c u r r e n t  approach seemed to  have c r e a te d  two d i f f e r e n t
s t ream s:  (a)  m a them at ic ians ,  who a re  seemingly dominant ,  b e l i e v e
in the p o s s i b i l i t y  o f  in t ro d u c in g  mathematics through a b s t r a c t i o n .
T he i r  i n f lu e n c e  i s  c l e a r l y  seen in  the  tex tbooks  which are  u s u a l l y  
e x a l t e d  by te a c h e r s  f o r  whom i t  i s  a l s o  simple to  p r e s e n t  mathematical  
t a sk s  acc o rd ing ly ;  and (b) some educa to rs  o f  mathematics to g e th e r  with 
p s y c h o lo g i s t s  who, on the o t h e r  hand,  work on mathematics
l e a r n i n g ,  could n o t  y e t  e x e r t  a s t r o n g e r  i n f l u e n c e  in  the methodology of  
approach;  in the sense t h a t  the t h e o r e t i c a l  framework they p r e s e n t
i s  n o t  e a s i l y  a p p l i c a b l e ,  and they  a l s o  cannot  i n f l u e n c e  many textbooks  
with  t h e i r  i d e a s .  The p r o f e s s i o n a l s  and pure mathematic ians  are 
i n v e r s e l y  dominant.
My p o i n t  o f  view i s  t h a t ,  the  s o l u t i o n s  to such p rob lem at ic  p o in t s  a re  
n o t  e a s y ,  b u t  p r i m a r i l y  a reform r e q u i r e s  b u i ld in g -u p  te ach in g  models
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where each model c o n s i s t s  o f  two sub-models:  (a)  one p re s e n t in g
what we might  c a l l  the p r e - a b s t r a c t  p r e r e q u i s i t e s  of  the t a s k ,  i . e .  
exem pli fy ing  i n t e l l i g i b l y  and c o n c r e t e ly  f o r  a b s t r a c t i o n ,  and 
(b) one p r e s e n t i n g  a p resen ta t ion -m ode l  f o r  s p e c i f i c  mathematical  
t a s k s .  The s t r u c t u r e  o f  t h i s  model i s  b e t t e r  i f  based on an a lg o r i th m .
Such a model should  s u g g es t  what p roper  in s t a n c e s  -  examples,  e x e r c i s e s  and 
simple problems -  might  be p re sen te d  by a normal t e a c h e r  f o r  a b e t t e r  
mathematical  s i t u a t i o n .
One o v e r t  word i s  to be s a id »  T e a ch e r s ,  as I could o b s e rv e , a r e  mostly 
opposed to such s t a t e m e n t s  a s :  "mathematize you r  s t u d e n t s ,  l e t
them th ink  c r i t i c a l l y ,  th ink  b e t t e r  o f  Wallas (1926) ,  c a r e f u l l y  s tudy  
Polya (1948) . . .  always p r e s e n t  more i n t e l l i g i b l e  and concre te
i l l u s t r a t i o n s  f o r  a concept  f o rm a t io n . "  They always want to see 
the se  p ie ces  o f  adv ice  made more i n t e l l i g i b l e ,  conc re te  and e a s i l y  
a p p l ied  in  p r a c t i c e .
One wonders i f  we can have such a "good t eache r"  as t h a t  p r e s c r ib e d  
by Wardhaugh (1969)
"A good t e a c h e r  probab ly  should know how to use a tape 
r e c o r d e r ,  an overhead p r o j e c t o r ,  and some o f  the media e f f e c t i v e l y ,  
bu t  a good t e a c h e r  i s  n o t  j u s t  a t e c h n ic i a n .  A good t e a c h e r  
i s  someone who c o n t i n u a l l y  examines what he does ,  c o n t in u a l l y  s t r i v e s  
to a r r i v e  a t  new unders tand ing  o f  h is  d i s c i p l i n e ,  and c o n t in u a l l y  
t r i e s  to s t e e r  a course between doubt  and dogma. Good teach ing  
p r a c t i c e  i s  based on good t h e o r e t i c a l  unde rs tand ing" .
The ro le  of  the t e a c h e r  should not  be underes t im a ted ,  b u t ,  g e n e r a l l y  
speak ing ,  we should acc ep t  t h a t  those "goodteachers"  a re  few and we
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should  be pragmatic ,  in t h a t  we should do something to he lp  
o th e r  teachers ,who  are the  m a j o r i t y ,b y  p re s e n t in g  them "something" 
t h a t  d i f f e r s  from adv ice .  This "something",  as I b e l i e v e ,  could 
be the d i s c u s s io n  o f  the  "c o n te n t s "  o f  mathematical  ta sks  in a more 
deep and s y s t e m a t i c  way.
Hence, according to these  personal  views,  i t  was to  be expec ted  t h a t  
I should t r y  to d i s cu s s  a m o d i f i c a t io n  in the con ten ts  as a p a r t  
o f  the methodology o f  mathematics t e a c h in g - l e a r n in g  in the a rea  of  
t h i s  s tudy .  Moreover,  t h i s  d i s c u s s io n  would involve  looking 
f o r  a p o s s ib le  a lgo r i thm  ( s e t  o f  r u l e s )  in the methodology.
F i n a l l y ,  i t  i s  worth say ing  t h a t  the d i s c u s s io n  in  t h i s  c h a p t e r  could  
seem to be mostly c r i t i c a l .  T h i s ,  in my view, should  be v a l i d  as 
long as we admit the  p r e s e n t  s t a t e  o f  s t u d e n t s '  low achievement in 
mathematics,  and we have no c l e a r - c u t  t e a c h in g - l e a r n in g  s i t u a t i o n  
t h a t  may provide  p roper  c o n d i t io n s  f o r  b e t t e r  achievement.
CHAPTER FOUR
SCOPE OF THE PRESENTATION - PHENOMENON
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4.  SCOPE OF THE PRESENTATION-PHENOMENON
4 . 0 .  Preamble
This chap te r  d i scusse s  the r e l a t i o n s h i p  between achievement ( l e a r n in g  
outcomes) and m a te r i a l  con ten ts  ( t e x t b o o k s ) .  The d i s c u s s io n  i s  mainly 
der ived  from the  work o f  o th e r s  and, as such ,  may be cons idered  to be a 
n a t u ra l  ex tens ion  o f  the  l i t e r a t u r e  review (Chapter  3) .  I have s e p a r a t e d  
i t  i n  o rd e r  to emphasize o r  c l a r i f y  the im por tan t  r o l e  my conception  o f  
a s p ec t s  o f  t h i s  r e l a t i o n s h i p  played in the g en e ra t io n  o f  p ro p o s i t i o n s  
under ly ing  the p r o p o s i t i o n  s t a g e  d i scu ssed  in  6 . 2 , which in  tu rn  guided the  
development o r  conduct  of  the  main s tu dy .
In t h i s  preamble,  I summarize the re levance  o f  the p r e s e n t a t ion-phenomenon 
to the  work d i s c u s s e d  in  o t h e r  chap te r s  of  t h i s  s t u d y .  There i s  an 
i n d i c a t i o n  t h a t  d i f f e r e n t  teach ing  t r ea tm e n ts  a f f e c t  the type o f  q u e s t i o n s  
s tu d e n t s  a re  b e s t  ab le  to answer and the  method of  s o l u t i o n  they employ 
(L o v e l l ,  1981).  This f i n d i n g  lends  s t ro n g  s u ppo r t  to the no t ions  advanced 
by Mayer and Greeno (1972) and o t h e r s .  In commenting on t h e i r  s tudy  ( i b i d ) ,  
Greeno (1972) claims t h a t :
"Mayer's f in d in g s  show something about  the kind o f  l e a r n in g  
outcomes t h a t  can be produced by d i f f e r e n t  methods of  
p r e s e n t a t i o n s "  ( P . 375) .
This s tudy  sugges ts  t h a t  d i f f e r e n c e s  in  the m a te r i a l  con ten ts  a re  r e l a t e d  
to d i f f e r e n c e s  in l e a r n in g  outcomes.  This r e l a t i o n  i s  suppor ted  by
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Begle (1979) who concludes t h a t  " c o n te n t  d i f f e r e n c e s  in  textbooks 
r e s u l t e d  in d i f f e r e n c e s  in  s tu d e n t  achievement " (see  P . 3 -59) .
The f ind ings  from s t u d i e s ,  such as those desc r ibed  above, and my own 
exper iences  l e d  me to th ink  o f  p o s s i b l e  s o lu t i o n s  to the r e sea rch  problem 
(1 .1 )  in the d i r e c t i o n  d i s cu s s ed  in 6 .2 :  I f  we assume a number 'A'
ass igned  to the achievement o f  s tu d e n t s  in a t e a c h in g - l e a r n in g  ta sk  'K ' ,  
then t h i s  A could have a c e r t a i n  f u n c t io n a l  r e l a t i o n  with an independen t  
v a r i a b l e  'X j '  where t h i s  Xj was be l i e v e d  to be s t r o n g l y  r e l a t e d  to the 
con ten ts  o f  k , i . e .  A = g ( X j ) .  This begs a twofold q u es t io n :
How can we i d e n t i f y  the con ten ts  o f  k? And how can we make a t r u e  change 
in  the con ten ts  f o r  induc ing  t r u e  changes in Xj?
From an i n v e s t i g a t i o n  o f  the  con ten ts  o f  a t e a c h in g - l e a r n in g  t a s k ,  I 
emerged convinced o f  the v a l i d i t y  o f  the e a r l i e r  a s s e r t i o n s  ( € , 1 . 2 ,
Chapter  1) as well as the conc lus ion  4.2  advanced l a t e r .  Thus I equated  
the con ten ts  o f  k with the w r i t t e n  m a te r ia l  in the textbook f o r  the t a sk .  
In a d d i t i o n ,  on the b a s i s  o f  an argument advanced in 6 . 2 . 2  , i t  i s  viewed 
t h a t  i f  B i s  a s e t  o f  a w e l l -d e f in e d  behav ioura l  o b j e c t i v e s  o f  k , then the 
co n te n t  o f  k mainly embodies two p a r t s :
( i )  a t h e o r e t i c a l  p a r t ,  e . g .  a d e f i n i t i o n  o r  a p roof  o f  theorem; and
( i i )  a s e t  R o f  i n s t a n c e s ,  i . e .  examples,  e x e r c i s e s  o r  s imple ( r o u t i n e  
novel )  problems where each in s t a n c e  i s  in tended  to he lp  s tu d e n t s  grasp  
mathematical knowledge r e l e v a n t  to a c e r t a i n  B^  in B. The tendency to 
s t a b i l i t y  shown by school  mathematics means t h a t  the t h e o r e t i c a l  component 
o f  the ta sk  may be regarded  as more o r  l e ss  i n v a r i a n t .  Consequent ly,  any 
t r u e  change in  the co n ten ts  w i l l  be embodied in a t r u e  change in  R. This 
R was denoted as the  p r e s e n t a t i o n  o f  k. The fo l lowing  two s ta t em en t s  were
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then fo rm ula ted :
(a)  D if fe rences  in l e a r n in g  outcomes could be induced by d i f f e r e n c e s  
in  the m a te r ia l  c o n t e n t s .
(b) D if fe rences  in  the  achievement A of  a t e a c h in g - l e a r n in g  ta sk  ' k'  
could be induced by d i f f e r e n c e s  in the p r e s e n t a t i o n  R o f  k .
In the  o v e ra l l  c o n te x t  o f  the  fo r e g o in g ,  s ta t em en t  (b) above may be 
regarded as a s p e c ia l  case o f  s t a t e m e n t  ( a ) .  However, both s ta tem en ts  are 
in f a c t  e q u i v a l e n t  s i n c e  the l e a rn in g  outcomes r e p r e s e n t  -and  are a p roduc t  
o f  -  achievement,  while  R r e p r e s e n t s  the ma te r ia l  co n te n t s .
(a)  and (b) embody a phenomenon which r e l a t e s  achievement ( l e a r n in g  outcomes) 
to the  p r e s e n t a t i o n  R (m a te r i a l  c o n t e n t s ) .  I c a l l e d  t h i s  phenomenon the 
' p r e s e n t a t i  on-phenomenon' .
In s tudy ing  the v a r i a t i o n  o f  A under v a r i a t i o n  o f  Xj in A = g ( X j ) ,  i t  was 
found t h a t  Xj shou ld  be i d e n t i f i e d  in terms o f  R. This i n v i t e s  in q u i ry  o f  
the r e l a t i o n s h i p  between R and Xj. Consequently,  i t  was argued in  6 . 2 .2
t h a t  R does no t  change under mere replacement o f  an i n s t a n c e ,  f o r  example,
? 9"so lve  for x: X - 1 = 0" by " so lve  f o r  x : x - 9  = 0".  I t  was argued ( P . 6-39)
t h a t  such a rep lacement induces a s u p e r f i c i a l  change and not  a t r u e  change 
in R: A t ru e  change in R i s  dependent  on a change in  the  s t r u c t u r e  under­
ly ing  R. This n e c e s s a r i l y  leads  to an inqu i ry  i n t o  the e x i s t e n c e  o f  such 
a s t r u c t u r e  'S '  under ly ing  R as well as in the i d e n t i f i c a t i o n  o f  such a 
s t r u c t u r e .  I be l i e v e d  t h a t  the argument above and the b e l i e f  in the ro le  
o f  theory  in  development ( p r o p o s i t i o n  6 . 2 ,  P .6-37) j u s t i f y ,  and p a r t i a l l y  
e x p l a in ,  the fo l lowing two p r o p o s i t i o n s :
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(P ro p o s i t io n  6 . 1 ) :  A phenomenon t h a t  i n d i c a t e s  a change in  the achievement
o f  s tu d e n t s  under a c e r t a i n  change in a w e l l -d e f in e d  
t e a c h i n g - l e a r n i n g  s i t u a t i o n  i s  s i g n i f i c a n t  as a 
s t a r t i n g  p o i n t  f o r  development in c u r r e n t  t e ach in g -  
l e a rn in g  s i t u a t i o n s .  ( P . 6 -3 6 ) .
(P ro p o s i t io n  6 . 4 ) :  ( i )  There e x i s t s  a w e l l -d e f in e d  s t r u c t u r e  ‘S'
u n d e r l y i n g  c u r r e n t  p r e s e n t a t i o n  o f  mathematical  
t e a c h in g - l e a r n i n g  t a s k s .
( i i )  There e x i s t s  a s t r u c t u r e  'H' t h a t  i s  p o s s i b l e  to 
c o n t r i b u t e  in under ly ing  m o d i f i c a t io n  o f  c u r r e n t  
p r e s e n t a t i o n .
( i i i )  Theory in  P r o p o s i t io n  6 .2  could p o s s ib ly  
i d e n t i f y  a c e r t a i n  d i s c r i m i n a t i o n  o f  the  e f f i c i e n t  
knowledge t h a t  achieved in 'S '  and ' H ' .  ( P . 6 -4 0 ) .
I t h e r e f o r e  equated Xj with R(S). This means t h a t  X j , with r e s p e c t  to
a t e a c h in g - l e a r n in g  ta sk  k,  c o n s t i t u t e s  both the p r e s e n t a t i o n  R o f  K and 
the  s t r u c t u r e  'S '  under ly ing  R. In t h i s  sense and f o r  s i m p l i c i t y ,  I 
i n t roduced  the achievement A as A = g(R) where R in  t h i s  f u n c t io n a l  
r e l a t i o n  i s  extended to invo lve  i t s  under ly ing  s t r u c t u r e  ' S ' ,  i . e .
R = R(S).
As f o r  the i d e n t i f i c a t i o n  o f  'S '  and ' H ' ,  i t  was argued in 7.1 t h a t  with 
r e s p e c t  to t h i s  s tudy  S c o n s t i t u t e s  the  s e t  o f  i n s t a n c e s  were each o f  
them does no t  con ta in  any c o n s t a n t  o f  i m p l i c i t  form, f o r  example ' a ' ,  
while  H c o n s t i t u t e s  the s e t  o f  i n s t a n c e s  where each o f  them con ta ins  a t  
l e a s t  one c o n s t a n t  o f  i m p l i c i t  form, f o r  example ' a ' .
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Thus, i f  B- i s  a c e r t a i n  behav ioura l  o b j e c t i v e  and B^(S) i s  the c l a s s  
o f  in s t a n c e s  t h a t  only con ta in s  the in s t a n c e s  in  S,  where each is  
governed by B^  un ique ly ,  ( s e e  D e f in i t i o n  5 . 4 ) ,  and i f  B^.(H) i s  l ikew ise  
de f ined  in H, then i t  can be deduced t h a t  t h e r e  i s  no common element 
between the two c l a s s e s  B^(S) ,  and B^(H). This i s  because an i n s t a n c e
in t h i s  sense con ta ins  o r  does no t  con ta in  such a c o n s t a n t  ' a ' .  Hence i f
S and H con ta in  a l l  such c l a s s e s  B^(S) and B^(H) f o r  a l l  B^  in the a rea  o f  
t h i s  s tudy ,  then i t  i s  p o s s i b l e  to i d e n t i f y :
SA H = c() ( t h e  nu l l  s e t )  ( see  Remark 1, P . 7 -9 ) .
In the i n t r o d u c t i o n  4 . 1 . 0  which fo l lo w s ,  I co n s id e r  some op in ions  advanced 
in prev ious  s tu d i e s  concerned with  the presenta t ion-phenomenon .  In 
s e c t i o n s  4 .1 .1  and 4 . 1 .2  , I s h a l l  o u t l i n e  two exper imenta l  s t u d i e s  by 
Mayer and Greeno (1972) and Ehrenpre is  and Scandura (1974) r e s p e c t i v e l y .
In s e c t i o n  4 . 2 ,  I s h a l l  d i s cu s s  the presen ta t ion-phenomenon and r e a l i t y  
f o r  the purpose o f  l e a r n in g  about  the  p o s s i b l e  f a c t o r s  t h a t  might  have 
b a s i c  e f f e c t s  on R as well  as how f a r  t h i s  phenomenon can be compatible 
with P ro p o s i t io n  6 . 1 .
4 .1 .  Two Experimental S tud ie s  Relevan t  To The Presentat ion-Phenomenon
4 . 1 . 0 .  I n t ro d u c t io n
From the  v iewpoint  adopted ,  the p r e s e n t a t i o n  R o f  a mathematical  t a sk  'k 
i s  a s e t  o f  such i n s t a n c e s  -  examples,  e x e r c i s e s  and simple problems -  
t h a t  i s  u s u a l ly  cons idered  to  c o n s t i t u t e  the core r e l i e d  upon f o r  coping 
with k. G enera l ly ,  t h i s  R can be found in  the w r i t t e n  m a te r ia l  -  as in
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Kuwait - o r  in a teach ing  procedure f o r  the  same ta sk  k . Any 
d i f f e r e n c e s  in the c o n t e n t s ,  whether  w r i t t e n  o r  in a te ach ing  procedure ,  
would be e v e n t u a l l y  found through such an R. As a m a t t e r  of  f a c t ,  the 
d i f f e r e n c e  between a d i scovery  method o f  teaching  and an e x p o s i to ry  
method i s  revea led  through such an R. In each case R may o r  may no t  
d i f f e r ,  r e g a rd l e s s  o f  the  ' l a b e l '  a t t a c h e d  to the p rocedura l  method.
The qu es t io n  t h a t  i n e v i t a b l y  a r i s e s  i s :  What e f f e c t s  could be due to
such an R, provided t h a t  i t  i s  presumed t h a t  th e re  i s  a s t r u c t u r e  - 
p o s s i b ly  i d e n t i f i e d  - which u n d e r l i e s  R where a t r u e  change in R i s  due 
to a t r u e  change in  t h i s  s t r u c t u r e ?  On the theme o f  t h i s  q u e s t i o n ,  
Wit trock  (1963) po in ted  o u t  t h a t  s u b j e c t s  who l e a rn  with  d i f f e r e n t  
procedures  ( i . e .  d i f f e r e n t  p r e s e n t a t i o n s  in the c o n te x t  o f  t h i s  t h e s i s )  
produce d i f f e r e n t  responses  in the p ro c e s s ,  and d i f f e r e n t  responses  can 
be expec ted to produce d i f f e r e n t  l e a rn in g  outcomes.  In a d d i t i o n ,  Roughead 
and Scandura (1968) argued t h a t  the  demands o f  a p a r t i c u l a r  t a sk  could 
lead  to the s u b je c t s  l e a r n in g  d i f f e r e n t  s y s t e m a t i c  p a t t e r n s  o f  behav iour ,  
o r  r u l e s ,  because the use o f  some r u l e s  may be acqu i red  in o r d e r  to 
complete one i n s t r u c t i o n a l  programme bu t  no t  a n o th e r .  In t h i s  s e n s e ,  
Scandura (1977) comments t h a t ,  what i s  le a rned  i s  making simple d i s c o v e r i e s  
t h a t  can be p re sen te d  in  e x p o s i t o r y  form with e q u i v a l e n t  r e s u l t s .  He 
a l so  s t a t e s  t h a t  such d i f f e r e n c e  in  l e a rn in g  outcomes as a r e s u l t  o f  
d i f f e r e n t  con ten ts  in the p r e s e n t a t i o n  o f  the  t a s k ,  appear to  fo l low 
d i r e c t l y  from an a n a l y s i s  o f  what was t a u g h t . Scandura (1977) goes on to 
s t a t e  t h a t :
"To the e x t e n t  t h a t  c o n te n t  i s  a primary v a r i a b l e  in  f u t u r e  
s t u d i e s ,  t h e r e f o r e ,  more d e t a i l e d  s t r u c t u r a l  a n a l y s i s  would 
seem to be a lmos t  mandatory" ( P . 507).
4-7
Roughead and Scandura (1968) have indeed found t h a t  d i f f e r e n t  teaching  
methods,  e . g .  d iscovery  and e x p o s i t o ry  may give the same r e s u l t s .  
T here fo re ,  the ta sk  o f  i d e n t i f y i n g  "what must be learned"  f o r  new 
h e u r i s t i c s  is  f a r  from t r i v i a l  (Scandura,  1977).
In a d d i t i o n ,  Lovell (1981) r e p o r t s  t h a t  the re  a re  many s t u d ie s  which deal 
with  the e f f e c t  of  d i f f e r e n t  teach ing  t rea tm en ts  on s p e c i f i c  l e a rn in g  
outcomes.  As an example,  he f in d s  t h a t  a r e p r e s e n t a t i o n  o f  a te ach ing  
m a te r i a l  in  s t a t i c s  -  formal t r e a tm e n t  versus a t r e a tm e n t  d iag ram m at ica l ly  
r e l a t e d  to exper ience  -  a f f e c t s  the type o f  ques t ion  s tu d e n t s  a re  ab le  
to answer and the method o f  s o l u t i o n  s tu d e n t s  employ. He f in d s  t h a t  
t h i s  was in l i n e  wi th the f in d in g s  o f  Mayer and Greeno (1972),  who 
p re sen te d  the binomial  p r o b a b i l i t y  in two i n s t r u c t i o n a l  sequences c a l l e d  
'Formula '  and 'Concept '  (dfiscussed l a t e r  in t h i s  Chapter ) .  All o f  these  
s t u d i e s  s i g n i f y  the importance o f  the  con ten ts  p r e s e n te d  f o r  a c e r t a i n  
t a s k .  Frase (1975) in tu rn  f in d s  t h a t  the i n f l u e n c e  o f  manipu la t ion  in  
p r e s e n t in g  the c on ten ts  o f  l e a rn in g  m a te r i a l  i s  b e n e f i c i a l  to the degree 
t h a t  t h i s  reduces necessa ry  l e a r n e r  p ro ces s in g .  Moreover,  i f  enough i s  
unders tood about  a l e a r n in g  t a s k ,  so t h a t  m a te r i a l  con ten ts  can be 
modified  to a id  the  l e a r n i n g ,  then i t  should be p o s s i b l e  to make a 
l e a r n e r  perform those  a l t e r a t i o n s  h im s e l f .  Frase a l s o  f inds  in  the 
c u r r e n t  reviews o f  cu r r icu lum  developments,  in  the a rea  of  the n a t u ra l  
s c i e n c e s  (Shulman and Tamir,  1973) as well as mathematics (D e s s a r t  and 
Frandsen,  1973; Riedesel  and Burns,  1973),  s u ppor t  f o r  the need f o r  
sharpening  the system o f  a n a l y s i s  in  the  b ro a d e r ,  convent ional  classroom 
c o n t e x t .  Also, in  r e f e r r i n g  to  i s s u e s  t h a t  confirm the importance o f  
the con ten ts  p re sen te d  f o r  a t a s k ,  he r e p o r t s  t h a t  th e re  i s  some ev idence 
t h a t  i f  the  l e a r n e r  does n o t  apply  c e r t a i n  s p e c i f i c  s k i l l s ,  the  m a te r i a l  
con ten ts  can be a l t e r e d  in  compensatory ways.
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In connec tion with the fo rego ing  d i s c u s s i o n ,  the m a te r i a l  c o n t e n t s ,  o r  
the p r e s e n t a t i o n  R in the c o n te x t  of  t h i s  t h e s i s ,  could be optimised  
to r e s u l t  in  a d e s i r a b l e  behaviour  in l e a rn in g  outcomes.  The q u es t i o n  
would then be: I f  the behav iours  necessa ry  f o r  a t a sk  are  w e l l - d e f i n e d ,
then how can we d i s c r i m i n a t e  such an R in  o rd e r  t h a t  a l e a r n e r  could 
acq u i re  them?
This t h e s i s  indeed s e t s  o u t  to  d i s cu s s  t h i s  qu es t io n  which s t r o n g ly  r e l a t e s  
to the improvement o f  mathematics achievement.  Here,  I s h a l l  p r e s e n t  
some aspec t s  o f  the phenomenon in in t ro d u c in g  two remarkable s t u d i e s  t h a t  
d i s cu s s  how le a rn in g  outcomes d i f f e r  with  the change in  the  co n te n t s .  
N e v e r th e le s s ,  these  two s t u d i e s  do n o t  d i scuss  the changes in l e a rn in g  
outcomes on the b a s i s  o f  the s t r u c t u r e d  knowledge and the under ly ing  
d i f f e r e n t  s t r u c t u r e  which y i e l d  such d i f f e r e n c e s  in co n te n t s .  I f u r t h e r  
w i l l  d i s cu s s  how t h i s  phenomenon r e l a t e s  to r e a l i t y  through d i s c u s s io n  
o f  the r e l a t i o n s h i p  embodied in the presentat ion-phenomenon and a whole 
t e a c h in g - l e a r n in g  s i t u a t i o n ,  as in the classroom.
4 . 1 . 1 .  I .  The Mayer And Greeno Study 1972
Greeno (1972) a s s e r t s  t h a t  the Mayer and Greeno (1972) s tudy  y i e l d e d  
in fo rm at ion  concerning the n a tu re  o f  genera l  s t r u c t u r e s :  What kind of  
l e a r n i n g ,  r a t h e r  than how much. In h i s  view, the  main exper imenta l  
v a r i a b l e  in t h i s  s tudy  was the sequencing o f  in fo rm at ion  given to  the 
s u b j e c t s .
In t h i s  exper imenta l  s t u d y ,  Mayer and Greeno used two i n s t r u c t i o n a l  
sequences c a l l e d  Formula and Concept . These sequences were i n c o rp o ra te d
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in  teaching  book le ts  which f a c i l i t a t e d  the l e a rn in g  o f  the formula o f  
binomial p r o b a b i l i t y  wi th the n o t a t i o n :
P(x = r/N) = p*^(l-p)^"'^, where P(X = r/N) i s
the p r o b a b i l i t y  t h a t  a c e r t a i n  outcome occurs r  times 
in  N t r i a l s .
The Formula sequence had the c h a r a c t e r  o f  a s e t  o f  i n s t r u c t i o n s  t h a t  
could be l inked  to a computer programme f o r  f in d in g  the formula ,  while 
the Concept sequence inc luded  more d i s c u s s io n  o f  concepts .
For example,  the two approaches to  d e a l in g  with were:
Formula: I n s t r u c t i o n s  to f in d in g  using  a formula given in  terms o f
f a c t o r i a l s  and e x p la n a t io n  o f  these  te rms.
Concept: The number o f  ways to  g e t  r  successes  in t r i a l s  given as ,
with  an e x p lan a t io n  o f  how to c a l c u l a t e  the value  o f  t h i s  
c o e f f i  c i e n t .
To conduct  the  exper im en t ,  two groups o f  s u b j e c t s , one each f o r  Formula 
and Concept , were s e l e c t e d  so t h a t  t h e i r  p r i o r  knowledge and s k i l l s  were 
a lmos t  the same. They were t e s t e d  mainly accord ing  to  f o u r  c a t e g o r i e s  
o f  t e s t  q u e s t i o n s .
Examples o f  the se  i tems a r e :
( i )  F a m i l i a r :  N = 6 ,  r  = 3, p = 
(Ans.
Find P(X = r/N)
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( i i )  Transformed: P = -j, N-P = N-r = 0. Find P(X = r /N ) .
( Ans. ) '
( i i i )  Unanswerable: N = 2,  r  = 3,  p = | .  Find P(X = r /N ) .
(No answer,  N< r)
( iv )  Quest ion:  Can r  be g r e a t e r  than N?
(Ans. No).
The t e s t  r e s u l t s  a re  summarised in the fo l lowing t a b l e ,  which i n d i c a t e s  
the p ropo r t ion  o f  c o r r e c t  responses  by type o f  i tem and i n s t r u c t i o n a l  
method (Greeno,  1972).
I n s t r u c t i o n a l
Sequence
Type o f  Item
F am i l ia r Transformed Unanswerable Question
Formula 0.75 0.57 0.43 0.43
Concept 0 .48 0.40 0.63 0.83
Table 4.1
Propo r t ion  Of C o r rec t  Responses By Type of  
Item And I n s t r u c t i o n a l  Method.
Mayer and Greeno i n t e r p r e t  the r e s u l t s  as showing t h a t  in  the s u b j e c t s  
who rece ived  the formula emphasis ,  the new ideas  were a s s i m i l a t e d  as 
schemas invo lv ing  c a l c u l a t i o n a l  t e c h n iq u e s ,  w hile  f o r  s u b j e c t s  r ec e iv in g  
emphasis on genera l  co n ce p ts ,  the new m a te r i a l  was a s s i m i l a t e d  as ide as  
o f  a more genera l  k in d ,  in v o lv ing  the  s u b j e c t s '  expe r ience  with random 
even t s .
Greeno (1972) was i n c l i n e d  to the id e a  t h a t  s u b j e c t s  o f  the Formula 
Sequence probably  connected the  m a te r i a l  about  binomial  p r o b a b i l i t y  with 
t h e i r  p r i o r  knowledge about  a r i t h m e t i c -  m u l t i p l y i n g ,  r a i s i n g  to powers
n
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and so on - while  s u b j e c t s  who rece iv ed  the Concept Sequence probably 
connected the m a te r i a l  about  binomial  p r o b a b i l i t y  with t h e i r  p r i o r  
knowledge and exper i ence  with  to s s ed  coins and some genera l  p r o p e r t i e s  
o f  phys ica l  systems with  random outcomes. Greeno (1973) i n t e r p r e t s  
the se  r e s u l t s  in terms o f  the degree  to which knowledge i s  " i n t e r n a l l y  
o r  e x t e rn a l ly  connec ted" .  As a m a t t e r  o f  f a c t ,  Mayer and Greeno (1972) 
i l l u s t r a t e d  these  two terms thus :  p and r  a re  i n t e r n a l l y  connected by 
the o p e ra t io n  o f  e x p o n e n t i a t io n  -  p i s  some q u a n t i t y  t h a t  i s  r a i s e d  to 
the r t h  power - w hile  they are  e x t e r n a l l y  connected by the r e l a t i o n s h i p s  
t h a t  a s u b j e c t  r e a l i s e s  between the se  v a r i a b l e s  and o t h e r  concepts  (which 
i s  to some e x t e n t  s i m i l a r  to  the usage o f  i n t e r n a l  and e x t e rn a l  o p e ra t io n s  
in ma themat ic s) .  In t h i s  s e n s e ,  Greeno (1972) r e p o r t s  t h a t  i n t e r n a l  
connec tedness r e f e r s  to the e x t e n t  to  which the components o f  a c o g n i t i v e  
s t r u c t u r e  a re  connected to  each o t h e r  w hile  e x te rn a l  connectedness r e f e r s  
to the e x t e n t  to which the components o f  a s t r u c t u r e  a re  connected to 
o t h e r  con ten ts  o f  the p e r s o n ' s  mind. Hence they view,as  a h y p o th e t i c a l  
s t r u c t u r a l  p ro p e r ty  o f  acqu i red  knowledge , t h a t  the components o f  a 
c o g n i t iv e  s t r u c t u r e  have to be connec ted  ( i n t e r n a l l y  o r  e x t e r n a l l y ) ,  b u t  t h a t  
they  can be connected more o r  l e s s  s t r o n g l y .  Hence, t h e i r  i n t e r p r e t a t i o n  
i s  t h a t  s u b j e c t s  r e c e iv in g  the Concept Sequence tended to acq u i r e  s t r u c t u r e s  
with r e l a t i v e l y  s t ro n g  e x t e r n a l  connectedness b u t  r a t h e r  weak i n t e r n a l  
connec tedness ,  w hile  the  o p p o s i te  he ld  f o r  the s u b j e c t s  r e c e iv in g  the 
Formula Sequence.  Thei r  i n t e r p r e t a t i o n  was based on the  idea  t h a t  in 
s imple mathematical  s t r u c t u r e s  connec tedness between components may 
c o n s i s t  o f  the a r i t h m e t i c  o p e ra t io n s  t h a t  l in k  the v a r i a b l e s .  They argue 
t h a t  i f  t h i s  i s  r e a s o n a b le ,  then the emphasis on using the  formula given 
in  the Formula Sequence would produce r e l a t i v e l y  s t rong  connectedness 
between the components o f  the  s t r u c t u r e ,  i . e .  a s t rong  i n t e r n a l  connec tedness .
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On the o t h e r  hand,  the Concept Sequence gave le s s  emphasis to 
c a l c u l a t i o n s  and more to  the  meanings o f  var ious  components, which means 
t h a t  t h i s  would have produced s t r o n g e r  connectedness between concepts 
in the new s t r u c t u r e  and o t h e r  concepts  the s u b j e c t  knew about ,  i . e .  
s t rong  e x t e rn a l  connec tedness .  A ccord ing ly , they i n t e r p r e t  t h a t  s u b j e c t s  
who rece ived  the Formula Sequence e x c e l l e d  on problems t h a t  were 
e s s e n t i a l l y  the same as those used dur ing the l e a rn in g  p e r io d ,  and these  
involved simple c a l c u l a t i o n s  invo lv ing  the fo rmula ,  whi le  s u b j e c t s  o f  
the Concept Sequence e x c e l l e d  in  answering q u es t io n s  about  the  formula .
4 . 1 . 2 .  I I .  The Ehrenpre is  And Scandura Study 1974
While d i s c u s s in g  cur r ic u lum c o n s t r u c t io n  in mathematics ,  Scandura (1972) 
r e f e r r e d  to ‘h ig h e r - o r d e r  r u l e s '  as usefu l  f o r  making p r e d i c t i o n s  about  
h ig h e r  achievement and f o r  sav ing  t ime .  A h ig h e r - o r d e r  r u l e  i s  s imply 
a r u l e  t h a t  can be a p p l i e d  on o th e r  r u l e s .  The fo l low ing  examples might  
h e l p ,  be fo re  d i s c u s s in g  the  s tudy .
I f  a s t u d e n t  has l e a r n t  a d d i t i o n ,  m u l t i p l i c a t i o n ,  a d d i t i v e  i n v e r s e  and 
p o s s i b l e  m u l t i p l i c a t i v e  in v e r s e  o f  r e a l  numbers,  then the r u l e s  o f  sub­
t r a c t i o n  (A) and d i v i s i o n  (B) can be rep la ced  by one h ig h e r  r u l e  (H ) 
as fo l low s :
Rule A: m - ' n  = m + n,  n i s  the a d d i t i v e  i n v e r s e  o f  n.
Rule B: m f n = m x n , n  i s  the m u l t i p l i c a t i v e  in v e rs e  o f  n (n ^ o ) .
High o rd e r  r u l e  H : mon = m.*n , prov ided  t h a t :
-I( i )  i f  0 = - ,  then * = + and n = n.
( i i )  i f  0 t h e n  *  = X a n d  n = n"**, n f  o .
The im p l ic a t io n s  o f  t h i s  theme a re  a l s o  found in t r a d i t i o n a l  mathematics
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where s tu d en t s  are t augh t  t h a t  the d i s t a n c e  'S '  t r a v e l l e d  by bodies 
moving under g r a v i t y  i s  given to the  fo l lowing  two r u l e s :
A : S a V^t -  &gt' 
b": S = V^t + &gt'
i f  the body i s  i n i t i a l l y  moving upwards, 
i f  the body i s  i n i t i a l l y  moving downwards,
But one r u l e  H can s e rv e  f o r  both r u l e s ,  i . e . ,
^  9 _H : S = V^t + | £ t  with £  = + 9 . 8  accord ing to the case.
The fo l lowing s tudy was conducted by Ehrenpre is  and Scandura (1974) and 
l a b e l l e d  "Algori thmic  Approach to Curriculum C o n s t r u c t io n " . S p e c i f i c a l l y ,  
the approach i s  b u i l t  on the assumption t h a t  each behav ioura l  o b j e c t i v e  
corresponds d i r e c t l y  to  a c l a s s  o f  ta sks  t h a t  can be computed ( so lved)  
by applying a r u l e  o r  a lgo r i thm .  I t  was f u r t h e r  assumed t h a t  c u r r i c u l a  
( i . e .  "what i s  to be lea rn ed " )  can be r e p re s e n t e d  in terms o f  f i n i t e  s e t s  
o f  r u l e s ,  in c lud ing  h ig h e r - o r d e r  r u l e s  t h a t  ope ra te  on r u l e s  (Ehrenpre is  
and Scandura,  1974).
The au thors  conducted t h i s  s tudy  by us ing two c u r r i c u l a ,  D and H. D was 
c h a r a c t e r i s e d  in  terms o f  a l i s t  o f  d i s c r e t e  ta sks  and r u l e s  f o r  so lv in g  
these  t a s k s ,  one r u l e  f o r  each t a s k .  I t  c o n s i s t e d  o f  303 ta sks  and r u l e s .
H was c h a r a c t e r i s e d  by reducing  the  r u l e s  in D, by means o f  h i g h e r - o r d e r  
r u l e s ,  to 174 r u l e s .  H indeed inc luded  the h i g h e r - o r d e r  r u l e s  and a l l  
curr icu lum D ta sks  and r u l e s  e x ce p t  those  t h a t  could be der ived  by 
a p p l i c a t i o n  o f  the h i g h e r - o r d e r  r u l e s  to o t h e r  r u l e s  found in D.
E v id en t ly ,  cur r icu lum D c o n s i s t e d  o f  303 ta sks  and r u l e s ,  whereas 
cu rricu lum H o f  174 ta sks  and ru l e s  (Scandura,  1977).
The au thors  s t a t e d  t h a t  the purpose o f  t h i s  s tudy  was to determine
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(a)  whether making ru l e s  complete ly  e x p l i c i t  p rov ides  a v ia b le  b a s i s  
f o r  i n s t r u c t i o n  in the classroom and (b) whether the in t r o d u c t i o n  
o f  h ig h e r - o r d e r  ru le s  provides a s u i t a b l e  b a s i s  f o r  improving the  
a b i l i t y  o f  s tu d e n t s  to t r a n s f e r .
Furthermore ,  they hypo thes i sed  t h a t  (a)  making ru le s  e x p l i c i t  prov ides  
a v ia b le  b a s i s  f o r  c lass - room i n s t r u c t i o n ,  (b) the  H-Students would 
perform as well  as the D-s tudents  on those cur riculum-D ta sks  t h a t  had 
been e l im in a te d  from curricu lum-H ,  and (c)  the H-Students would perform 
s i g n i f i c a n t l y  b e t t e r  on t a sks  n o t  in  cur r icu lum D t h a t  could be so lved  
in  the same way. No d i f f e r e n c e  in  performance was expected  on t a sks  
inc luded  in both c i r r i c u l a .  The f i r s t  au thor  was the i n s t r u c t o r  o f
both groups fo l lowing  cur r icu lum D o r  H in  the exper iment .  The p o s t
t e s t  c o n s i s t e d  o f  32 ta sk  e x e r c i s e s  from each o f  the  fo l lowing  
c a t e g o r i e s  :
(a)  Tasks found in  cur r icu lum D and H ;
(b) h ig h e r - o r d e r  t a sk s  found only in  H;
(c)  Tasks found only in  D; and
(d) t a sks  t h a t  were found in  n e i t h e r  D o r  H, bu t
t h e o r e t i c a l l y  could be de r ived  from ru l e s  found in  cur r ic u lum H.
In d i s c u s s in g  t h e i r  r e s u l t s  they f in d  t h a t :
( i )  The ~D-Students  were su c c e s s fu l  on p o s t  t e s t  t a sk s  f o r  which they 
had been t r a i n e d ,  g iv ing  a mastery leve l  o f  94%. The number o f  t e s t  
i tems on which each s u b j e c t  had been t r a i n e d  was e s t im a ted  by 
examinat ion o f  h is  classwork  book.  The H-Students  were s u cces s fu l  on 
low er-o rder  t a s k s  f o r  which they had been t r a i n e d ,  ga in ing  a mastery 
leve l  o f  96%.
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I t  would appear t h a t  making r u l e s  e x p l i c i t  does provide a v ia b le  
b a s i s  f o r  i n s t r u c t i o n .
However, on the  h ig h e r  t a s k s ,  the  H-Students  performed,  as expected  
a t  a s i g n i f i c a n t l y  h ig h e r  leve l  (71.5%) than the D-Students (53.4%).
I t  i s  i n t e r e s t i n g  to no te  t h a t  the  D-Students ,  al though no t  t r a i n e d  on 
the h ig h e r - o r d e r  t a s k s ,  did  perform s u c c e s s f u l l y  53.4% o f  the  t ime .
This would sugges t  e i t h e r  t h a t  some of  the  D-Students  may have known 
the se  h ig h e r - o r d e r  r u l e s  p r i o r  to  the  exper iment ,  or  t h a t  they may have 
been able  to deduce them as they worked through cur ricu lum D. In o th e r  
words,  some o f  the D-Students could move to  leve l  H w i thou t  having 
l e a r n t  through H. In any ca s e ,  the performance le ve l  o f  the  D-Students 
did  not  approach t h a t  of  the H-Students .
( i i )  In ta sks  o f  t r a n s f e r ,  as expec ted ,  the H -s tuden ts  performed as 
well  on ta sks  found only  in cur r icu lum D as did  the  cur ricu lum D 
s t u d e n t s .  The H and D s tu d e n t s  were s u cces s fu l  in 88% and 93% 
r e s p e c t i v e l y  o f  the t a s k s .  The d i f f e r e n c e  between these  two p ropor t ions  
i s  no t  s i g n i f i c a n t .
In a d d i t i o n ,  the H-Students  as p r e d i c t e d ,  performed a t  a s i g n i f i c a n t l y  
h igher  le ve l  than the D-Students on ta sks  beyond the  scope o f  e i t h e r  
cu r r icu lum .  The H-Students  were s u cces s fu l  in  68% o f  the t r a n s f e r  
o p p o r t u n i t i e s ,  while  the D-Students  were only s u cces s fu l  in 51.3%.
The au thors  f in d  t h a t  the se  r e s u l t s  c l e a r l y  show t h a t  r u l e s  prov ide a 
v ia b le  and e x p l i c i t  b a s i s  f o r  i n s t r u c t i o n  and t r a n s f e r .  The 
curr icu lum H-Students  no t  only had fewer ru le s  to l e a r n  than did the
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D-Students ,  bu t  they were a l so  ab le  to so lve  t a sk s  t h a t  the o th e r  
s tu d en t s  could no t .  They sugges t  t h a t  the a lg o r i th m ic  approach should 
be given s e r io u s  c o n s id e ra t i o n  in  planning f u t u r e  curr icu lum 
development.  They confined t h e i r  s tudy  to c e r t a i n  p a r t s  o f  mathematics 
-  as t h a t  found in t h i s  s tudy  - and s t a t e  t h a t :
" F u r the r  re sea rch  i s  needed to  determine the f e a s i b i l i t y  of  
the approach with o t h e r  s u b j e c t  m a t t e r " .
4 . 1 . 3 .  General Discussion  I
Both s tu d ie s  in I and I I  confirm the  r e l a t i o n s h i p  between the m a te r i a l  
con ten ts  and le a rn in g  outcomes, al though n e i t h e r  s tudy  d i scussed  what 
s t r u c t u r e s  might  u n d e r l i e  the  c o n t e n t s .  As f o r  the  i n t e r p r e t a t i o n  of  
the f i r s t  s tudy  in terms o f  i n t e r n a l  and ex t e rn a l  connec tedness ,  
Scandura (1977) comments t h a t  t h i s  exp lana t ion  i s  s imple and i n t u i t i v e l y  
a ppea l ing .  He f u r t h e r  f inds  t h a t  the s tudy p r e s e n t s  an im por tan t  
advance over  many e a r l i e r  s t u d i e s  in the  degree o f  emphasis i t  p laces  on 
ta sk  v a r i a b i l i t y ;  however, i t  has a major l i m i t a t i o n  in t h a t  the  ta sk  
involved  does no t  provide the  p a r t i c u l a r  competencies necessary  and 
s u f f i c i e n t  f o r  s u cces s fu l  per formance.  N ev e r th e le s s ,  the fo l lowing i s  
worthwhile n o t i c i n g .
( i )  The Formula -students  in  the Mayer and Greeno s tudy in t a b l e  4.1 
responded c o r r e c t l y  in  F am i l ia r  and Transformed Items (75% and 57%), 
whi le  the Cohcept -s tudents  responded c o r r e c t l y  in  48% and 40% o f  these  
Items r e s p e c t i v e l y .  The c o n t ra ry  occur red  in the Unanswerable Items 
(43% vs.  63%) and the Quest ion Items (43% vs. 83%). In my view, the
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co g n i t iv e  s t r u c t u r e  was l in k e d  to the under ly ing  s t r u c t u r e  o f  the 
Formula more s t r o n g ly  than to  t h a t  o f  the Concept . The converse 
was t r u e  f o r  the Unanswerable and Quest ion I tems.  A c e n t r a l  ques t ion  
which must s u r e ly  a r i s e  i s  as fo l low s :  I f  the  under ly ing  s t r u c t u r e s
of  both the Formula and the  Concept can be i d e n t i f i e d ,  then i s  i t  
p o s s ib le  t h a t  the c o g n i t i v e  s t r u c t u r e  might b e n e f i t  from both?
( i i )  Both the D-Students and the H-Students  in the Ehrenpre is  and 
Scandura s tudy  responded c o r r e c t l y  to the same degree in what had been 
lea rned  through both c o n t e n t s .  Fur thermore ,  the  D-Students were 
success fu l  in 51.3% o f  the  ta sk s  beyond both D and H, w h i l s t  the H- 
S tudents  did  s i g n i f i c a n t l y  b e t t e r ,  s i n c e  they were s u ccess fu l  in 68%. 
This could be expec ted s in c e  the H-Students  had exper ienced  an 
a b s t r a c t i o n  and g e n e r a l i t y  in H t h a t  was no t  a v a i l a b l e  in D.
G enera l ly ,  the H-Students  who b e n e f i t e d  from both the  computat ional  
and comprehensional f a c t o r s  o f  mathematical  knowledge (see  Glossary) 
demonstrated t h i s  by e x h i b i t i n g  b e t t e r  performance in  such i t ems .
This can be i n t e r p r e t e d  in terms of  t h i s  t h e s i s ,  t h a t  the e f f i c i e n c y  
(see  Glossary) in H t h a t  more o r  l e s s  inc ludes  D, i s  h ighe r  than t h a t  
o f  D. Fur thermore ,  the  performance of  the  H-Students  may prov ide some 
answers to  the previous  q u e s t i o n .
4 . 1 . 3 . 0 .  Conclusion 4.1
Cogni t ive  s t r u c t u r e  appears to be a f f e c t e d  by m a te r i a l  c o n ten t .  The 
former may be s a id  to r e f l e c t  the  l a t t e r .  This im pl ie s  a c e r t a i n  
r e l a t i o n s h i p  between the achievement in  a t e a c h in g - l e a r n i n g  ta sk  and 
the concomitant  m a te r i a l  c o n te n t s .
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4 .2 .  The P resen t a tion-Phenomenon And R ea l i t y
4 . 2 . 0 .  I n t ro d u c t io n
In conducting t h i s  s tu d y ,  I have always t r i e d  to ground my re sea rch  in 
r e a l i t y  by d e l i b e r a t e l y  s tudy ing  what i s  happening in  the classroom and 
how the p r e s e n t a t i o n  R o f  the  t a s k - c o n t e n t s  takes  over in a t r u e  
t e a c h in g - l e a r n in g  s i t u a t i o n .  In t h i s ,  I in tended to l e a rn  more f u l l y  
how R could be governed f o r  a r e a l i s t i c  m o d i f i c a t io n .  I t  was then 
be l i e v e d  t h a t  such aims could be achieved  by t r a c in g  answers to the 
fo l lowing  ques t ions  : ( i ) I f  k i s  a mathematical  t a s k ,  then how can a 
p r e s e n t a t i o n  R be i d e n t i f i e d ?  (11) Is such an R a f f e c t e d  by the 
t e a c h e r ,  the  textbook or  some o t h e r  f a c t o r ?
In looking f o r  r e l e v a n t  answers,  I be l i e v e d  t h a t  personal  ex p e r i e n c e ,  
informal i n v e s t i g a t i o n s  and the  reviewed l i t e r a t u r e  could be h e l p f u l .
I t  was found t h a t  in Kuwait the textbook o f  mathematics i s  a main 
governor  f o r  R; moreover,  the reviewed l i t e r a t u r e  revea led  t h a t  the 
in f lu e n c e  o f  the tex tbooks  on t e a c h in g - l e a r n in g  processes  cannot  be 
ignored (as in 4 .1 .1  and 4 . 1 . 2  ) .  Moreover, a l though no one can 
deny the  r o l e  o f  the  t e a c h e r  on these  p r o c e s s e s ,  the i s s u e s  concerning 
e f f e c t i v e  teach ing  a re  s t i l l  dubious (Begle ,  1979). One p o in t  s tands  
ou t  f i r m l y ,  the p r e s e n t a t i o n  R in the textbook i s  dominant in such 
t e a c h in g - l e a r n in g  s i t u a t i o n s  and f u r t h e r  p roces se s .
In what f o l l o w s ,  I w i l l  p r e s e n t  a d i s c u s s io n  o f  the p r e s e n t a t i o n -  
phenomenon through t h r e e  d imensions ;  the  personal  e x p e r i e n c e ,  the 
textbook and the t e a c h e r .
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4 . 2 . 1 .  Personal  Experience
The ro le  o f  exper ience  cannot  be ignored in educa t iona l  r e sea rch .
Perhaps the most p r i m i t i v e ,  and y e t  the most fundamental source  of  
the  s o l u t i o n  to i n d i v i d u a l s '  many problems in personal  exper i ence .  
Despite  i t s  l i m i t a t i o n ,  i t  i s  a b a s i c  p a r t  o f  the founda tion on which 
sc ience  r e s t s .  I t  i s  a p r e r e q u i s i t e  - a n ece ss a ry ,  i f  no t  a 
s u f f i c i e n t  cond i t ion  to i n t e l l i g e n t  behav iour and a tool  in the 
d iscovery  o f  t r u t h  (Mouly, 1970).
In my work f o r  25 y e a r s  as a t e a c h e r ,  s e n io r  t e a c h e r  and i n s p e c t o r  o f  
mathematics in Kuwait s c h o o l s ,  I exper ienced  the fo l lowing  po in t s  t h a t  
p e r t a i n  to t h i s  phenomenon and p r e v a i l  in t e a c h in g - l e a r n in g  s i t u a t i o n s :
(1) Teachers o f  mathematics,  mostly fol low the textbook as the main, 
i f  no t  the o n l y , re source  f o r  p r e s e n t in g  mathematical t a s k s .
(2) Teachers u s u a l ly  s e l e c t  the s im p le r  examples t h a t  are found in  the 
textbooks  f o r  i l l u s t r a t i n g  mathematical  behaviours  t h a t  the t a sk  demands.
(3) Teachers g e n e r a l l y  ask s tu d e n t s  to so lve  the e x e r c i s e s  o r  problems 
t h a t  a re  found in the tex tbook .  They a l s o  demonstrate i n t e r e s t  in 
examinat ion i t em s ,  which a re  u s u a l ly  very s i m i l a r  to those in the 
tex tbooks .
(4) An i n t e r e s t i n g  p o i n t  which i s  well known in the f i e l d ,  i s
t h a t  most t e ach e r s  who teach two c l a s s e s  in  the same g rade ,  u s u a l ly  
in t roduce  the same p r e s e n t a t i o n  R o f  a c e r t a i n  t e a c h in g - l e a r n in g  ta sk  
to both c l a s s e s .  Moreover, a t e a c h e r  who in t ro d u ces  a c e r t a i n  
p r e s e n t a t i o n  R o f  a t a sk  k in one academic y e a r ,  u s u a l ly  in t ro d u ces
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t h i s  same R of  the task  to the same grade in o t h e r  s uccess ive  y ea rs  as 
long as the  textbook remains- unchanged. This i s  very c l e a r  from the 
notes o f  te achers  f o r  the  p r e s e n t a t i o n  o f  mathematical ta sks  in such 
success ive  y e a r s .
(5) Students  u s u a l ly  cope with what i s  p r e s e n te d ,  i . e .  with the 
tex tbook ,  as with some p ro fe s s io n a l  t e x t s  of  the "know-how" s o r t .  The 
l a t t e r  are u s u a l ly  commercial t e x t s ,  and a re  i n t e r e s t e d  in  the s o l u t i o n  
o f  the  genera l  examination q u e s t i o n s ,  and in methods such as :  " f o r  t h i s
type o f  problem, see  the  fo l lowing  examples".
Furthermore ,  I i n d i r e c t l y  ga thered  r e l e v a n t  in fo rm at ion  by posing the 
fo l lowing  q u e s t i o n s :  "How i s  a mathematical  t a sk  achieved in  the
classroom?" to co l leagues  e i t h e r  in  the s t a f f  o f  the I n s p e c to r a t e  o f  
Mathematics,  o r  the  teach ing  s t a f f  in  d i f f e r e n t  secondary s c h o o l s .  I 
did no t  exp la in  my i n t e n t i o n  in asking  the q u e s t i o n .  Here a re  ty p i c a l  
answers from those I g a th e r e d .
(1) I n s p e c to r :  Teachers q u ic k ly  mention the concept  as i t  i s  s t a t e d  
in  the t e x t ,  then they s h i f t  to  the in s t a n c e s  -  examples,  e x e r c i s e s  and 
simple problems concerning the  behav ioura l  o b j e c t iv e s  o f  the  ta sk  t h a t  
a re  found in the t e x t .  Complicated problems a re  u s u a l l y  given as 
homework.
(2) I n s p e c to r :  Teachers u s u a l l y  do n o t  a t tem pt  to expand t h e i r
knowledge o u t  o f  the  t e x t s  o r  exam ina t ions .
(3) I n s p e c to r :  Look I I once c o n t r ib u te d  to w r i t i n g  a textbook in
mathematics.  A number was m i s - p r i n t e d  in  one o f  the  problems in  the
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t e x t .  The c o r r e c t  number was 0 .3  and the m i s p r i n t  3. Though the 
r e s u l t s  from the number 3 do no t  work f o r  the problem, some teache rs  
in one secondary school  i n t e r p r e t e d  these  r e s u l t s  in an unbe l ievab le  
s i t u a t i o n ,  s ince  the t e x t  i s  ' s a c r o s a n c t '  and t h e r e f o r e  i t  should be 
fol lowed l i t e r a l l y .
(4) Teacher:  I t  i s  e a s i e r  and s a f e r  to fo l low the t e x t .  Why
s h o u l d n ' t  we do t h a t ,  s in ce  the M in is t ry  o f  Education asks f o r  i t ?
(5) Teacher: The textbook i s  my guide and my only source .  I t  i s  w e l l -
des igned s ince  the M in is t ry  o f  Education u su a l ly  asks the  b e s t  minds to 
c o n t r i b u t e  in w r i t i n g  such t e x t s .
(6) Teacher:  I have no time to look f o r  sources  o t h e r  than the textbook
I a l s o  b e l iev e  t h a t  I cannot  p r e s e n t  b e t t e r  than the t e x t  p r e s e n t s .
(7) Teacher: The examinat ions  a re  compatible with the m a te r i a l
con ten ts  in the t e x t s .  I want  my s tu d e n t s  to p a s s ,  and t h e r e f o r e  the 
t e x t  i s  the b e s t .
I f  we r e a l i s e  t h a t ,  f o r  every  grade in the Kuwait s c h o o l ,  t h e re  i s  only 
one au th o r i z e d  textbook which i s  p repared  under the f u l l  r e s p o n s i b i l i t y  
of  the M in is t ry  o f  Educa t ion ,  we might  der ive  from the preceding 
s ta tem en ts  the fo l lowing  co n c lu s io n ,  which d ep ic t s  c u r r e n t  t e ach in g -  
l e a rn in g  s i t u a t i o n s  o f  mathematical  ta sks  in Kuwait secondary  s choo ls .
4 . 2 . 1 . 0 .  Conclusion 4 .2 .
In the a rea  o f  the s tu d y ,  the textbook i s  a main governor o f  
the con ten ts  o f  mathematics t e a c h in g - l e a r n in g  t a s k s .  There fore
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i t  i s  r easonab le  to equate  the  con ten ts  o f  the task  with the 
r e l e v a n t  con ten ts  of  the  t e x tb o o k .
The conclus ion  denotes how f a r  the textbook i s  dominant in the teaching-  
l e a rn in g  p rocesses  in  Kuwait secondary sch o o ls .  I t  i s  n a tu ra l  to  read
more about  t h i s  s i t u a t i o n  in the l i t e r a t u r e .
4 . 2 . 2 .  The Textbook
The textbook here  means the t e x t  t h a t  i s  w r i t t e n  to  be used by s t u d e n t s .
In Kuwait,  t h e re  i s  only  one textbook f o r  each grade in s ch o o l ,  and t h i s  
t e x t  i s  used by a l l  the s tu d e n t s  in  the same grade .
The fo l lowing  s tudy  confirms the phenomenon through the  tex tb o o k s ,  c l e a r l y  
showing t h a t  d i f f e r e n t  t e x t s  e n t a i l  d i f f e r e n t  achievement.  Besides t h a t ,  
i t  a l s o  shows how g r e a t  i s  the i n f l u e n c e  o f  the  t e x t  on te a c h in g -  
l e a rn in g  s i t u a t i o n s  in  d i f f e r e n t  c o u n t r i e s .
In connection with the  q u e s t i o n :  "Would an o u t l i n e  to emphasise concepts
and s y l l a b u s  be s u f f i c i e n t  f o r  t e ach e r s  to ach ieve mathematics?" I t  was 
found t h a t  an a f f i r m a t i v e  answer to  t h i s  ques t ion  was cons idered  wishful  
th in k in g  by a number o f  mathematics educa to rs  s in c e  i t  g ives  more freedom 
to  te a c h e r s  to teach what they b e l i e v e  to  be a p p ro p r i a t e  to t h e i r  s t u d e n t s ,  
a p a r t  from what  i s  in  the tex tbook {Begle,  1979).  But ,  as i t  happens,  
i t  has been found t h a t  the se  mathematics educa to rs  a re  m is taken ,  and a 
s tudy  by the  NLSMA ( r e p o r t e d  by Begle,  1979) concludes t h a t  th e re  i s  
c o n s id e r a b l e  ev idence  t h a t  mathematical  to p i c s  and mathematical  emphases 
inc luded  in  the textbooks  do g e t  through to the s t u d e n t s .
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The a n a l y s i s  o f  the prev ious  s tudy  was based on s tudy ing  the achievement 
o f  two groups o f  s t u d e n t s ,  G-j and G2 , where G-j fol lowed th r e e  conventional  
tex tbook s e r i e s  f o r  grades  4 ,  5 and 6 ,  while  Gg fol lowed the t e x t s  o f  the 
SMSG s e r i e s  f o r  grades  4, 5 and 6. The conventional  t e x t s  emphasised 
computation more than  the  SMSG t e x t s ,  w hile  the  l a t t e r  emphasised under­
s tand ing  and concepts  more than the convent ional  t e x t s  d id .
S tu d e n t s ,  a t  the end o f  grade  6,  who e n t e r e d  grade 4 a t  the beginning 
o f  the NLSMA s tu d y ,  were t e s t e d  in  fo u r  t o p i c s :  ( i )  m u l t i p l i c a t i o n  of
f r a c t i o n s ,  ( i i )  d i v i s i o n  o f  f r a c t i o n s ,  ( i i i )  whole number s t r u c t u r e  and 
( iv )  a lgo r i thm s .  The t e s t  was designed according  to  two main s c a l e s  :
(a)  f o r  ( i )  and ( i i ) ,  the s c a l e  was based on c o g n i t iv e  le ve l  o f  computat ion;  
and (b) f o r  ( i i i )  and ( i v ) ,  the s c a l e  was based on c o g n i t iv e  leve l  o f  
comprehension. The l a t t e r  s c a l e  indeed measured unders tanding  o f  both 
the p r o p e r t i e s  o f  whole numbers and the r a t i o n a l e s  o f  computat ional  
a lgo r i thm s .
As a r e s u l t  of  t h i s  s t u d y ,  Begle (1979) who had c o n t r ib u te d  to  i t ,  
r e p o r te d  t h a t ,  s tu d e n t s  in  G-j who used the th ree  conventional  s e r i e s  
scored  h ighe r  than s tu d e n t s  in  Gg who used the SMSG t e x t s  in ( i )  and 
( i i ) ,  while s tu d e n t s  in  Gg scored  h ighe r  than the convent ional  s tuden t s  
in  G^  in  ( i i i )  and ( i v ) .
Begle (1979) found t h a t  d i f f e r e n c e s  in  emphasis between the two textbook
s e r i e s  were c l e a r l y  r e f l e c t e d  in  s tu d e n t  achievem ent. And t h i s  indeed
goes in l i n e  with the Mayer and Greeno (1972) study . Furthermore ,  he
concludes t h a t  textbooks  do have an e f f e c t  on s t u d e n t s '  l e a rn ing  a t
secondary and elementary  l e v e l , and the con ten t  d i f f e r e n c e s  in textbooks 
r e s u l t e d  in d i f f e r e n c e s  in s tu d e n t  achievement.
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This phenomenon o f  the  textbook r e f l e c t s  what has long been known by 
people involved  in mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s  such as 
Shubring (1980) who s t a t e d  t h a t :
" tex tbooks  are d o u b t l e s s l y  a b o t t l e  neck,  al though th e re  a re  
q u i t e  a number o f  textbooks  . . .  bu t  not  comprehensive ones"
The rea l  awareness might  come from the f a c t  t h a t  ( i )  the textbooks  are  
very i n f l u e n t i a l  and ( i i )  the mathematical goals  in these  textbooks  a re  
no t  achieved by a genuine c o -ope ra t ion  among mathem at ic ians ,  educa to rs  
of  mathematics and psycho log is t s  working on mathematics l e a rn in g .
Oakes (1965) and Harding (1968) in  turn  have shown how g r e a t  the 
i n f l u e n c e  o f  mathematics educa to rs  -  to g e th e r  with classroom te ach e r s  - 
i s  on the  goal s  of  mathematics in the p ro fe s s io n a l  l i t e r a t u r e .  The 
BSPLM in  B r i t a i n  could be an adequate movement to  provide grounding f o r  
such co -o p e ra t io n  between p s y c h o lo g i s t s  working on mathematics l e a rn in g  
and o th e r s  in  the hope t h a t  they would r e f l e c t  t h i s  c o -ope ra t ion  in the 
t e x t s .
Begle (1979) who recogn izes  the s i t u a t i o n ,  asks t h a t :
" S ta te  departments o f  ed u c a t io n ,  in some o f  our  s t a t e s ,  can 
and do e x e r t  an even s t r o n g e r  in f lu en ce  on mathematics 
educa t ion  goa ls  by sp e c i fy in g  what textbooks  may be used in 
the p u b l i c  schools "  ( P . 10).
He b e l i e v e s  t h a t  l e g i s l a t i o n  can a l s o  e x e r t  i n f l u e n c e ,  s in c e  he f in d s  
t h a t  a s u b s t a n t i a l  number o f  mathematics t e x tbooks ,  p a r t i c u l a r l y  in 
secondary  s c h o o l s ,  a re  w r i t t e n  by mathematics educa to rs  and:
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"textbooks  a re  a powerful,  i f  somewhat i n d i r e c t ,  i n f lu en ce  
on mathematics educa t ion  goa ls"  ( P . 9 ) .
However, i f  many te ach e r s  s l a v i s h l y  fol low the textbook ( O l iv e r ,  1977) 
then we can pe rce ive  the s i z e  o f  the s i t u a t i o n  in  the  phenomenon of 
the p r e s e n t a t i o n  o f  mathematical  ta sks  in  the tex tbooks .
In t h i s  connec t ion ,  Skemp (1971) o b s e rv es ,  having p re sen te d  two p r i n c i p l e s  
f o r  proper  l e a r n i n g ;  t h a t  the textbooks  break the  f i r s t  o f  t h e s e ,  
i n t r i n s i c  to l e a r n in g  mathematical  concep ts ,  which s t a t e s  t h a t  "concepts  
o f  a h ighe r  o rd e r  than those which a person a l re ad y  has cannot  be 
communicated to him by d e f i n i t i o n ,  b u t  only by a r rang ing  f o r  him to 
encounte r  a s u i t a b l e  c o l l e c t i o n  o f  examples".  He observes t h a t :
"The f i r s t  o f  these  p r i n c i p l e s  i s  broken by the v a s t  m a jo r i t y  
o f  t e x tbooks ,  p a s t  and p r e s e n t .  Nearly everywhere we see  now 
to p i c s  i n t r o d u c e d ,  n o t  by examples,  b u t  by d e f i n i t i o n :  o f  the
most admirable b r e v i t y  and e x a c t i t u d e  f o r  the  t e a c h e r  (who 
a l re ad y  has the concepts  to which they r e f e r ) ,  bu t  
u n i n t e l l i g i b l e  to  the s tu d e n t "  ( P . 32).
D e te r l in e  (1971) r e f l e c t s  indeed our  concerns about  the  r o l e  o f  the 
textbook which i s  both e s s e n t i a l  and c r u c i a l  by recommending t h a t  the 
textbooks  in  h i s  coun t ry  should  be p repared  by:
" the  j o i n t  committee o f  the  American Educa tiona l  Research 
A s s o c i a t i o n ,  the American Psychologica l  A s s o c i a t i o n ,  and the 
Department o f  Audiovisual  I n s t r u c t i o n  o f  the Nat ional  
Educationa l  A s s o c i a t i o n . "
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4 . 2 . 3 .  The Teacher
The s i t u a t i o n  in the fo l lowing  d i s c u s s io n  can be understood in what 
i s  embodied in  the two-fo ld  q u e s t i o n :  "Do te a c h e r s  d i f f e r  in  the
p re s e n t a t i o n  o f  a d e f i n i t e  mathematical  task?"  and "How can we 
e v a lu a te  te ach ing  e f f e c t i v e n e s s ? " .
No doubt,  the r o l e  o f  the t e a c h e r  cannot  -  indeed should  n o t  -  be ignored .  
And the "good" te a c h e r  i s  one o f  the a s p i r a t i o n s  o f  mathematics e d u ca t io n .  
U nfo r tu n a te ly ,  t h i s  dream i s  beyond our  reach a t  the  moment. There are 
good t e a c h e r s ,  we hear  o f  them, we know some o f  them, b u t  the i s s u e s  
s t a t e  t h a t  we cannot  e i t h e r  s e l e c t  o r  c r e a t e  them us ing s c i e n t i f i c  means. 
The d i f f i c u l t y  in c r e a t i n g  good t e a c h e r s  can be found in the  s p e c i f i c a t i o n s  
f o r  a good t e a c h e r  proposed by Wardhaugh (1968) ,  ( P . 3 -71) .
In my own ex p e r i e n c e ,  I found t h a t  p r e s e n t a t i o n  of  mathematical  ta sks  i s  
almost  the same f o r  most t e a c h e r s ,  who u s u a l l y  or  comple te ly depend on 
the  p r e s e n t a t i o n  in the tex tbooks .  However, some "good" te ach e r s  
(al though we cannot  g ive a s c i e n t i f i c  d e f i n i t i o n  o f  them ) may well 
vary  from the textbook p r e s e n t a t i o n .
Not a l l  t e ache rs  are c r e a t i v e ,  and indeed the m a jo r i t y  a re  n o t ,  e s p e c i a l l y  
in developing c o u n t r i e s  where the  r e c r u i tm e n t  o f  t e a c h e r s  o f  n e c e s s i t y  
does no t  fo l low l o g i c a l  or  s e n s i b l e  r u l e s .  Moreover,  the p rob lem at ic  
debate about  "mastery '  and 'minimal competency'  f o r  a mathematics teach ing  
- l e a r n i n g  ta sk  does n o t  prov ide  te a c h e r s  with s e n s i b l e  g u id e l in e s  to 
help them cope b e t t e r  with  t h e i r  job .
Since the "good"teacher  in  u n d e f in a b le ,  we c a u t io u s ly  would look to
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Pophan (1970) who recommends t h a t  a curr iculum should be an ' end '  and 
the t e achers  should only  be a 'm eans ' .  In connec tion with the 
s e l e c t i o n  o f  good t e a c h e r s ,  Begle (1979) s t a t e s  t h a t :
"we have to admit  t h a t  we do n o t  a t  p r e s e n t  know of  any way 
o f  s e l e c t i n g ,  in  advance,  the  e f f e c t i v e  teacher"  ( P . 54).
He goes so f a r  as to  c a l l  f o r  the abandonment o f  d i s c u s s io n  in t h i s  a r i d  
f i e l d .  But Marques e t  a l .  (1979) in t u r n ,  s t i l l  hope t h a t  the goal o f  
f u t u r e  r esearch  w i l l  be the more adequate measure o f  t h i s  c o n s t r u c t  s in c e  
as they claim:
"The p r e s e n t  f in d in g s  su g g e s t  the need f o r  a more e c l e c t i c  
approach to the  e v a l u a t i o n  of  te ach ing  e f f e c t i v e n e s s . "
4 . 3 .  General Discussion I I
The s tudy  p re sen te d  in  t h i s  c h a p te r  shows t h a t  the  presen ta  ticn-phenomenon 
can be in  l i n e  with the f i r s t  P ro p o s i t io n  6.1 in the sense  t h a t  t h e r e  
could be d i f f e r e n c e s  in  achievements under r e l e v a n t  changes in the con ten ts  
o r  p r e s e n t a t i o n  in  the c o n t e x t  o f  t h i s  t h e s i s .  W hi l s t  ag ree ing  with 
Mayer and Greeno (1972) s tu d y ,  who cons ide r  the main v a r i a b l e  in t h e i r  
work to  be the sequencing  o f  the in fo rm at ion  given to  the s u b j e c t s ,  I 
in  c o n t r a s t  su spec ted  the main v a r i a b l e  to be the under ly ing  s t r u c t u r e  
o f  the p r e s e n t a t i o n .  I e x p l i c a t e  my meaning o f  "under ly ing  s t r u c t u r e "  
in  P ro p o s i t io n  6 .4  and what  f u r t h e r  s t r e t c h e s  from i t .  N e v e r th e le s s ,
I f i n d  the second s tudy  o f  Ehrenpre is  and Scandura (1974) to be c l e a r e r  
in  re levance  to  the idea  o f  the under ly ing  s t r u c t u r e  o f  the c o n te n t s .
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This can be more o r  l e s s  shown in  c o n s t r u c t io n  o f  D and H c u r r i c u l a  as 
well as in the theme behind them. Whatever the d i f f e r e n c e s  and 
s i m i l a r i t i e s  o f  emphasis between my ideas  and t h e i r s ,  I b e l i e v e  we meet 
in  the two s ta tem en ts  (a) and ( b ) ,  (P. 4 - 3 ) ,  though I t r i e d  to  i d e n t i f y  
how d i f f e r e n c e s  in  con ten ts  may c l e a r l y  occur  in  o rd e r  t h a t  c o m p a t ib i l i t y  
may hold between the presen ta t ion-phenomenon and P ro p o s i t io n  6 .1 .  
Fur thermore ,  the dubious s t a t e  o f  the  e f f e c t i v e n e s s  o f  te ache rs  gives  
more reasons  f o r  fo cuss ing  our  e f f o r t s  to improve the con ten ts  i d e n t i f i e d  
by such an R to improve the mathematics achievement o f  s t u d e n t s .  This 
t r end  could a l so  meet with  Salomon (1979) who confirms the r o l e  o f  the 
l e a r n in g  m a te r ia l  con ten ts  by c laiming t h a t :
"Learning seems to be more a f f e c t e d  by what  i s  d e l i v e r e d  than
by the d e l iv e r y  system."
In t h i s  connec tion we might  unders tand  Al-Dhahir  and Yaseen (1980a) who 
have s t a t e d  in t h e i r  r e p o r t  "Concerning Mathematics in Kuwait" to ICME 
t h a t :
"What we b e l i e v e  t h a t  we migh t  be ab le  to do,  i s  to  s p o t  the 
main problems t h a t  t e a c h e r s  u s u a l ly  encoun te r  . . .  Our 
(xperience in  the  f i e l d  has convinced us t h a t  th e re  a re  two 
main p o in t s  en ro u te  to reform. They a re  the school textbook 
and method o f  t e s t i n g  . . .  As f o r  the  tex tbook ,  we th ink  
t h a t  i t  i s  n o t  w e l l - b u i l t  on r e sea rch  and o b j e c t iv e s  t o g e th e r  
with  b a s i c  c o n s id e r a t io n  rega rd ing  graded in t r o d u c t i o n  o f  
concepts  and examples"
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4 . 3 . 0 .  Conclusion 4.3
The presentat ion-phenomenon can be accepted  as a s t a r t i n g  
p o in t  in  the  sense  o f  P ro p o s i t io n  6 . 1 .
4 . 4 .  Summary
The study  in  t h i s  c h a p te r  in t ro d u c e s  in  the preamble the  r e l a t i o n s h i p  
between achievement and m a te r i a l  con ten ts  based on p r i o r  works a r r i v e d  
a t  by o t h e r s .  I t  co n s id e r s  the s tudy  in  t h i s  c h a p te r  as a n a tu ra l  
ex tens ion  o f  the l i t e r a t u r e  review in  Chapter  3. D e s p i t e  t h a t  i t  was 
submit ted  in  a s i n g l e  Chapter  to  emphasise and c l a r i f y  the  importance
o f  the  r o l e  o f  t h i s  r e l a t i o n s h i p .  In summarizing the  re levance  o f
t h i s  phenomenon in  o t h e r  c h a p t e r s ,  i t  was r e p o r te d  t h a t  the  i n d i c a t i o n s  
t h a t  d i f f e r e n t  l e a rn in g  m a te r i a l  con ten ts  a f f e c t  the  type o f  the  q u e s t i o n  
t h a t  s tu d e n t s  a re  ab le  t o  answer,  go in  l i n e  with the f in d in g s  o f  Mayer 
and Greeno (1972).  These f in d in g s  have a f f e c t e d  d i r e c t i o n  in  the 
p r o p o s i t i o n  s t a g e ,  which in  tu rn  has a f f e c t e d  execu t ion  o f  the  s tu d y .  
Furthermore t h i s  r e l a t i o n s h i p  he lped  in  assuming the  achievement A as 
a fu n c t io n a l  r e l a t i o n  A = g(Xj) where x .  i s  assumed to  be in  r e l a t i o n  
with the m a te r ia l  c o n t e n t s .  The ( m a t e r i a l )  con ten ts  o f  a t a sk  *k' was 
viewed to  c o n s t i t u t e  two components ( i )  a t h e o r e t i c a l  component which 
was argued to  be i n v a r i a n t ,  and ( i i )  a s e t  R o f  in s t a n c e s  c a l l e d  the  
p r e s e n t a t i o n ,  e . g .  examples o r  e x e r c i s e s .  I t  was f u r t h e r  argued t h a t  
d i f f e r e n c e s  in  the co n ten ts  a re  due to  t r u e  changes in  R, Hence the 
presentat ion-phenomenon was s t a t e d  in t h a t  " d i f f e r e n c e s  in the 
achievement A o f  a t e a c h i n g - l e a r n i n g  ta sk  k could be induced by
d i f f e r e n c e s  in the p r e s e n t a t i o n  R o f  k" .  In s tudy ing
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the v a r i a t i o n  of  A under v a r i a t i o n  o f  Xj in  A = g(Xj) i t  was hoped 
t h a t  t h i s  s tudy  should  i d e n t i f y  Xj in  terms o f  R. I t  was a l s o  
denoted t h a t  argument in  6 . 2 . 2  shows t h a t  a t r u e  change in  R should 
be r e l a t e d  to the s t r u c t u r e  under ly ing  R. In t h i s  c o n t e x t ,  the two 
P ro p o s i t io n s  6.1 and 6 .4  were s t a t e d .  P ro p o s i t io n  6.1 sugges ts  t h a t  
a s t a r t i n g  p o i n t  in  the s tudy  could be found in a phenomenon t h a t  
i n d i c a t e s  a change in  the achievement under a r e l e v e n t  change in a 
t e a c h i n g - l e a r n i n g  s i t u a t i o n ,  w hile  P ro p o s i t io n  6 . 4  assumes the  e x i s t e n c e  
o f  such a s t r u c t u r e  under ly ing  R and ano the r  s t r u c t u r e  supposed to 
c o n t r i b u t e  in  m od i f i c a t io n ,  as well as f u r t h e r  sugges t ing  the use of  
theo ry  in m o d i f i c a t io n .  Hence i t  was viewed t h a t  Xj c o n s t i t u t e s  R 
and the s t r u c t u r e ,  say 'S '  under ly ing  R i . e .  x .  = R(S).
In f u r t h e r  d i s c u s s io n  o f  the  phenomenon, i t  was r epo r te d  t h a t  s u b j e c t s  
who l e a rn  with d i f f e r e n t  procedures  ( i . e .  d i f f e r e n t  p r e s e n t a t i o n s  in the 
co n te x t  o f  t h i s  t h e s i s )  produce d i f f e r e n t  responses in the process  
(W i t t rock ,  1963). Scandura (1977) comments t h a t ,  what i s  le a rned  in 
making simple d i s c o v e r i e s  could be achieved in ex p o s i to ry  form and t h a t  
con ten ts  should be a primary  v a r i a b l e  in f u t u r e  s t u d i e s .  The p r e s e n t a t i o n  
phenomenon i s  indeed due to  the remarkable works of  Mayer and Greeno 
(1972) as well as Ehrenpr ies  and Scandura (1974).
( I )  Mayer and Greeno used two i n s t r u c t i o n a l  sequences c a l l e d  Formula 
and Concept f o r  l e a rn in g  the formula of  binomial p r o b a b i l i t y .  The main 
v a r i a b l e  in t h e i r  s tudy  was the sequencing of  in fo rm at ion .  The 
Formula had the c h a r a c t e r  o f  s e t  i n s t r u c t i o n s  t h a t  could be l inked  to a 
computer programme whi l e  the  Concept Sequence inc luded  more d i scuss ion  
o f  concepts .  The two groups in the t r i a l s  were t e s t e d  on the b a s i s  o f  
fou r  c a t e g o r i e s :  F a m i l i a r ,  Transformed,  Unanswerable and Ques t ion.
The f i r s t  two could be cons idered  as more l i k e l y  to be l inked  to the
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F o m u la ,  while the o th e r  two were more l i k e l y  to be l inked  to  the 
Concept. The two groups responded r e l e v a n t l y  s t r o n g ly  to the 
na tu re  o f  the con ten ts  they had l e a r n t .
( I I )  Ehrenpries  and Scandura used two c u r r i c u l a  D and H where H was 
based on the b a s i s  o f  the no t ion  o f  h ighe r  o rd e r  r u l e s  which ope ra te  
on o th e r  r u l e s .  This s tudy  a l so  found t h a t  l e a r n in g  outcomes l i n k  to 
what i s  t a u g h t .  The s tudy  demonstrated  t h a t  the H-Students  could 
work b e t t e r  than the D-Students  in i tems beyond the two c u r r i c u l a .
This could be i n t e r p r e t e d ,  in the terminology o f  t h i s  t h e s i s ,  to be 
due to d i f f e r e n c e s  in the e f f i c i e n c e s  o f  the s t r u c t u r e s  under ly ing  D 
and H.
In a d d i t i o n ,  the presentat ion-phenomenon was cons ide red  in r e l a t i o n  to 
exper ience  through d i s c u s s in g  the r e a l  s i t u a t i o n  in  the classroom.
This examined personal  e x p e r i e n c e ,  the textbook and the  t e a c h e r .  I t  
was found t h a t  the p r e s e n t a t i o n  o f  a ta sk  found in the  textbook was 
the p r e v a l e n t  one in t e a c h i n g - l e a r n i n g  s i t u a t i o n s .  Teachers f i n d  t h a t  
fo l lowing the textbook i s  h e lp fu l  and s a f e r .  Moreover,  i t  was found 
t h a t  the textbook has g r e a t  in f lu e n c e  on l e a rn in g  outcomes.  In a d d i t i o n ,  
i t  was found t h a t  a measure o f  e f f e c t i v e  te ach ing  i s  s t i l l  f a r  o f f .
Yet ,  the presentat ion-phenomenon remains e s s e n t i a l ,  in t h a t  the v a r i a t i o n  
o f  con ten ts  can lead  to f u r t h e r  developments.  I t  was f i n a l l y  
concluded t h a t  the p r e s e n t a t i o n  phenomenon can be h e lp fu l  as a s t a r t i n g  
p o in t  in the sense o f  P ro p o s i t io n  6 .1 .
CHAPTER FIVE
SPACE OF KNOWLEDGE : A CONCEPTUAL STRUCTURE
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5.  SPACE OF KNOWLEDGE : A CONCEPTUAL STRUCTURE
5 .0 .  I n t ro d u c t io n
This ch ap te r  was conceived as comprising a c e r t a i n  t h e o r e t i c a l  framework 
having roo ts  in  the fundamental p ro p o s i t i o n s  of  Chapter  6 as well  as in 
7 .3  o f  Chapter 7. As a m a t t e r  o f  f a c t ,  I b e l i e v e  t h a t  theory  i s  in v a lu a b le  
f o r  any development in  the  sense  t h a t  such development could r e s t  on more 
r e l i a b l e  and s y s t e m a t i c  s i t u a t i o n s .  In t h i s  connec t ion ,  I sha re  the 
views o f  Wardhaugh (1968) who b e l i e v e s  t h a t  good teach ing  p r a c t i c e  i s  based 
on good t h e o r e t i c a l  unders tand ing  and t h a t  the re  i s  indeed nothing so 
p r a c t i c a l  as good th e o ry .  In t h i s  s en s e ,  one can deal  with my views on 
developing  the fo l lowing  th r e e  fundamental p ro p o s i t i o n s  t h a t  are 
e s t a b l i s h e d  in  Chapter  6 which I s t a t e  he re .
(P ro p o s i t io n  6 . 2 ) :  There e x i s t s  a t h e o r e t i c a l  framework on which a
development in c u r r e n t  t e a c h in g - l e a rn in g  s i t u a t i o n s  
can r e s t .
(P ro p o s i t io n  6 . 3 ) : I f  a proposed development (reform) in  c u r r e n t  teaching- 
l e a r n in g  s i t u a t i o n s  (a) could r e s t  on a t h e o r e t i c a l  
framework and (b) can be o p e r a t i o n a l l y  a p p l i c a b l e ,  
i . e .  w e l l -d e f in e d  and l e a r n a b l e ,  then such development 
i s  expec ted  to  be exper im en ta l ly  suppor ted .
( P ro p o s i t io n  6 . 4 ) : ( i )  There e x i s t s  a w e l l -d e f in e d  s t r u c t u r e  'S '  under­
ly ing  c u r r e n t  p r e s e n t a t i o n  of  mathematical t a s k s ,
( i i )  There e x i s t s  a s t r u c t u r e  'H' t h a t  i s  p o s s ib le  to
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c o n t r i b u t e  in under ly ing  m o d i f i c a t io n  of  c u r r e n t  
p r e s e n t a t i o n .
( i i i )  Theory in  P ro p o s i t io n  6 .2  could p o s s ib ly  
i d e n t i f y  a c e r t a i n  d i s c r i m in a t io n  o f  the e f f i c i e n t  
knowledge t h a t  achievedin  'S '  and 'H ' .
In achiev ing  such aims,  i t  was preconceived  in 6 .2 .2  t h a t  i f  a number 
'A' could be ass igned  to match with the achievement o f  s tu d e n t s  in a c e r t a i n  
mathematical t a s k ,  then t h i s  'A' could be a f u n c t io n :  A = g(R) ( P . 6-40) ,  
where R invo lves  the p r e s e n t a t i o n  o f  the mathematical  ta sk  as well as a 
s t r u c t u r e d  knowledge S under ly ing  i t .  Simply; R c o n s i s t s  o f  c e r t a i n  
in s t a n c e s  found in examples,  e x e r c i s e s  and simple ( r o u t i n e )  problems in 
the m a te r ia l  con ten ts  o f  the t a s k ,  pu t  th e re  in the e x p e c ta t io n  t h a t  those 
i n s t a n c e s  would enhance and r e i n f o r c e  mathematical knowledge t h a t  i s  
r e l e v a n t  to the  t a sk .  Two examples o f  such R a re  found in appendix (C).
In t h i s  connec t ion ,  a development in  achievement was taken to be a 
m o d i f ica t io n  o f  the methodology w i th in  the p r e s e n t a t i o n  R which would 
r e s u l t  in improving the  achievement A. I t  was then argued t h a t  a t rue  
change in R, f o r  m odi fca t ion  could be found by the c o n t r i b u t i o n  o f  ano ther  
s t r u c t u r e  such as ' H ' ,  given t h a t  such c o n t r i b u t i o n  should  be based on 
theory  desc r ibed  in the th r e e  p r e v io u s ly  mentioned fundamental p r o p o s i t i o n s .
Furthermore ,  i t  was argued in 7.2-.2.0 t h a t  a s t r u c t u r e ,  such as 'S '  has 
c e r t a i n  l i m i t a t i o n s  in d i f f u s i n g  mathematical  knowledge, d e s p i t e  such an 
S being in d i sp e n sa b le  f o r  any m o d i f i c a t io n .  However, H taken as a whole 
would be very complex and a p a r t ,  say 'U' of  H could he lp  in  c o n t r i b u t i o n  
in m o d i f i c a t io n .  Such op t im iz a t io n  a r i s e s  from s tu d ie s  o f  the two 
in d i c a t o r s  in Chapter 7.
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A f i r s t  i n d i c a t o r ,  which d i s cu s s ed  the t r a n s f e r a b i l i t y  o f  computational 
knowledge,  i . e .  t r a n s f e r r i n g  s u c c e s s f u l l y  c e r t a i n  a v a i l a b l e  competency 
in  one i tem to i d e n t i c a l  one has i n d i c a t e d  t h a t  the d i f f u s i o n  o f  knowledge 
r e l a t e d  to  S f o r  t r a n s f e r a b i l i t y  was n o t  n e c e s s a r i l y  t o t a l l y  s a t i s f a c t o r y ,  
w h i l s t  the p o te n t io n a l  d i f f u s i o n  o f  knowledge r e l a t e d  to H has demonstrated  
b e t t e r  p e r s p e c t iv e  f o r  such t r a n s f e r a b i l i t y  as from H-Maths in to  H-Physics 
in  7 . 2 .0 .  A second i n d i c a t o r  which d iscussed  c r e a t i v i t y  i . e .  problem­
s o l v in g ,  would seem to  demonstrate a h ig h e r  c o r r e l a t i o n  f o r  H than f o r  S— 
7.2.1.
A conception o f  ' a space o f  knowledge' as t h a t  i n i t i a l l y  d iscussed  in 7 .3 ,  
was then fo rmula ted  in  which t e a c h in g - l e a r n in g  s i t u a t i o n s  p o s s ib ly  r e l y  on 
a c e r t a i n  s t r u c t u r e d  knowledge ' W . This i s  i d e n t i f i e d  by a s e t  of  
i n i t i a l  (s imple)  s t a t e s  o f  knowledge t h a t  are supposed to  d i f f u s e  a 
r e q u i r e d  knowledge w i th in  a c e r t a i n  normal popula t ion  0,  under c e r t a i n  
i n t e r a c t i o n  between W and 0.  Such W could have a l i m i t a t i o n  such as t h a t  
in S, while  such H could d i f f u s e  knowledge r e l a t e d  to t r a n s f e r a b i l i t y  or  
c r e a t i v i t y  more e f f i c i e n t l y  than S. The ques t ion  t h a t  then arose was how 
to  d i s c o v e r  how such a c o n s t r u c t  as 'd i f fu s io n  o f  knowledge' could be 
i n d i c a t e d  by a measure h e lp fu l  in a m o d i f i c a t io n .  I t  was then preconceived  
the e f f i c i e n c y  could probably  i n d i c a t e  how f a r  the  knowledge has been 
s u c c e s s f u l l y  d i f fu s e d  f o r  f u r t h e r  purpose .  Simply,  the e f f i c i e n c y  o f  the 
achievement o f  the knowledge r e l e v a n t  to a problem P, i s  the p r o b a b i l i t y  
t h a t  an in d iv idua l  i s  ab le to so lve  P, provided t h a t  the in d iv id u a l  has 
s a t i s f i e d  c e r t a i n  competency in  a s e t  X , which forms a t e s t  f o r  necessary  
competency f o r  P. Consequently,  i t  was proposed t h a t  i f  W is  r e l a t e d  
to a c e r t a i n  t e a c h in g - l e a r n in g  s i t u a t i o n ,  then W could c o n t r i b u t e  to a 
m od i f ica t ion  i f  the e f f i c i e n c y  in W r e l a t e d  to a problem P was g r e a t e r  
than the corresponding e f f i c i e n c y  in W f o r  P.
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Here,  I p r e s e n t  a t h e o r e t i c a l  framework t h a t  i s  based on conception o f  
space o f  knowledge in the hope t h a t  t h i s  would both prov ide the r e l e v a n t  
theory  f o r  t h i s  s tudy  and b e n e f i t  f u r t h e r  f i e l d s  o f  s tudy .
5 .1 .  Some Aspects Of Theory
A c h i l d  u s u a l ly  l e a r n s  h i s  own language through c e r t a i n  i n t e r a c t i o n  
w i t h i n  the envi ronment.  He l e a rn s  the language through i n t e r a c t i o n  with 
simple s t a t e s  o f  knowledge t h a t  he lp  him grasp and comprehend the under ly ing  
s t r u c t u r e  o f  the language.  He consequen t ly  begins  to s t a t e  "I play" and 
"he p la y s " .
I t  was viewed t h a t  such l e a r n in g  o f  language i s  achieved w i th in  a space o f  
knowledge t h a t  i s  p reconceived  to c o n s t i t u t e  a b a s i s  o f  knowledge where 
i n i t i a l l y ;  s im p le r  s t a t e s  of  knowledge a re  employed to d i f f u s e  c e r t a i n  
r e l e v a n t  knowledge w i th in  the c h i ld  through h is  i n t e r a c t i o n  with these  
s t a t e s  o f  knowledge. Fur thermore ,  i t  was preconceived t h a t  such a space 
of  knowledge a l so  has phys ica l  e f f e c t s  as well as emotional  ones. For 
example,  a c h i ld  in  Wales can e a s i l y  pronounce a c e r t a i n  a l p h a b e t ,  while 
a no the r  c h i ld  in England w i l l  f i n d  t h a t  p h y s i c a l l y  d i f f i c u l t .  An emotional  
e f f e c t  could a l so  be comprehended in the rythm of  a l i n e  of  poe t ry  apparen t  
to an in d iv id u a l  in h is  language,  bu t  n o t  to another fo re ig n  to the 
language.  An i n t e r e s t i n g  example o f  t h i s  was one g i r l  I knew who had an 
Arabic f a t h e r  and Engl ish mother and had sp e n t  almost  a l l  o f  her  f i r s t  s i x  
y ea r s  in England.  She used to add the English ending "ed" to Arabic verbs 
to  denote the p a s t .  As a m a t t e r  of  f a c t ,  no one could have to ld  her  about 
t h i s  ending "ed" in the English  language ,  s ince  such terms as ' p r e s e n t '  o r  
' p a s t '  would have been beyond her  unders tand ing ,  and t h i s  ending "ed" has 
no e q u i v a l e n t  meaning in  Arab ic .  This g i r l  could indeed comprehend to
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a c e r t a i n  e x t e n t  the s t r u c t u r e  t h a t  u n d e r l i e s  the Engl ish  language and 
b e s i d e s ; t h i s  s t r u c t u r e  was dominant in  t r a n s f e r a b i l i t y  to the o th e r  
language.  The q u e s t io n  a r i s e s  as to why the space o f  knowledge o f  
language i s  more e f f i c i e n t  than t h a t  of  mathematics;  in the sense  t h a t  
a lmost  everyone l e a rn s  a language while  many fewer are  p r o f i c i e n t  in 
l e a r n in g  mathematics?
To such a genuine q u e s t i o n ,  I do no t  imagine a t  the moment, we can f in d  a
p l a u s i b l e  answer,  even though i t  i s  worthwhile d i s c u s s in g  such a space o f
knowledge of  mathematics with  which we, the t e a c h e r s ,  and s tu d e n t s  cope. 
F i r s t l y ,  i t  i s  e s s e n t i a l  to  note t h a t  mathematics l e a rn in g  has no t  in 
general  two d i s t i n c t  spaces o f  knowledge,  an in -school  and an o u t -o f - s c h o o l  
one,  as o t h e r  s c ie n c e s  might  have.  For example,  a c h i ld  l e a rn s  about  
fo rce  w i th in  two spaces of  knowledge, the in -school  space o f  physics c l a s s e s ,  
books,  e t c .  and the o u t -o f - s c h o o l  space ,  i . e .  an untaught  space o f  
knowledge such as t h a t  o f  the language .
The two spaces might  c o n f l i c t  and consequen t ly  t h i s  could give r i s e  to
"blocks" in  l e a r n in g .  In t h i s  connec t ion ,  Viennot (1979) s t a t e s  t h a t :
"We a l l  share  a common exp lana to ry  scheme o f  " i n t u i t i v e  p h y s ic s " ,  
which, al though  we were n o t  t a ugh t  i t  a t  school ,  r e p re s e n t s  a 
common and s e l f - c o n s i s t e n t  s tock  o f  concepts  and which,  however 
wrong i t  may be ,  r e s i s t s  a t tempts  to change or  modify i t . "
Lovell (1981),  in  t h i s  sense  r e p o r te d  t h a t  A-level  or  e q u i v a l e n t  s tu d e n t s  o f
physics  as well  as u n i v e r s i t y  undergraduates  and graduates  a re  o f ten  pre-
Newtonian in t h e i r  th in k in g .  For example,  fo rce  i s  a s s o c ia t e d  with
v e l o c i t y  r a t h e r  than a c c e l e r a t i o n .  Overcoming these  misconcept ions and
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a l t e r n a t i v e  ways o f  e x p la in in g  even ts  becomes a d i f f i c u l t  t a sk  f o r  the 
te a c h e r .
These i n d i c a t o r s  s u g g e s t  how f a r  a c e r t a i n  space of  knowledge can be 
i n f l u e n t i a l  and dominant.  Thus as Viennot (1979) f i n d s ,  t h a t  i f  t h i s  
i n t u i t i v e  phys ics  i s  to be rep la ced  o r  overcome, a major te ach ing  e x e r c i s e  
i s  needed,  which goes f a r  beyond the convent ional  te ach ing  of  the Newtonian 
scheme a lone .
F o r tu n a t e ly ,  mathematics i s  no t  s u b j e c t  to  such o u t -o f - s ch o o l  space o f  . 
knowledge. But i t  was found t h a t  th e re  e x i s t s  a space o f  knowledge 'S '  
i d e n t i f i e d  by a s t r u c t u r e d  knowledge S t h a t  provides t h i s  knowledge.
Simply,  S c o n s i s t s  o f  the s e t  o f  a l l  i n s ta n ces  t h a t  do n o t  con ta in  a c o n s t a n t  
say ' a '  (see  7.1 o f  Chapter  7) .  However, i t  was a l s o  found t h a t  such 
space has a l so  s id e  e f f e c t s  such as:
( i ) I n s u f f i c i e n c y : S i s  n o t  s a t i s f a c t o r y  with regard  to t r a n s f e r a b i l i t y
o f  computational  knowledge in mathematics or  non-mathematics f i e l d s  (as in 
the f i r s t  i n d i c a t o r  7 . 2 . 0  o f  Chapter  7 ) ,  and, f u r t h e r  with regard  to 
c r e a t i v i t y  (as the second i n d i c a t o r  7.2.1  demons trates )  S c o r r e l a t e s  l e s s  
with  prob lem-solving than ano the r  space H.
( i i )  I n f l u e n t i a l  dominance: S may no t  be o f  he lp  to  s tu d e n t s  in coping
with s i t u a t i o n s  which have a form d i f f e r e n t  from t h a t  form t h a t  they are 
f a m i l i a r  w i th .  For example,  I asked a group of  15-16 y e a r  old  Kuwaiti 
secondary school c h i ld r e n ,  two co l leagues  in the I n s p e c to r a t e  of  Mathematics 
in  Kuwait, a r e c e n t l y  graduated  e n g in e e r ,  and PhD s tu d e n t s  in the U n iv e r s i ty  
of  Surrey to do the same t e s t .  They were given two equat ions  and asked 
to w r i t e  them on the same l i n e  i f  both of  them have s i m i l a r  e a s i n e s s ,
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o the rw ise  they were asked to w r i t e  the e a s i e r  in the f i r s t  l i n e  and the 
more d i f f i c u l t  one below the f i r s t .  The equa t ions  f i r s t :
Solve f o r  x: 2x + a = 5 (a being cons tan t )  and 2x + 1 = 5 .
S u r p r i s i n g l y ,  a l l  o f  them,without  any e x ce p t io n ,  chose 2x + 1 = 5 to be 
the e a s i e r  one.  And in  ask ing  f o r  reasoning  of  cho ice ,  a l l  o f  them found 
t h a t  the e x i s t e n c e  o f  such ' a '  l ed  them d i r e c t l y  to choose the second to be 
the e a s i e r .  Fur thermore ,  they were s u r p r i s e d  when i t  was exp la ined  the 
f i r s t  was arguably  e a s i e r  s in c e  they did  no t  have to  t r o u b l e  to  c a l c u l a t e  
the d i f f e r e n c e  (5 -a )  or  the q u o t i e n t a s  they had to  c a l c u l a t e  5-1 = 4
and Y = 2.
I th ink  t h a t  t h i s  i n f l u e n t i a l  dominance could i n t e r a c t  with t h i s  i n s u f f i c i e n c y  
to r e s u l t  in the l i m i t a t i o n  o f  dependence in l e a rn ing  on only one s t r u c t u r e .
In t h i s  connec t ion ,  i f  we n o t i c e  t h a t  non-mathematical f i e l d s  such as physics  
are  l i k e l y  to involve  the use o f  c o n s t a n t s ,  we might  unders tand  why s tu d e n t s  
cannot  always respond p ro p e r ly  in such f i e l d s ,  whereas they are  s a i d  to be 
competent in mathematics as shown in the f i r s t  i n d i c a t o r  in 7 . 2 . 0 .
Another example o f  knowledge being d i f f u s e d  through d i f f e r e n t  spaces of 
knowledge can be found in the work of  Ehrenpre is  and Scandura (1974) r ep o r te d  
in Chapter 4. Here the D-studen ts  and the H-s tudents  were s u cces s fu l  in 
51.3% and 68% r e s p e c t i v e l y  o f  the e x e r c i s e s  t h a t  were beyond t h e i r  d i r e c t  
f i e l d  o f  knowledge, d e s p i t e  the se  e x e r c i s e s  having ro o t s  in what both 
groups had l ea rned .
In Chapter  7 of  t h i s  s tu d y ,  I could indeed d i s c r i m i n a t e ( i n  7 .1 .2  o f  Chapter  7)
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two s t r u c t u r e s  S and H (o th e r  than the  H-curriculum r e p o r te d  in  Chapter  4) 
t h a t  could c o n s t i t u t e  two spaces of  knowledge. S i s  dominant,  while H, 
al though more r e l a t e d  to non-mathematical f i e l d s ,  i s  almos t  abandoned.  
Moreover,  i t  was found under p r e c i s e  cond i t ions  t h a t  S O  H = ({> " the nu l l  
s e t "  (P.  7 -9) .
The th eory  in  t h i s  c h a p te r  i s  expec ted ,  t h e r e f o r e ,  to throw l i g h t  on a 
space o f  knowledge as a conceptual  s t r u c t u r e ,  and on how we might employ 
t h i s  so t h a t  t e a c h in g - l e a r n in g  s i t u a t i o n s  may b e n e f i t  from t h i s  concept .
5 .2 .  Space Of Knowledge
I t  was argued in ( P . 6-37) t h a t  a mathematical ta sk  ' k ‘ u s u a l ly  i s  based
on ( i )  a t h e o r e t i c a l  p a r t  e . g .  a d e f i n i t i o n  or  a p roof o f  a theorem as
well  as ( i i )  a s e t  R t h a t  cons t i tutes  i n i t i a l  s t a t e s  o f  knowledge i d e n t i f i e d
by examples,  e x e r c i s e s  o r  s imple problems,  R i s  c a l l e d  the p r e s e n t a t i o n  o f
k. I t  i s  des igned to enhance and develop a b e t t e r  unders tanding  o f  k and 
i t  i s  u s u a l ly  supposed t h a t  a s t u d e n t  who can deal s u c c e s s f u l l y  with R w i l l  
be competent  in using th e  r e l e v a n t  knowledge in k in f u r t h e r  r e l a t e d  
s i t u a t i o n s ,  e . g .  s o lv ing  a problem. Mathematics i s  known to be a s t r u c t u r e d  
knowledge in the s e n s e . t h a t  i t  can be reduced to the th ree  well-known 
s t r u c t u r e s ,  a l g e b r a i c ,  o rd e r  and to p o lo g ica l  -  i d e n t i f i e d  by the Bourbaki 
s choo l .  Hence, i t  was viewed t h a t  school mathematics i s  a l so  s t r u c t u r e d  
in  a borader  use of  the word "s t r u c t u r e " . For example,  i t  can be s a id  t h a t  
the p r e s e n t a t i o n  R i s  dependent  on a s e t  S o f  in s ta n ces  such t h a t  each S- 
i n s tance does no t  con ta in  a c o n s ta n t  ' a '  of  i m p l i c i t  form, while th e re  i s  
ano ther  s e t  H such t h a t  each H - in s tance conta ins  a t  l e a s t  one co n s ta n t  of 
i m p l i c i t  form. Hence S c o n s t i t u t e s  a c e r t a i n  s t r u c t u r e d  knowledge under 
the r e l e v a n t  r u l e ,  whi le  H c o n s t i t u t e s  ano ther  one. (see  7 . 1 ) .
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Here i s  an example o f  how s tu d e n t s  deal with a task  k and what i s  
expec ted  from them.
Let  the  i n i t i a l  s t a t e s  o f  knowledge f o r  k be i d e n t i f i e d  by the fo l lowing  and 
s i m i l a r  i n s t a n c e s :
( i )  Find ^  { /  + 2x)
( i i )  The s lope  of  the t a n g e n t  l i n e  a t  x^ i s  f ( x ^ ) .  Find the s lope  
a t  X = 2 f o r  f ( x )  = x^ -  x.
( i i i )  I f  (2 ,y )  belongs to a curve f :  f ( x )  = x^ -  x ,  then  f i n d  y .
A s tu d e n t  i s  then expec ted  to so lve  the fo l lowing problem P: I f  the
2l i n e  n :y  = h -  2x i s  t a n g e n t  to f :  x x , then f in d  h.  I t  i s  preconceived 
t h a t  S in the sense o f  7.1 would e v e n t u a l l y  d i f f u s e  a c e r t a i n  knowledge 
through such i n i t i a l  s t a t e s  o f  knowledge w i th in  the s tu d e n t s  such t h a t  they 
would become able  to so lve  P.
As a m a t t e r  o f  f a c t  the f i r s t  i n d i c a t o r  in 7 .2 .0  would s u gges t  t h a t  in 
s imple s t a t e s  o f  knowledge a b i l i t y  in  S i s  no t  n e c e s s a r i l y  t r a n s f e r a b l e  to 
a s i m i l a r  s i t u a t i o n  in H. In o th e r  words,  the s t r u c t u r e d  knowledge in S
could no t  d i f f u s e  the a t t a i n e d  knowledge in to  H. This would mean t h a t
d i f f u s i o n  of  knowledge in S i s  l i m i t e d . Fur thermore ,  the s t r u c t u r e d
knowledge i s  dominant,,  in  t h a t  one might  no t  e a s i l y  sk ip  to ano ther  s t r u c t u r e d
knowledge, as shown both in  the f i r s t  i n d i c a t o r  ( 7 .2 .0 )  and in what 
Viennot (1979) r e p o r t s  about  the ' i n t u i t i v e  p h y s i c s ' .
Based on the fo regoing  argument,  I t r i e d  to fo rmula te  a space of  knowledge 
as a conceptual  s t r u c t u r e .  This conception simply views t h a t  knowledge is I
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s t r u c t u r e d  i n t o  W through a f i n i t e  s e t  o f  r u le s  such t h a t  W d i f f u s e s  
t h i s  knowledge w i th in  a c e r t a i n  popu la t ion  'O' through i n t e r a c t i o n  between 
W and 0.  Hence; the fo l lowing  d e f i n i t i o n :
5. 2. 0. D e f in i t i o n  5.1
A space o f  knowledge i s  an o rdered  p a i r  (W, 0) where :
( i ) W i s  a s e t  o f  s t r u c t u r e d  knowledge in a s p e c i f i c  f i e l d  t h a t  i s
i d e n t i f i e d  by simple ( i n i t i a l )  s t a t e s  of  knowledge under a c e r t a i n  
f i n i t e  s e t  of  r u l e s  t h a t  c o n s t i t u t e  an under ly ing  s t r u c t u r e  o f  W.
(1 i ) 0 i s  a c e r t a i n  normal popu la t ion  t h a t  i s  supposed to acqu i re  
p a r t i c u l a r  knowledge in t h a t  f i e l d ,  through the knowledge t h a t  is  
d i f f u s e d  from W w i th in  0 under source  o f  i n t e r a c t i o n  between W 
and 0.
Consequently,  i t  was viewed t h a t  l e a r n in g  would happen through i n t e r a c t i o n  
between W and 0.  An example i s  seen in  7 .3  , where the space of  knowledge 
(S ,0)  c o n s t i t u t e s  c u r r e n t  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s .  The 
p rocesses  o f  i n t e r a c t i o n  a re  preconceived  to help d i f f u s e  a c e r t a i n  knowledge 
of  W with 0 ,  thus developing changes in  behaviour f o r  acqu i r ing  o f  l e a rn in g .  
In a d d i t i o n ,  I b e l iev ed  t h a t  the conception  o f  space o f  knowledge 
could be usefu l  in m o d i f i c a t i o n ,  i f  i t  was p o s s ib le  t h a t  we might  develop 
our  knowledge about the advantages in a space of  knowledge. To s im p l i fy  
the use o f  symbols,  I sh a l l  r e f e r  to a space of  knowledge (W,0) by ' W only ,  
provided t h a t  the popu la t ion  'O' i s  c l e a r l y  i d e n t i f i e d .  Furthermore,  I 
be l ieved  t h a t  m od i f ica t io n  of  a space o f  knowledge should be based on 
s tudying the advantages of  the achievement in t h a t  space ,  as d iscussed  in
6 . 1 . 2 . 0  , by observ ing  how f a r  the knowledge d i f fu s e d  from W w i th in  'O'
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i s  e f f i c i e n t .  Here e f f i c i e n c y  was simply taken as a measure t h a t  i n d i c a t e s  
p r o b a b i l i t y  t h a t  an in d i v id u a l  i s  ab le  to so lve  a problem P i f  he can 
demonst rate a proper  a b i l i t y  in a l l  elements  of  a s e t  o f  s t im u l i  t h a t  t e s t  
a t t a in m e n t  o f  the knowledge necessa ry  f o r  P.
I t h e r e f o r e  found t h a t  I needed to ach ieve the fo l lowing  two genera l  
o b j e c t i v e s :
I :  To i d e n t i f y  the employment o f  problem-solv ing  in the s tudy .
I I :  To i d e n t i f y  such s u b s t a n t i a l  p r o p e r t i e s  t h a t  could improve e f f i c i e n c y
in p re s e rv in g  a c e r t a i n  r e l i a b i l i t y  f o r  p ro s p e c t iv e  m o d i f i c a t io n .
But,  b e fo re  con t inu ing  t h i s  argument,  I should l i k e  to  emphasise t h a t  
t h i s  s tudy  i s  only concerned in  the improvement o f  the achievement o f  
s tu d e n t s  in  mathematics whereas t h i s  achievement i s  b a s i c a l l y  i d e n t i f i e d  
by simple behaviour  t h a t  c o n s t i t u t e s  a b a s i s  f o r  ach iev ing  l e a rn in g  t a s k s ,
and n o t  by improving a b i l i t i e s  in  p ro b lem -so lv in g . However, I w i l l  t r y  to
b e n e f i t  from the  a rea  o f  p roblem-solv ing  in d i s c u s s in g  t h i s  improvement in 
achievement.  N e v e r th e le s s ,  I b e l e iv e  t h a t  the area  o f  problem-so lv ing  
s tands  as the most  e s s e n t i a l  a rea  in mathematics e d u c a t io n ,  al though i t  i s
f a r  reaching and beyond the scope of  t h i s  s tudy .
5 . 2 . 1 .  I .  Problem-Solving
5 . 2 . 1 . 0 .  I n t ro d u c t io n
Despite the importance o f  t h i s  a r e a ,  i t  i s  acknowledged t h a t  much can 
be w r i t t e n  o r  s a id  about  i t ,  with very l i t t l e  ga in .  The f a c t  i s  t h a t  a
5-12
v a r i e t y  of  s tu d i e s  can be found in t h i s  area  ranging from Polya (1948),  
Wickelgren (1974) and R ub is te in  (1975) who emphasise,  f o r  s c i e n t i f i c  
prob lem -so lv ing ,  the  a c q u i s i t i o n  o f  genera l  s k i l l s  through i n t e r d i s c i p l i n a r y  
co u r s e s ,  to Feyerabend (1975) who sugges ts  t h a t  c r e a t i v e  s c i e n t i s t s  do not  
fo l low w e l l -d e f in e d  methodologies b u t  r a t h e r  gene ra te  methods ap p ro p r ia t e  
f o r  each new s i t u a t i o n .  Lochhead (1979) who was in f lu e n c e d  by Feyerband 
claims in  h i s  tu rn  t h a t  p rogress  in t h i s  a rea  i s  no t  n e c e s s a r i l y  dependent  
on a well de f ined  methodology and t h a t  ep i s t em o log ica l  anarchism has 
advantages too .  Furthermore ;  the i n t r i c a c y  in  t h i s  a rea  has led  Perry 
(1970) to  th ink  t h a t  the t r a n s f e r a b i l i t y  of  general  problem-so lv ing  s k i l l s  
depends on see ing  s i m i l a r i t i e s  among s u p e r f i c i a l  s i t u a t i o n s ,  al though those 
s i t u a t i o n s  might  be more a p p ro p r i a t e  f o r  co l lege  s t u d e n t s .  In connec tion 
with  t h i s  view, Schoenfeld  (197 9) views t h a t  the a b i l i t y  to s e l e c t  useful  
problem-so lv ing s t r a t e g i e s  depends on having a s u f f i c i e n t  domain o f  s p e c i f i c  
knowledge and th e r e f o r e  he recommends t h a t  teaching  prob lem-so lv ing techn iques  
should be a t  the h i g h e s t  grade o f  c o l l e g e .  These l a s t  views which sugges t  
t h a t  s tu d en t s  l e a rn  l a t e  - i f  a t  a l l  - o f  such techniques  lead  many to be 
s c e p t i c a l  about the e x i s t e n c e  of  genera l  s k i l l s  and consequen t ly  they do not  
take general  i n t e r d i s c i p l i n a r y  s k i l l s  se r ious ly  (Lochhead, 1979).
But,  whatever the  d i f f i c u l t y  t h a t  e x i s t s ,  the a b i l i t y  to so lve  a problem 
s tands  as the most va luab le  p r o f i t  o f  l e a rn in g  mathematics (Polya,  1962).
This indeed i s  in  the l i n e  o f  the Commission on Secondary Curriculum (1940) 
who found prob lem-so lv ing as the b a s i c  r a i s o n  d ' e t r e  f o r  mathematics in the 
secondary schoo l .  In t h i s  connec t ion ,  Thorsland and Novak (1974) b e l iev e  
t h a t  problem-so lv ing  i s  b a s ic  f o r  developing  an unders tand ing  of  the processes  
as well as the c o n te n t  of  s c i e n c e ,  and a l so  t h a t :
"a b e t t e r  unders tanding  of  the ro le  of  prob lem-so lving a b i l i t i e s
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in  the le a rn in g  process  would enable  one more f u l l y  to  comprehend 
the n a tu re  o f  l e a r n i n g . "
But d e s p i t e  the importance o f  t h i s  a r e a ,  Lovell (1981) f inds  t h a t  problem­
s o lv in g  seems more messy,  more complex than we would l i k e ,  and,  a la s  
c o g n i t iv e  psychology so f a r  cannot  provide a g r e a t  deal in  t h i s  a rea .  F u r th e r ­
more, Lovell r e p o r t s  t h a t  genera l  t h e o r i e s  o f  problem-solv ing such as 
in fo rm at ion  p rocess ing  models,  the G e s t a l t  approach,  or  St imulus-Response 
theory  a re  somewhat s k e tc h y ,  incom ple te ,  o r  vague and do no t  o f f e r  much help,
5 . 2 . 1 . 1 .  S u f f i c i e n c y  In Problem-Solving
Scandura (1977) ,  in  d i s c u s s in g  the a rea  o f  prob lem-so lv ing r a i s e s  the 
q u e s t i o n :  Why i s  i t  t h a t  some people can so lve  a given problem f o r  which
they have a l l  the necessary  competent  s k i l l s , whereas o th e rs  cannot?
T h i s ,  as he f i n d s ,  has puzz led s c h o la r s  almost  from the beginning of  
c i v i l i z a t i o n .  The s t a t e m e n t  o f  Scandura i s  much l i k e  the common say ing :
Why i s  i t  t h a t  some s tu d e n t s  can ^ m a t h e m a t i c s ,  bu t  no t  physics?  This was 
indeed the q u es t i o n  d i scu ssed  in  the  f i r s t  i n d i c a t o r  T-j in 7 . 2 . 0 .  I t  was 
then noted t h a t  s tu d e n t s  do mathematics in  a space of  knowledge ' S ' ,  bu t  in 
some cases most  s tu d e n t s  could n o t  t r a n s f e r  t h e i r  mathematical knowledge in 
'S '  to ano ther  space 'H' whether  in  mathematics or  p hys ic s .  In my view, 
the ques t ion  t h a t  could be r e l a t e d  to Scandura ' s  i s :  What c r i t e r i o n  should
one use to  i d e n t i f y  whether  an in d iv id u a l  has or  has no t  the necessary  
competency s k i l l s  f o r  the problem? More p r e c i s e l y ,  the major ques t ion  
should be: I f  P i s  a w e l l -d e f in e d  problem, then i s  th e re  a c r i t e r i o n  X
which could i n d i c a t e  competency which w i l l  s a t i s f y  P? However, t h i s  ques t ion  
i s  a long s ta nd ing  one,  and answers to i t  would a l so  answer the e t e r n a l
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search  to d i s c o v e r  i f  i t  i s  p o s s i b l e  to  teach prob lem -so lv ing .  But,  
could such an 'X' e x i s t ?  . . .  be i d e n t i f i e d ?  The answer i s  no t  ea s y ,  
b u t  al though X might  n o t  be i d e n t i f i e d ,  we do no t  have any evidence a g a i n s t  
the e x i s t e n c e  o f  such X, and t h e r e f o r e  the fo l lowing axiom i s  p o s s i b l e .
5 . 2 . 1 . 1 . 0 .  Axiom Of S u f f i c i e n c y  5 . i
I f  P i s  a w e l l -d e f i n e d  problem, then th e re  e x i s t s  a c e r t a i n  
c r i t e r i o n  'X'  t h a t  can induce s u f f i c i e n c y  f o r  P .
In connec tion with the axiom, i t  was a l so  my view t h a t  such X would 
s a t i s f y  a s e t  o f  p r o p e r t i e s ,  o f  which the fo l lowing th ree  p r o p e r t i e s  
are  b e l i e v e d  to be e lements :
(XI) Cons is tency : i n  the sense t h a t  X provides  an a lgo r i thm  ( s e t  o f  rules )
t h a t  de f ine s  a c e r t a i n  X (X) t h a t  t e s t s  the necessary  
competency f o r  P.
(X2) U n ifo rm i ty : in  the sense  t h a t  someone who i s  capable of  P and
demonst rates  comprehension of  such a b i l i t y  should be
expec ted  beforehand to be completely capable in X^(X).
(X3) Completeness : in the sense the competency in X^(X) implies competency
in P.
I t  i s  to be noted t h a t  in XI the type o f  behav iour in X^(X) i s  expec ted to 
be g e n e r a l l y  s im p le r  than the more complex behaviour in P. Also X2 and X3 
could play the ro le  o f  the i n v e r s e  to each o th e r .  The un ifo rmity  in X2
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im pl ies  t h a t  a s t u d e n t  who i s  both capable o f  P and ab le  to  demonstrate  
f u l l  unders tanding  o f  what he i s  per forming ,  w i l l  i n e v i t a b l y  be ab le  in 
Xq(X). This does n o t  imply t h a t  a l l  o f  those who are  capable  o f  P are 
a l s o  ab le  in X^(X) s in c e  th e re  could be some in d iv id u a l  who has known t h i s  
o r  a s i m i l a r  problem w i th o u t  o b ta in in g  the  necessary  unders tanding  o f  the 
knowledge invo lved .  Also,  t h e r e  could be those in s t rum en ta l  o p e r a t i o n a l s
who can perform w i th o u t  having the  corresponding unders tand ing .  F i n a l l y ,  
X3 could be the most powerful p ro p e r ty  in the sense  t h a t  i t  p r e - d e termines 
any t r a n s f e r  o f  a b i l i t y  in  Xg(X) to  P. This p rope r ty  i n d i c a t e s  t h a t  i f  
a s t u d e n t  i s  competent  in  X^(X) i d e n t i f i e d  by X, then the p r o b a b i l i t y  t h a t  
he w i l l  be ab le  in  P i s  1 i . e .  the  idea l  p r o b a b i l i t y .  The inve rse  might  
however be u n t r u e ,  because of  p o s s i b l e  in s t rum enta l  o p e ra t io n a l  s .
5 . 2 . 1 . 2 .  The Problem-Space
Greeno (1975) r e p o r te d  t h a t  a l l  problems given in high school mathematics 
a re w e l l -d e f i n e d ;  in  the s e n s e ,  t h a t  they p r e s e n t  a s p e c i f i c  s e t  o f  premises 
o r  data to work from. Accord ingly ,  a l l  the problems t h a t  I w i l l  d is cuss  
in  t h i s  s tudy are  w e l l -d e f in e d  whether  t h i s  i s  s p e c i f i c a l l y  s t a t e d  o r  no t .
In t h i s  connec t ion ,  the term behavioura l  o b j e c t i v e  i s  u su a l ly  used to 
i d e n t i f y  the  d e s i r e d  behaviour  to achieve a r e l e v a n t  o b j e c t i v e .  But some 
behavioural  o b j e c t iv e s  could be cons idered  to be more necessa ry  o r  r e l e v a n t  
than o th e r s .  These w i l l  be c a l l e d  b a s i c  and a re  b e t t e r  i d e n t i f i e d  as 
fol lows :
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5 . 2 . 1 . 2 . 0 .  D e f in i t i o n  5.2
A behav ioura l  o b j e c t i v e  concerning a mathematical ta sk  i s  
de f ined  to be b a s i c  i f  a panel o f  people who a re  i n t e r e s t e d  
and involved  in the  f i e l d  accep t  i t  as s u c h .
I t  i s  to be noted t h a t  i t  was in tended  t h a t  the d e f i n i t i o n  shou ld  be 
loose so t h a t  t h i s  would he lp  the panel to choose such b a s i c  behavioura l  
o b j e c t i v e s  w i th o u t  any p r e s s u re  o f  predetermined c r i t e r i a .
Based on the prev ious  d e f i n i t i o n ,  we might reach the fo l lowing  d e f i n i t i o n :
5 . 2 . 1 . 2 . 1 .  D e f i n i t i o n  5 .3
I f  P i s  a well  de f ined  problem, then the problem-space of  P i s  
de f ined  to be the ordered  t r i p l e t  (D, B, X) where:
( i )  D i s  the s e t  o f  the da ta  and s p e c i f i c  g o a l ( s )  o f  P .
( i i )  B i s  a s e t  of  b a s i c  behavioural  o b j e c t i v e s ,  necessa ry  f o r  
P.
( i i i )  X i s  the c r i t e r i o n  f o r  P in the sense of  the axiom of  
s u f f i c i e n c y .
X was in t roduced  as a t h i r d  coo rd ina te  in o rde r  to main ta in  the  e s s e n t i a l  
r o l e  o f  such X in any f u r t h e r  s t u d i e s .  In th i s  s tudy ,  i t  was in tended  to 
look f o r  an approximation f o r  such an X to help the t h e o r e t i c a l  development 
o f  t h i s  s tudy .
5 . 2 . 1 . 3 .  A Problem-Kernel
This term r i s e s  from what commonly h e l d ,  t h a t  a s t u d e n t ,  who i s  to  be
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exposed to a problem P, should  f i r s t l y  be ab le to demonstrate  h i s  
competency in the nece ssa ry  mathematical  knowledge r e l a t e d  to P. Simply,
a ke rne l  i s  a s e t  o f  s imple s t im u l i  which t e s t  the a t t a in m e n t  o f  such
necessa ry  knowledge. A d e f i n i t i o n  o f  such a kernel  w i l l  be given a f t e r  
the  fo l lowing  d e f i n i t i o n .
5 . 2 . 1 . 3 . 0  D e f in i t i o n  5.4
I f  W i s  a space  o f  knowledge and i s  a w e l l -d e f in e d  behavioura l  
o b j e c t i v e ,  then ,  the c l a s s  B.(W) i s  de f ined  to  be the s e t  o f  a l l  
s t im u l i  in  W such t h a t  each s t im ulus  i s  governed ( s a t i s f i e d )  by
B.^ . i . e .  By(W) = {w:w i s  a s t im ulus  in W t h a t  i s  un iquely  governed
by B . }.
Any Wj in  B.(W) w i l l  be c a l l e d  a r e p r e s e n t a t i v e  f o r  the  c l a s s  B^(W) o r  more 
simply ,  a r e p re s e n t a t iv e  f o r  B. in W. Fur thermore ,  a behavioura l  o b j e c t i v e  
i s  w e l l -d e f in e d  as long as i t  admits  a f a i r  choice f o r  any r e p r e s e n t a t i v e  
in the sense t h a t ,  the behaviour  in a c e r t a i n  re p re s e n t a t iv e  does n o t  depend 
on the choice o f  t h i s  r e p r e s e n t a t i v e  and could be c o n s i s t e n t  f o r  two 
r e p r é s e n t a t i v e s .
5 . 2 . 1 . 3 . 1 .  D e f in i t i o n  5.5
Let W be a space of  knowledge and l e t :
( i )  P i s  a w e l l - d e f i n e d  problem in W;
( i i )  B i s  a s e t  o f  w e l l -d e f in e d  b a s ic  behavioura l  o b je c t iv e s  
necessary  f o r  P;
( i i i )  B^(W), . . . ,  B^(W) are  the c l a s s e s  By(W) f o r  a l l  B^  in B;
Then i f  we choose only one r e p r e s e n t a t i v e  w^  from each c l a s s
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B^(W) the  s e t  o f  a l l  those r e p r e s e n t a t i v e s  w i l l  be def ined  to 
be a kerne l  f o r  P in  W under B, and w i l l  be denoted as
In s e t - n o t a t i o n  = {w.^  : w. in W unique ly  governed by B..VB^. in 8}
which means t h a t  a kerne l  t e s t s  the a t t a in m e n t  o f  the knowledge r i s i n g  
from the b a s i c  p r e r e q u i s i t e s  o f  P and i d e n t i f i e d  by B.
The d e f i n i t i o n  i n d i c a t e s  t h a t  a kerne l  i s  no t  unique s ince  i t  i s  dependent  
on both the choice o f  r e p r e s e n t a t i v e s  and on B.
Figure 5.1 i l l u s t r a t e s  the  d e f i n i t i o n .
I W ]  B .  ( W )
Figure 5 .1 :  I l l u s t r a t i v e  Diagram Of Choice Of A Kernel In W
Regarding A Wel l-Defined Problem P.
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5 . 2 . 1 . 4 .  A Conceptual Process  In Problem-Solving
I t  was be l i e v e d  t h a t  on the  b a s i s  o f  the fo regoing  one would be l i k e l y  to 
p r e s e n t  a conceptual  path to  c o n c e p tu a l i s in g  how a s t u d e n t  under takes  
p rob lem -so lv ing .  As a m a t t e r  o f  f a c t ,  the c h i e f  d i f f i c u l t y  in  s tudy ing  
the  processes  in  p roblem-solv ing  i s  t h a t  i t  i s  a p r i v a t e  a c t i v i t y  i n a c c e s s i b l e  
to o b s e r v a t i o n ,  and a l l  t h a t  we can observe i s  to be found in the  r e s u l t s  o f  
the processes  r a t h e r  than the p rocesses  themselves (Wason and Johnson-L ai rd ,  
1968).  So in t h i s  sense  one can more f u l l y  unders tand  Scandura (1977) who 
s t a t e s  t h a t  r e l a t i v e l y  l i t t l e  i s  known about  how to teach people to so lve 
problems,  o r  how to  programe computers to do so .  Scandura cont inues  
arguing t h a t ,  in regard  to c o g n i t i o n ,  i t  i s  agreed t h a t  a s u cces s fu l  problem 
s o l v e r  should be ab le  ( i )  to unders tand  the problem, ( i i )  to i d e n t i f y  
s u i t a b l e  subgoa ls  o f  the  problem, ( i i i )  to r e t r i e v e  r e l e v a n t  in fo rm at ion  
from memory, ( iv )  to  d e r iv e  a s o l u t i o n  procedure f o r  each s u bgoa l ,  and
( iv )  to c a r ry  o u t  th e se  procedures  c o r r e c t l y  and v e r i f y  both the i n t e r ­
mediate and te rminal  r e s u l t s .  But ,  beyond these  genera l  o u t l i n e s ,  he 
f in d s  t h a t ,  t h e r e  i s  r e l a t i v e l y  l i t t l e  agreement on the ac tua l  na tu re  o f  the 
under ly ing  p ro c e s s e s .  What does i t  mean to say t h a t  a person unders tands  
a problem? How does he go about  i t ?  How does he form subgoa ls? ,  
r e t r i e v e  r e l e v a n t  i n fo rm a t io n ? ,  d e r iv e  s o lu t i o n  p rocedures? ,  or  f i n a l l y  use 
them? F u r th e r ,  in t h i s  connec t ion ,  Lochhead (1979) r e p o r t s  t h a t  e x p e r t s  
might  agree on the m e r i t s  o f  var ious  te ch n iq u es ,  e . g .  b reaking  the problem 
in t o  p a r t s  or  examining s p e c i a l  c a s e s ,  bu t  th e re  i s  no consensus as to the 
b e s t  o v e ra l l  s t r a t e g y .
In t h i s  t h e s i s ,  i t  was preconceived  t h a t  a problem s o l v e r  might  employ the 
fol lowing  conceptual  path in process  o f  so lv ing  a problem.
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( 1 )
( i1 )
( i i i )
( iv )
He d e f in e s  D in  the  problem-space (D, B, X) o f  P.
He decomposes P i n t o  simple p a r t s  i . e .  subproblems o r  r e l a t i o n s
t h a t  might  l i e  e i t h e r  on the s u r f a c e  or  deeper  in the s t r u c t u r e  
o f  P. Such s imple p a r t s  P-j, P^, . .  P^ d e f in e  a c e r t a i n  B 
f o r  him.
He draws a na log ie s  by matching those  simple p a r t s  with s i m i l a r  
ones in the s e t  o f  h i s  aggrega te  knowledge w i th in  the space of  
knowledge W which he can deal w i th .
He proceeds with the s o l u t i o n  o f  P as he e v a lu a te s  the ind iv id u a l
s o lu t i o n s  to the sub-prob lems.
This conceptual  path could be expected to match each P^ . with a cor responding 
w^, -  expressed  P\ w. - where w^  i s  an element in h i s  aggrega te  knowledge 
r e l e v a n t  to P^. However, i t  was thought t h a t  both P.^  and w. a re  governed 
by the p a r t i c u l a r  b a s i c  behavioura l  o b j e c t i v e  B^  he chooses .  Consequently 
a p rob lem -so lver  would match {P^, Pg, . . . ,  P^  } o f  P through ( h i s )  B to 
a c e r t a i n  kernel  in W f o r  P.
Figure 5.2 i l l u s t r a t e s  the conceptual  p rocess .
( P )  ( B )  (Wo)
Figure 5 .2 :  I l l u s t r a t i v e  Diagram Of A Conceptual Process In Problem-
Solving .
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Simply,  i t  i s  fo reseen  t h a t  in  such a conceptual  p ro c e s s ,  the problem 
s o l v e r  i d e n t i f i e s  a c e r t a i n  B through breaking  down P in t o  {P^, P^, 
P^} . He then matches the l a t t e r  s e t  with a kernel  f o r  P through B.
5 . 2 . 2 .  I I .  The E f f i c i e n c y  In A Space Of Knowledge
The term e f f i c i e n c y , as i t  sounds ,  would be expec ted  to i n d i c a t e  how f a r  
the achievement o f  a p a r t i c u l a r  ta sk  ' k '  i s  e f f i c i e n t  when such achievement 
i s  pu t  to  work on a s i t u a t i o n  r e l e v a n t  to k . In o t h e r  words, i f  a s t u d e n t  
has p ro p e r ly  achieved k , then the qu es t io n  of  e f f i c i e n c y  would ask what 
i s  the p r o b a b i l i t y  o f  t h i s  s t u d e n t  being ab le to so lve  a problem P in  domain 
o f  k. In t h i s  connec t ion ,  i f  B i s  a s e t  o f  b a s ic  behav ioura l  o b j e c t i v e s  
nece ssa ry  f o r  k, then success  in  mathematics i s  u s u a l ly  ob ta ined  through 
emphasising mathematical  knowledge r e l a t e d  to  simple behav iou rs ,  e . g .  B^  in 
B. Thus the e f f i c i e n c y  would i n d i c a t e  how f a r  a s t u d e n t  can b e n e f i t  from 
a c q u i r in g  knowledge on b a s i s  o f  such simple behav iours ,  when he en co u r te re s  
a problem P in  the domain o f  k. This assumes t h a t  the necessary  behaviour  
f o r  P i s  complex in t h a t  i t  c o n s t i t u t e s  more than one o f  those simple 
behav iours  B^  in B. Hence, such a measure could throw l i g h t  on the 
advantages t h a t  a c e r t a i n  space of  knowledge can provide in  t e a c h in g - l e a r n in g  
s i t u a t i o n s ,  as long as i t  could demonstrate  r e l i a b i l i t y .
In e a r l i e r  works f o r  t h i s  s tudy (P.6-1i),  the e f f i c i e n c y  was exp la ined  in 
general  terms as a measure t h a t  i s  i d e n t i f i e d  by the p r o b a b i l i t y  t h a t  a 
s t u d e n t  can so lve a problem P, provided t h a t  he has demonstrated a b i l i t y  
in  a s e t  P^ t h a t  i s  r e l e v a n t  to P. F u r the r  on, in  a p i l o t  s tudy  based on 
a general  conclusion  o f  a t e s t  T^ ( in  6 . 1 . 2 . 2 . 3  ) ,  i t  was proposed t h a t  such 
a s tudy  of  e f f i c i e n c y  could be mainta ined  on p^ = as a kernel  of  P.
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Here,  I s h a l l  d i s cu s s  such a measure of  e f f i c i e n c y  by i d e n t i f y i n g  on 
b a s i s  o f  the th r e e  p r o p e r t i e s  of  X in  the axiom o f  s u f f i c i e n c y ,  i . e .  
c o n s i s t e n c y ,  un i fo rm i ty  and completeness.  I be l ieved  t h a t  the degree o f  
r e l a t i o n  between P^ and X would i n d i c a t e  the r e l i a b i l i t y  o f  t h i s  measure.
( i )  Cons is tency : Here,  th e re  should  be i d e n t i f i e d  an a lgori thm t h a t
provides  f o r  the c o n s t r u c t io n  o f  a P^ r e l a t e d  to X^fX) in  the axiom of  
s u f f i c i e n c y .  But X^(X) in  the  axiom of  s u f f i c i e n c y  was supposed to t e s t  
the  n ecessa ry  competency f o r  P, however a kernel  in a space  W i . e .  
would,  by d e f i n i t i o n ,  s e rve  f o r  t h i s  purpose.  Hence, one could take  P^ 
as a ke rne l  W^, and the a lgo r i thm  f o r  co n s t ru c t io n  o f  a kernel  could se rve  
f o r  c o n s i s t e n c y .  This choice would a l so  be in l i n e  with the genera l  
conclus ion  in 6 . 1 . 2 . 2 . 3  in t h a t  e f f i c i e n c y  can be main ta ined  on P^ as a 
kerne l  X f o r  P. >
I t  i s  to be noted t h a t  X^(X) has no t  been i d e n t i f i e d  and th e r e f o r e  could be 
complete ly d i f f e r e n t  from W^. Fur thermore ,  we are  no t  su re  whether X^(X) 
i s  a kernel  in some space or  n o t ,  al though I would accep t  as an accep tab le  
approximation f o r  X (X) in W.
( i i )  Uniformi ty : Here someone so lv ing  P should ,  in  g e n e r a l ,  be able  to
develop a proper  mathematical  knowledge in the necessary  competency f o r  P 
t h a t  was i d e n t i f i e d  by a kernel  of  P, i . e .  a s o l v e r  o f  P should be ab le 
a c c u r a t e l y  to perform in  each element in  the kernel  f o r  a l l  the e lem en ts .  
This proper  knowledge was preconceived  to be independent  o f  the choice of  
Wq , i . e .  the un i fo rm i ty  here implies t h a t  the s tudy should be o r i e n t a t e d  
towards those who a re  ab le  in a l l  ke rne l s  in W f o r  P. A member who 
s a t i s f i e s  such proper  a b i l i t y  in a l l  the elements of  a kernel  and f o r  a l l  
the ke rne ls  o f  P w i l l  be c a l l e d  a uniform o p e r a t i o n a l .  However, the
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fo l lowing  d e f i n i t i o n  i s  u s e f u l .
5 . 2 . 2 . 0 .  D e f i n i t i o n  5.6
I f  (D, B, X) i s  the  problem-space o f  a c e r t a i n  problem P in  a 
space o f  knowl edge W with  a c e r t a i n normal popu la t ion  ' O ' ,  then 
a uniform o p e ra t io n a l  f o r  P in  'O' i s  supposed to  be complete ly
a b l e ,  f o r  a l l  ke rne l s  o f  P, in  a l l  elements o f  any kernel  W^.
Accordingly ,  a l l  such ke rne l s  a re  i d e n t i c a l  to uniform o p e r a t i o n a l s , and 
the kernel  w i l l  have ,  in  t h i s  s e n s e ,  the corresponding meaning in the 
o rd in a ry  language .  In t h i s  connec t ion ,  those uniform o p e r a t io n a l s  who are 
expec ted  to  be ide a l  ones imply a c e r t a i n  r e l i a b i l i t y  f o r  an adequate  
development o f  the s tu d y ,  based on the  law of ' u n iv e r s a l  d e t e r m i n a t i o n ' .
In behavioura l  sc ienc e  t h i s  i s  founded on the assumption t h a t  the
behaviour  of an organism i s  lawful and hence e x h i b i t s  c o n s i s t e n t  behav iour .  
As a m a t t e r  o f  f a c t  in the absence o f  a p r i n c i p l e  o f  in v a r i a n c e  in  the 
psycho-educat ional  f i e l d  which might  provide such cons i s te ncy  in behaviour  
under a given s e t  o f  c o n d i t i o n s ,  we might  expec t  r e s u l t s  and f in d in g s  to 
d i f f e r ,  which c l e a r l y  i s  found to  be so in r e p e t i t i o n  o f  r esearch  s t u d i e s .
( i i i )  Completeness : Here we would r e q u i r e  t h a t  the e f f i c i e n c y  provide
an i n d i c a t i o n  o f  how f a r  the  knowledge achieved by uniform o p e r a t i o n a l s  i s  
complete fo r  P, i . e .  s a t i s f i e s  P in the sense o f  the axiom of  s u f f i c i e n c y .  
In o th e r  words, the e f f i c i e n c y  i s  expec ted to 'measure '  how f a r ,  a space of  
knowledge W approximates to the ideal  s i t u a t i o n  invo lved  in the axiom of  
s u f f i c i e n c y .
Hence the fo l lowing d e f i n i t i o n  was found to be p l a u s i b l e .
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5 . 2 . 2 . 1 .  D e f in i t i o n  5.7
Let  (W, 0) be a space o f  knowledge such t h a t  a c e r t a i n  normal 
popu la t ion  'O' in a c e r t a i n  grade o f  school  i s  seeking to gain 
a mathematical  knowledge through a s t r u c t u r e  of  knowledge W 
and l e t :
( i )  (D, B, X) be a problem-space of  a c e r t a i n  problem P :
( i i )  i s  any kernel  f o r  P in W i d e n t i f i e d  by B;
then the e f f i c i e n c y  in W with r e s p e c t  to P i s  def ined  to  be the 
p r o b a b i l i t y  ' r '  t h a t  a uniform op e ra t io n a l  in 0 f o r  P i s  
capable o f  P.
5 . 2 . 2 . 2 .  Basic Remarks
(1) r  = 1 f o r  Xg(X) in the axiom o f  s u f f i c i e n c y .
(2) The d e f i n i t i o n  of  e f f i c i e n c y  i s  t h e o r e t i c a l l y  r e s t r i c t e d  to  those
uniform o p e r a t i o n a l s  who s a t i s f y  un i fo rm i ty .
(3) The e f f i c i e n c y  ' r '  i s  expec ted  to change with P in  the same W.
(4) ' r '  i s  mainly  dependent  on W under c o n s i s t e n t  i n t e r a c t i o n  between
W and 0.
A textbook t h a t  p r e v a i l s  in such an i n t e r a c t i o n  could p o s s ib ly  induce a 
co n s i s te n cy  i . e .  r  = r(W). (The t e a c h e r ' s  r o le  i s  never den ied ,  bu t  
s in c e  t h i s  i s  a p r o b a b i l i s t i c  s tudy  t h a t  in tends  to deal  with d i f f e r e n t  
s u b j e c t s  who have d i f f e r e n t  t e a c h e r s ,  I supposed the textbook to be 
the more markedly e f f i c i e n t  f a c t o r  in these  p ro c e s s e s ) ,  (see Conclusion 4.2)
(5) I f  N(W^) denotes the number o f  uniform o p e r a t i o n a l s  in 0 and N(W + P)
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denotes the number o f  those  who a re  both uniform o p e r a t i o n a l s  and capable 
o f  P, then r(W) or  r  = ^^^o ^ could be a f a i r  measure o f  e f f i c i e n c y .~NTWo)“This ' r '  may be supposed to  be i n v a r i a n t  under choice o f  because o f  the  
idea l  p roper ty  o f  uniform o p e r a t i o n a l s .
s e t  of  uniform o p e r a t io n a l s
s e t  of  uniform o p e r a t i o n a l s  who 
are  capable o f  P
N(W„ +  P)
Figure 5 .3 :  I l l u s t r a t i v e  Diagram For C a lcu la t ion  Of E f f i c i e n c y
Fur thermore ,  r e p r e s e n t a t i v e  simples of  'O' could be expec ted  to induce the 
same value o f  r .
5 . 2 .3 . General Discussion
(a)  I t  was sugges ted  in these  previous  b a s i c  remarks t h a t  r  i s  mainly 
dependent  on W under the same cond i t ions  of i n t e r a c t i o n  with  0 . Suppose 
then G and G are  two r e p r e s e n t a t i v e  groups o f  0 and both are exposed to 
a t a sk  k through the two d i f f e r e n t  spaces o f  knowledge W and W r e s p e c t i v e l y  
under the same cond i t ions  o f  i n t e r a c t .  Then f o r  a c e r t a i n  problem P, i t  
i s  no t  n e c e s s a r i l y  expected  t h a t  " r  in W through G" i s  e q u i v a l e n t  to
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" K i n  W through G". This e x p e c t a t i o n ,  indeed ,  i s  in  l i n e  with  the 
second i n d i c a t o r  Tg in  7 .2 .1  t h a t  demonstrated d i f f e r e n t  c o r r e l a t i c  
in the two spaces of  knowledge S and H f o r  the same problem P.
Hence the  fo l lowing  conc lus ion
5 . 2 . 3 . 0 . Conclusion 5.1
In a space o f  knowledge (W, 0) the e f f i c i e n c y  o f  the gained 
knowledge in  W with  r e s p e c t  to  a problem P would d i f f e r  with 
a change o f  W.
The conclus ion  provides  conf i rm a t ion  o f  the s ta t e m e n t  d i f f e r e n c e s  in  con ten ts  
could r e s u l t  in d i f f e r e n t  l e a r n i n g  outcomes. In t h i s  connec t ion ,  t h i s  
conf i rm at ion  goes in l i n e  o f  the  works o f  Mayer and Greeno (1972) and 
Ehrenpr ies  and Scandura (1974) ,  however those works in tu rn  would c a s t  
f u r t h e r  r e l i a b i l i t y  over  t h i s  measure,  i . e .  the e f f i c i e n c y .  Moreover,  t h i s  
measure of  e f f i c i e n c y  can in tu rn  i n d i c a t e  t h a t  c o g n i t iv e  a b i l i t i e s  can meet 
d i f f e r e n t  in f lu en ces  in d i f f e r e n t  spaces o f  knowledge. These in f lu e n c e s  
were p rev io u s ly  d iscussed  in 5 .1 .  Hence d i f f e r e n t  l e a rn in g  outcomes could 
be expec ted  to be induced by d i f f e r e n t  under ly ing  s t r u c t u r e s  o f  l e a r n i n g .
(b) According to  completeness o f  ( i i i )  in 5 .2 .2  ( P . 5-23), i t  could be
conce p tua l i s ed  t h a t  a kernel  f o r  a problem P, could be in  proxim ity  o f  
X (X) in the axiom o f  s u f f i c i e n c y ,  in so f a r  as the e f f i c i e n c y  ' r '  in  W i s  
c lo se  to the ide a l  p r o b a b i l i t y ,  i . e .  r ^ l . I t  was i n d i c a t e d  in the complete­
ness p rope r ty  o f  X in the axiom o f  e f f i c i e n c y  t h a t  any s t u d e n t  who i s  ab le  
in X^(X) w i l l  be capable o f  P, i . e .  r  = 1 fo r  a l l  who s a t i s f y  X^(X), (see
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emark 1 in  5 . 2 . 2 . 2  ) ,  Hence i f  and are  two ke rne ls  of  P under B 
in two spaces  o f  knowledge W and W r e s p e c t i v e l y  and corresponding  e f f i c i e n c i e s  
in  W and W a re  r  and r  r e s p e c t i v e l y , such t h a t  r  < r  4  1 , then i s  
assumed to be in  c l o s e r p rox im i ty  to X^(X) than whereas Xg(X) always
s tan d s  as the d e s i r e d  t a r g e t  f o r  m o d i f i c a t i o n .  Hence, we o b ta in  the nex t
genera l  p ro p o s i t i o n  o f  m o d i f i c a t io n  in the  methodology o f  t e a c h in g - l e a r n in g  
s i t u a t i o n s  expec ted  to p rese rve  the  r e l i a b i l i t y  of  the  e f f i c i e n c y  measure.
5 . 2 . 3 . 1 .  P r o p o s i t io n  5.1
I f  'O' i s  a c e r t a i n  normal popu la t ion  and each o f  W and W i s  a 
s t r u c t u r e d  knowledge in  the  sense  o f  D e f in i t i o n  5 . 1 ,  and i f :
( i )  (D, B; X) i s  a problem-space f o r  a problem P;
( i i )  r  and r  a re  the two e f f i c i e n c i e s  in W and W r e s p e c t i v e l y  
f o r  'O' and P;
( i i i )  r  < r \ f  1;
the n  W could c o n t r i b u t e  in whole o r  in  p a r t  to a m o d i f i c a t io n  in  
the  methodology o f  t e a c h i n g - l e a r n i n g  s i t u a t i o n s ,  provided t h a t  the 
p a r t  o r  whole o f  w"is a p p l i c a b l e  in the sense of  P ro p o s i t io n  6 .3 .
The fo l lowing diagram 5.4  i l l u s t r a t e s  the p r o p o s i t i o n .
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Figure  5 .4 :  I l l u s t r a t i v e  Diagram For D isc r im ina t ing  E f f i c i e n c i e s .
Key :
X^(X)is t h a t  which s a t i s f i e s  the axiom o f  s u f f i c i e n c y .  Hence g^ 
i s  t h a t  group in 0 who can p rope r ly  respond in X^(X) i . e . s a t i s f y
( 1 )
X. Hence r  = 1 i . e .  a l l  those who a re  ab le  in  K^(X) are
( i i )
( i i i )
( iv )
consequen t ly  ab le  in P. (The completeness p ro p e r ty  in  the axiom 
of  s u f f i c i e n c y . )
g and g are  uniform o p e r a t i o n a l s  in  W and W r e s p e c t i v e l y  under 
and Wq which i d e n t i f y  two r e l e v a n t  k e rn e l s  o f  P under the  same s e t  
B o f  b a s i c  behav ioura l  o b j e c t i v e s  n ecessa ry  f o r  P. r  and r "are the 
two corresponding  e f f i c i e n c e s  in  W and W.
I f  r < r%: 1 then i s  expec ted  to be in c l o s e r  proximity  to 
X^fX) than W^ .
P ro p o s i t io n  5.1 of  m od i f i c a t io n  sugges ts  t h a t  W could c o n t r i b u te  in 
whole o r  in p a r t  to a m o d i f i c a t io n  in the methodology o f  te ach ing  
- l e a r n in g  s i t u a t i o n s .
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5 .3 .  Summary
The ch ap te r  was to con ta in  a c e r t a i n  t h e o r e t i c a l  framework t h a t  could 
a r i s e  from Chapters  6 and 7,  and persona l  ex p e r i en ce .  I t  i s  in t roduced  
to  f u l f i l l  the fundamental  r e s ea rch  p ro p o s i t i o n s  6 . 2 ,  6 .3  and 6.4  t h a t  were 
e s t a b l i s h e d  in Chapter  6. I t  was preconceived t h a t  an ' e f f i c i e n c y '  could 
be a measure t h a t  i n d i c a t e s  how f a r  the  d i f f u s e d  knowledge i s  e f f e c t i v e .  
Simply,  the e f f i c i e n c y  o f  the achievement o f  the  knowledge r e l a t e d  to a 
problem P would be measured by the  p r o b a b i l i t y  t h a t  an i n d iv id u a l  i s  capable 
o f  P, prov ided  t h a t  he has p ro p e r ly  s a t i s f i e d  some r e l a t e d  achievement.
In d i s c u s s in g  some aspec t s  o f  the  t h e o ry ,  i t  was viewed t h a t  a c h i ld  
acqu i re s  language in  a space o f  knowledge through s imple s t a t e s  o f  knowledge 
t h a t  d i f f u s e  knowledge w i th in  the c h i ld  which helps  him to comprehend the 
under ly ing  s t r u c t u r e  o f  the language,  such as when he begins to demonstrate  
"I play" and "he p l a y s " .  This space  o f  knowledge could have phys ica l  
e f f e c t s ,  in  t h a t ,  a c h i ld  who has l e a r n t  in t h i s  s pace ,  e . g .  a domestic  
s i t u a t i o n  in Wales,  can pronounce an a l p h a b e t  which c a n ' t  be e a s i l y  s p e l t  
by ano the r  c h i ld  in a domestic  s i t u a t i o n  in England. Fur thermore ,  the  space 
could have c e r t a i n  emotional  e f f e c t s  such as the p e rce p t ion  o f  the rhythm of 
a l i n e  o f  poe t ry .  In t h i s  connec t ion ,  Viennot  (1979) f in d s  by using  d i f f e r e n t  
terms t h a t  th e re  i s  an un taugh t  ' i n t u i t i v e  p h y s ic s '  (a  space o f  knowledge in 
terms o f  t h i s  t h e s i s ) ,  and a ' t augh t  p h y s ic s '  (a ' s c h o o l '  space o f  knowledge 
in p h y s i c s ) ,  such t h a t  the f i r s t  i s  a h indrance  to change or  m o d i f i c a t io n  in 
the second.  F o r tu n a t e ly ,  mathematics does not  have two such spaces of  
knowledge, an o u t -o f - s c h o o l  space and an in -school  space ,  b u t  r a t h e r  th e re  
i s  a space ‘S' t h a t  u n d e r l i e s  mathematical  knowledge. However, i t  i s  
i n s u f f i c i e n t  and o f  ' i n f l u e n t i a l  dominance ' ,  in t h a t  i t  r e s u l t s  in l i m i t a t i o n  
o f  the  knowledge gained  in S. I t  was found t h a t  th e re  i s  ano the r  space o f  
knowledge, H, which i s  ignored ,  al though i t  i s  more r e l e v a n t  to non-
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mathematical  f i e l d s ,  e . g .  physics  and S A  H = <j) ( th e  nu ll  s e t )  under a 
c e r t a i n  p r e c i s e  c o n t e n t .
A space  o f  knowledge was i d e n t i f i e d  to be an ordered  p a i r  (W, 0) where W 
i s  a s e t  o f  s t r u c t u r e d  knowledge i d e n t i f i e d  by a l l  i n i t i a l  s t a t e s  o f  
knowledge t h a t  a re  w e l l -d e f i n e d  by a f i n i  te s e t  o f  r u l e s .  This W d i f f u s e s  
p a r t i c u l a r  knowledge w i th i n  a c e r t a i n  normal popula t ion  'O' under the 
i n t e r a c t i o n  between W and 0.  I t  was viewed t h a t  the conception of  space 
o f  knowledge could be h e lp fu l  in i d e n t i f y i n g  a m o d i f ica t io n  based on the 
advantages t h a t  W could p rov ide  in problem-solving by means o f  the rea so n ab le  
measure,  e f f i c i e n c y .  Hence the s tudy  was expec ted  to d i scuss  ( I )  problem 
so lv in g  and ( I I )  the use o f  " e f f i c i e n c y "  in t h a t  a r e a .
( I )  I t  was seen t h a t  the prob lem-so lv ing  a rea  i s  very im por tan t  in school  
mathematics d e s p i t e  i t s  own i n t r i c a c y  and our  l im i t e d  knowledge o f  i t .  In 
t h i s  connec t ion ,  the axiom o f  s u f f i c i e n c y  was in t roduced  to p o s i t  the 
e x i s t e n c e  o f  an 'X' which s a t i s f i e s  a problem P. Such an X, while s t i l l  
u n i d e n t i f i e d ,  was seen as having a s e t  o f  p ro p e r t i e s  such as:
( i )  c o n s i s t e n c y ,  in the sense t h a t  X could c o n s t i t u t e  an a lgo ri thm  t h a t  
i d e n t i f i e s  Xq(X) which t e s t s  the necessa ry  competency f o r  P,
( i i )  u n i fo rm i ty ,  in the sense  t h a t  an in d iv id u a l  capable o f  P, who a l so  
unders tands  what he dem ons t ra te s ,  should be capable in X^(X) and,
( i i i )  completeness in the sense t h a t  anyone who s a t i s f i e s  X (X) w i l l  be 
ab le  to complete P p ro p e r ly .
F u r th e r  on a problem space (D, B, X) was in t ro d u ced ,  where D i s  the s e t  o f  
da ta  and goals  o f  a problem P, B i s  a s e t  o f  ba s ic  behavioura l  o b j e c t i v e s  
necessary  f o r  P, and X i s  the c r i t e r i o n  f o r  P in the sense o f  the axiom of
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s u f f i c i e n c y .  Hence, a kerne l  was def ined  as a s e t  o f  s t im u l i  such t h a t  
only one s t im u lus  i s  un ique ly  governed by each f o r  a l l  B^  in  B. In t h i s  
connec t ion ,  i t  was preconceived t h a t  a process  f o r  p roblem-solv ing  could use 
the f a c t  t h a t  a person so lv in g  a problem matches h i s  work in the problem to 
a p a r t i c u l a r  kernel  t h a t  he c o n s t r u c t s  through t h i s  s o l u t i o n .
( I I )  "The e f f i c i e n c y "  was in t roduced  as a measure based on an approximation 
to  X^(X) o f  P. I t  was argued t h a t  X^(X) might  be approximated to a kernel  
Wq . The measure was supposed to  take e f f e c t  through those ‘uniform 
o p e r a t i o n a l s '  de f ined  as those capable in  a l l  ke rne l s  and hence the e f f i c i e n c y  
would be independen t  o f  the  cho ice o f  k e r n e l .  Consequent ly,  the e f f i c i e n c y  
was in t roduced  as the  p r o b a b i l i t y  ' r '  t h a t  a uniform o p e ra t io n a l  in  a c e r t a i n  
normal popu la t ion  i s  ab le to  so lve  P. In f u r t h e r  d i s c u s s i o n ,  i t  was 
concluded t h a t  the e f f i c i e n c y  o f  ga ined  knowledge in  a space W would d i f f e r  
from t h a t  in  a space W. This i s  in l i n e  with Mayer and Greeno and o th e rs  
in t h a t  " d i f f e r e n c e s  in  con ten ts  could r e s u l t  in d i f f e r e n c e s  in  l e a rn in g  
outcomes."  F in a l ly ,  a p ro p o s i t i o n  5,1 o f  m od i f ica t ion  was p r e s e n te d .  I t  
s imply note s  t h a t  i f  r  and r  a re  two e f f i c i e n c e s  of  the same problem P in  
two spaces o f  knowledge W and W r e s p e c t i v e l y  and i f  r  < r  then W might  e i t h e r  
in  whole or  in  p a r t  c o n t r i b u t e  towards a m od i f ica t io n  in  the methodology of  
t e a c h in g - l e a r n in g  s i t u a t i o n s .
CHAPTER SIX
THE RESEARCH STAGES
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6. THE RESEARCH STAGES
6 .0 .  I n t ro d u c t io n
In conduct ing  r e s e a r c h ,  the  f i r s t  and most complex problem t h a t  a 
r e s e a r c h e r  encounte rs  i s  u s u a l ly  found in formula t ing  the re sea rch  
problem s imply ,  c l e a r l y  and complete ly (K e r l i n g e r ,  1973).  Furthermore ,  
work in  an educa tiona l  r e sea rch  i s  moreor l e s s  as in  s c i e n c e ,  in t h a t  i t  
i s  not  b a s i c a l l y  a mere f a c t - g a t h e r i n g  a c t i v i t y .  I t  i s  as Cohen (1956) 
s t a t e s  :
"There i s  . . .  no genuine p rogress  in s c i e n t i f i c  i n s i g h t  through 
the Baconian method of  accumulat ion o f  empir ica l  f a c t s  w i thou t  
hypotheses  o r  a n t i c i p a t i o n  o f  n a tu re .  Without  some guid ing 
idea  we do no t  know what f a c t s  to g a t h e r  . . .  we cannot  d e t e r ­
mine what i s  r e l e v a n t  and what i s  i r r e l e v a n t  " ( P . 148).
In t h i s  connec t ion ,  Poincare  (1952) s t a t e s  t h a t  the experiments o f  the 
re sea rch  should be based on some preconceived i d e a s ,  o the rw ise  the 
exper iments would be f r u i t l e s s .
A cons ide ra b le  account  o f  the se  ideas  has led me to b e l i e v e  t h a t ,  having 
formulated  the problem c l e a r l y  in the f i r s t  s t e p ,  the second s t e p  should 
be towards p u t t i n g  forward a s e t  o f  fundamental p ro p o s i t i o n s  t h a t  might 
guide and suppor t  a plan o f  work in ga the r ing  the r e l e v a n t  da ta  f o r  
development o f  the r e s e a r c h .
In f u l f i l l i n g  such aims,  a r e s e a r c h e r  w il l  i n e v i t a b l y  encounte r  a s e t  o f
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prob lem at ic  s i t u a t i o n s ,  mainly r e l e v a n t  to the i d e n t i f i c a t i o n  o f  the 
re sea rch  problem, the r e s ea rch  p ro p o s a l ,  and the p lan o f  work sugges ted  
f o r  the r esearch  development.  In g e n e r a l ,  I found t h a t  f i r s t l y ,  the 
re sea rch  problem and r e l e v a n t  te rminology should be c l e a r l y  i d e n t i f i e d  
and second ly ,  the r e sea rch  fundamental  p ro p o s i t i o n  should be c l e a r l y  s e t  
on the b a s i s  o f  a mental argument t h a t  could be i l l u s t r a t e d  by a p i l o t  
work in  the f i e l d ,  as well  as on i n t r o s p e c t i o n  t h a t  i s  based on both 
exper ience  and the  reviewed l i t e r a t u r e .  But ,  in  the absence o f  such c l e a r  
g u id e l in e s  f o r  the  r e s e a r c h ,  I found P ia g e t  (1972b) h e lp fu l  when in  more 
o r  l e s s  s i m i l a r  s i t u a t i o n s  he sugges ts  t h a t  a r e s e a r c h e r  should:
" s t a t e  in the most e x p l i c i t  form p o s s ib le  ( in  terms o f  a s e t  
o f  hypotheses  o r  axioms) th ree  to ten o f  the most im por tan t  o f  
h i s  metaphysica l  the se s"  ( P . 64 ) .
In t h i s  s tudy ,  I c l a s s i f i e d  the  r esearch  s tages  i n t o  t h r e e :  p r e ­
p r o p o s i t i o n ,  p r o p o s i t i o n ,  and f i n a l  s t a g e s .  Here I s h a l l  f u l l y  d i scuss  the 
f i r s t  two s t a g e s ,  w h i l s t  I s h a l l  b r i e f l y  r e f e r  to the t h i r d  and f i n a l  
s t a g e .
( I )  In the p r e - p r o p o s i t i o n  s tage  I p r e s e n te d ,  in  the sense o f  P i a g e t  bu t  
in my own words, a s e t  o f  f i v e  conv ic t ions  most of  which a re  p r e v a l e n t  in 
the research  f i e l d .  I a l s o  i d e n t i f i e d  the re sea rch  problem. In t h i s  
co nnec t ion ,  I be l i e v e d  t h a t  an improvement o f  the achievement should be 
b e t t e r  based on a b e t t e r  unders tand ing  of  the advantages o f  the c u r r e n t  
ach ievem en t .T h is , consequen t ly  implied  c l a r i t y  in te rm ino logy ,  and the 
implementing two p i l o t  in s t ru m e n ts .  As f o r  ( I I )  the second s t a g e  o f  the 
r e s e a r c h ,  the p ro p o s i t i o n  s t a g e ,  I employed such a v a i l a b l e  f a c t o r s  - 
e x p e r i e n c e ,  reviewed l i t e r a t u r e ,  p i l o t  in s t rum en ts  and r e l e v a n t  terminology 
-  as well as i n t r o s p e c t i o n ,  f o r  developing the fundamental research  
p ro p o s i t i o n s  t h a t  were supposed to e s t a b l i s h  a lo g i c a l  b a s i s  f o r  the 
development o f  the f i n a l  s tage  ( I I I )  o f  s tudy .  This f i n a l  s tage  i s  an
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ex tens ion  o f  the p r o p o s i t i o n  s t a g e ,  in t h a t  i t  was guided by these  
fundamental p ropos t ions  in development o f  theory, as well as r e l e v a n t  
em pir ica l  s tu d ie s  t h a t  le d  to m o d i f ica t io n .
Figure 6.1 i l l u s t r a t e s  genera l  aspec t s  o f  these  s t a g e s .
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Fig .  6 . 1 :  Stages  in  Research Development.
The double arrow < v i n d i c a t e s  t h a t  e f f e c t s  a re  in both d i r e c t i o n s ,
w h i l s t  a s i n g l e  a r r o w  v  denotes e f f e c t s  only in the d i r e c t i o n  o f  the
arrow.
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6 . 1 .  I .  A P r e - P ro p o s i t io n  Stage
In t h i s  s t a g e  I in tended  to pu t  forward a s e t  of c o n v i c t io n s ,  which could 
i n i t i a l l y  be used as genera l  g u id e l in e s  f o r  he lp ing  to c l a r i f y  the r e s ea rch  
problem in the p r e p o s i t i o n a l  s t a g e .  The p r e s e n t a t i o n  here i s  d e l i b e r a t e l y  
in tended to be loose ,  s i n c e  I wished to encourage broad i n t e r p r e t a t i o n  o f  
those b e l i e f s  in the c o n v i c t io n s .
6 . 1 . 0 .  General Convic t ions
Cl: The c u r r e n t  t e a c h in g - l e a r n in g  s i t u a t i o n  in mathematics i s  no t  
s a t i s f a c t o r y .
C2: Not a l l  mathematics t e ach e r s  a re  c r e a t i v e ;  perhaps the  m a jo r i t y  
a re  no t .  Hence,  reform should no t  be cons idered  to be a main 
duty o f  t e a c h e r s  who a re  a l re ady  burdened with heavy i n s t r u c t i o n a l  
d u t i e s .
C3: Theory i s  n o t  n e c e s s a r i l y  in im ica l  to  re form,  and a f e a s i b l e  
reform i s  n e c e s s a r i l y  based on good the o ry .
C4: There i s  no known p r i n c i p l e  o f  in v a r i a n c e  in the  behav ioura l  
s c ien c es  -  as  the  p r i n c i p l e  o f  i n v a r i a n c e  o f  q u a n t i t i e s  i n  
the phys ica l
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sc ie n c e s  - on which the r e s u l t s  and f in d in g s  can c o n s i s t e n t l y  
r e s t .  Only a p a r t i a l  s o l u t i o n  (reform) can th e r e f o r e  be 
expec ted .
C5: Modification o f  a c e r t a i n  s i t u a t i o n  would be more su re  i f
( i )  a s t r u c t u r e  e x i s t s  and can be i d e n t i f i e d ,  which c o n s t i t u t e s
ru l e s  t h a t  might  govern the s i t u a t i o n  and ( i i )  i f  i t  i s  p o s s i b l e
to i d e n t i f y  ano the r  s t r u c t u r e  which c o n s t i t u t e s  a new s e t  o f  
r u l e s  t h a t  might  c o n t r i b u t e  towards governing the new s i t u a t i o n .
The f i r s t  fo u r  c o nv ic t ions  indeed are seen to p rev a i l  in the f i e l d ,  while
C5 i s  a personal  c o n v ic t io n .  Fur thermore ,  Cl j u s t i f i e s  the e x i s t i n g
r e s e a r c h ,  and i t  could have in f lu en ced  my t a c k l in g  the fo l lowing  r esearch  
problem.
6 . 1 . 1 .  The Research Problem
The a rea  o f  mathematics educa t ion  abounds with numerous problems t h a t  s t i l l  
need answers,  e . g .  curr icu lum or  methods o f  t e a c h in g .  A re s e a r c h e r  
u su a l ly  looks f o r  a problem t h a t  w i l l  prove to be a t r u e  one in the a r e a ,  
i . e .  worthwhile f o r  r e s e a r c h ;  and the problem would be b e t t e r  i f  i t  were 
roo ted  in the r e s e a r c h e r ' s  exper i ence  and surv ived  w i th in  h is  thoughts .
As f o r  the re sea rch  aims,  I b e l i e v e  t h a t  any b a s i c  aim o f  mathematics 
educa t ion  could no t  - indeed should  not  - by any means be in d isag reement 
with the aims in t h i s  r e s e a r c h ,  which seeks an improvement o f  the 
achievement of  s tu d e n t s  in mathematics.  This aim i s  indeed under 
con t inu ing  debate,  s in c e  a l l  those  who are involved in the f i e l d  express  
growing concern f o r  the low achievement of  s tu d e n t s  in mathematics (which 
c o n s t i t u t e d  the b a s i s  f o r  conv ic t ion  Cl) .  Furthermore my exper ience  
and the reviewed l i t e r a t u r e  could indeed in d i c a t e  t h a t  improvement of  the
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achievement i s  a worthwhile s tudy  to be conducted.  In s p e c u la t in g  on 
a d e s i r e d  improvement, whether  in the c u r r e n t  approach (based on the 
ph ilosophy o f  the s t r u c t u r e )  or  in the methodology f o r  the approach 
which comprises a l l  p o s s i b l e  f a c t o r s  t h a t  implemented f o r  a c e r t a i n  
approach,  e . g .  cur r icu lum (Chapter  3 ) ,  I was convinced t h a t  the r e sea rch  
problem was more r e l e v a n t  t o  such methodology.  Consequent ly,  such an 
aim f o r  improving the  achievement was be l ieved  to be found in :
"look ing f o r  a f e a s i b l e  development in methodology o f
mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s "
and t h i s  c o n s t i t u t e d  the r e sea rch  problem. Fu r the r  d i s c u s s io n  o f  the 
r e sea rch  problem i s  found in Chapter  1.
6 . 1 . 2 .  P i l o t  I n v e s t i g a t i o n s  For The P ro p o s i t io n  Stage
The p ro p o s i t i o n  s t a g e  would i n e v i t a b l y  i n f lu e n c e  the design and r e l e v a n t  
method(s) t h a t  would be implemented in the re sea rch  development.  However, 
the p ro p o s i t i o n  s t a g e  would a l s o  be in f luenced  by preconcep t ions  in  t h i s  
f i r s t  s t a g e .  In g e n e r a l ,  as in an exper imenta l  s c i e n c e ,  I s e t  ou t  to 
d i s c u s s  the re sea rch  problem through i d e n t i f y i n g  a f u n c t io n a l  r e l a t i o n  
t h a t  in t ro d u c e s  the achievement as a func t ion  mainly dependent  on an 
independent  v a r i a b l e  which could be exp e r im en ta l ly  governed ( c o n t r o l l e d )  
in  a s tudy  of  the  v a r i a t i o n  o f  the  achievement.  Moreover,  b road ly  
speak ing ,  i t  was viewed t h a t  a m o d i f ica t io n  o f  a s i t u a t i o n  z i n t o  z 
should r e l y  on recogn iz ing  through some c r i t e r i o n  the advantages o f  both 
z and z .  Accordingly ,  i t  was preconceived  t h a t  the advantages o f  the 
achievement would be b e t t e r  in t roduced  by search  f o r  a m o d i f i c a t io n .  I t
was a l so  be l i e v e d  t h a t  t h i s  view would en r ic h  the th eory .
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This i n e v i t a b l y  r a i s e s  q u es t io n s  o f  te rminology such as achievement 
and improvement of  achievement as well as q ues t ions  o f  a measure of  
advantage and the  r e l i a b i l i t y  of  t h i s  measure.
In connec tion with the fo rego ing ,  I f i r s t l y  s h a l l  d i s cu s s  r e l e v a n t  
terminology  on the b a s i s  o f  1 .4 ,  as well  as implementing two p i l o t  
in s t rum en ts  to i n v e s t i g a t e  the com p a ta b i l i t y  o f  the advantage measure 
with the s tudy  and hence to throw l i g h t  on the in t r o d u c t i o n  o f  the 
p ro p o s i t i o n  s t a g e .
6 . 1 . 2 . 0 .  Discussion  Of Relevan t  Terminology
Here,  I s h a l l  p r e s e n t  d i s c u s s io n  o f  some r e l e v a n t  te rms;  however, a 
g lo s s a ry  in Appendix A w i l l  involve  most e s s e n t i a l  terms t h a t  are 
d i scussed  in t h i s  t h e s i s .
a) The ach ievement: This c o n s t r u c t  r e f e r s  to what  the s t u d e n t  has
lea rned  in a c e r t a i n  t a s k .  U sua l ly ,  in Kuwait,  the achievement o f  a 
c e r t a i n  l e a r n in g  ta sk  *k' takes  p lace  on the b a s i s  o f  a t a s k - a n a l y s i s , 
in terms o f  a s e t  'B'  o f  behavioura l  o b j e c t i v e s  found necessary  f o r  ' k ' :  
A s tu d e n t  u s u a l l y  copes with the a v a i l a b l e  knowledge r e l e v a n t  to  B o f  k. 
Consequently,  the  achievement i s  measured by an achievement t e s t , which 
i s  supposed to  measure what the s tu d e n t  has le a rned  to do (Thorndike 
and Hagen, 1969).
Such an achievement t e s t  i s  c o n s t ru c t e d  on the b a s i s  o f  such a B and 
graded under a c e r t a i n  c r i t e r i o n  t h a t  matches a grade  to  the  achieved 
knowledge under c e r t a i n  r u l e s .  For example,  the c r i t e r i o n  might  s u gges t
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two simple s t im u l i  in the form of  ques t ion - i te rns  to measure the 
achievement o f  a s t u d e n t  in each o f  B. A s c o re ,  (say  ‘+1 ' ) would 
be matched with the  achievement o f  the  s tu d e n t  in a r e l e v a n t  B^, i f  the 
s t u d e n t  could a c c u r a t e l y  perform in a t  l e a s t  one o f  the two items*, 
o the rw ise  ' z e r o ' .  Consequent ly,  the sum 'A' o f  these  sco res  i s  
def ined  to be the grade o f  the  s tu d e n t  t h a t  matches wi th h i s  achievement 
in  k. For a group o f  s t u d e n t s ,  t h i s  A could be the average grade  of 
a l l  the grades of  a l l  the s tu d e n t s  in  the group.  The achievement in t h i s  
sense provides  a c e r t a i n  i n d i c a t o r  o f  mastery  in  the t a s k .
For convenience ,  A w i l l  r e f e r  to the c o n s t r u c t  achievement t h a t  i s  
r e l e v a n t  to  a s tu d e n t  or  group o f  s t u d e n t s .  This makes the s tudy  o f  t h i s  
c o n s t r u c t  more t a n g i b l e ,  and i t  he lps  to in t roduce  the achievement as a 
m easu ra t ic  t e rm ;  hence two achievements could l e g i t i m a t e l y  be compared.
b) Improvement of  the  achievement: Such improvement was conceived to be
p o s s i b ly  acqui red  on the b a s i s  o f  m e a s u r a b i l i t y  and com parab i l i ty  o f  two 
achievements.  Hence, i f  A and A are two achievements ( in  the sense 
d i scussed  in ( a ) )and  i f  A < A, then the achievement A i s  s a id  to be b e t t e r  
than A and improvement Of A could p o s s ib ly  be proposed on the b a s i s  o f  
knowledge o f  a t t a i n i n g  A.
c) Advantage o f  the achievem ent: This term was conceived to  be a b a s i c  
one ,  in the sense t h a t  the development was based on the theme t h a t  to 
develop a c e r t a i n  s i t u a t i o n  ' z '  r e l e v a n t  to  c e r t a i n  aims, one should l e a rn  
about  the advantages o f  ( i )  z in s a t i s f y i n g  such aims, ( i i )  z t h a t  could be 
proposed to r e p la ce  in the development,  and f u r t h e r  ( i i i )  to compare 
advantages o f  z and z.
Accordingly,  based on such views as Polya (1962),  who sugges ts  t h a t  the
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a b i l i t y  to  so lve  a problem might  be the most va luab le  gain o f  l e a r n in g  
mathematics,  as well  as the r e p o r t  o f  the Committee on the Function o f  
Mathematics in  General Education (1940) t h a t  used "problem s o lv in g  as 
the b a s i c  r a i s o n  d ' e t r e  f o r  mathematics in  the secondary  sc h o o l" ,  I 
b e l iev ed  t h a t  a c ons ide ra b le  development of  the c u r r e n t  achievement o f  
s tu d e n t s  in mathematics i s  b e t t e r  based on a s tudy  t h a t  he lps  in  under­
s tand ing  o f  advantages  o f  such achievement in the a rea  o f  problem s o l v in g .
Simply,  t h i s  s tudy  i s  expec ted  to exp la in  the advantages o f  the achievement 
o f  a ta sk  ' k '  t h a t  supposed ly  could help the s tu d e n t s  who have p ro p e r ly  
achieved the ta sk  k when they are  exposed to a problem 'P '  in domain of  
k. Accordingly ,  I b e l i e v e d  t h a t  a development f o r  the  achievement could 
main ta in  c o n s i s t e n c y  i f  based on the theme of  the advantage o f  the 
achievement,  no t  on mere r a i s i n g  A i n t o  A.
In d i s c u s s io n  o f  how we might  employ a study f o r  l e a rn in g  about  such 
advan tages ,  I found t h a t  the fo l lowing terms should be b e t t e r  ex p la in e d .
( c l ) ;  computat ional  knowledge: This term w i l l  r e f e r  in  t h i s  t h e s i s  to
the  p a r t  o f  mathematical  knowledge t h a t  i s  found in apply ing  a c e r t a i n  
response in a s p e c i f i c  goal t h a t  genu ine ly  i s  r e l e v a n t  to t h a t  response 
e . g .  applying the r u l e  ^  (axu) in f ind ing  ^  (3x2).  A behavioura l  
o b j e c t i v e  in t h i s  p a r t  o f  mathematical  knowledge could i n i t i a l l y  be 
"applying the knowledge."
(c2 ) :  comprehensional knowledge: This term w i l l  r e f e r  in t h i s  t h e s i s  to
the o th e r  p a r t  o f  mathematical  knowledge t h a t  i s  found in i d e n t i f y i n g  a 
c e r t a i n  response t h a t  i s  r e l e v a n t  to a s p e c i f i c  goal t h a t  genuine ly  i s  
r e l e v a n t  to  t h a t  r e sponse ,  e . g .  ' i d e n t i f y i n g  t h a t  the ru le  ^  (ax")  i s
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r e l e v a n t  to  f i n d i n g  ^ ( 3 x ^ ) . A behavioura l  o b j e c t i v e  in t h i s  p a r t  o f  
knowledge could i n i t i a l l y  be " i d e n t i f y i n g  the  knowledge
(c3) Mathematical knowledge: This  term i s  expected now to  r e f e r  both
to cl  and c 2 . As a m a t t e r  of  f a c t ,  i t  was g e n e ra l ly  be l ieved  t h a t  the 
e x i s t e n c e  o f  such a sharp  l i n e  between cl  and c2 was no t  usefu l  in  t h i s  
t h e s i s  and t h e r e f o r e  the behav ioura l  o b j e c t i v e s  w i l l  in t h i s  t h e s i s  mostly 
begin " to  i d e n t i f y  and apply  the knowledge . . . "
(c4) A general  fundamental : This term i s  employed in  Kuwait to mean a 
c e r t a i n  behav ioura l  o b j e c t i v e  in mathematical  knowledge, whether 
computat ional  o r  comprehensional ,  t h a t  i s  cons idered  by a c e r t a i n  panel of  
people who work in  the f i e l d  to  be b a s i c  in the achievement of  mathematics,  
This term w i l l  be used f o r  l i m i t e d  purposes t h a t  a re  found in the second 
p i l o t  in s t ru m en t  in  t h i s  ch a p te r .
(c5) The e f f i c i e n c y : This  term i s  most im por tan t  in t h i s  s tudy  s in c e  i t
i s  supposed to i d e n t i f y  the advantages o f  an achievement.  This s imply i s  
based on s tudy ing  how f a r  the achievement t h a t  i s  t e s t e d  by some , which 
i s  r e l e v a n t  under c e r t a i n  co n d i t io n s  to a problem P, i n d i c a t e s  a probable 
e f f e c t i v i t y  in s o lv in g  P.
Accord ingly ,  i f  'O' i s  a c e r t a i n  normal popu la t ion  s tudying  a s p e c i f i c  
f i e l d  o f  mathematical  knowledge,  and i f :
( i )  P i s  a c e r t a i n  w e l l -d e f in e d  problem in t h i s  f i e l d .
( i i )  P^ i s  a c e r t a i n  s e t  o f  s imple s t im u l i  p resen ted  such t h a t  each i s  
cons t ruc ted  on the b a s i s  o f  t e s t i n g  achievement of  knowledge in the f i e l d
6-12
r e l e v a n t  to only  one behavioura l  o b j e c t i v e .  i s  expected  in genera l  to 
be s t r i c t l y  r e l v a n t  to  P f o r  convenience .
( i i i )  G i s  a r e p r e s e n t a t i v e  sample of  'O ' .
then the e f f i c i e n c y  o f  the mathematics achieved in P^ f o r  P i s  measured by
the p r o b a b i l i t y  ' r '  t h a t  an ' x '  in G i s  able to so lve  P, provided t h a t  he
has a c c u r a t e l y  performed in  a l l  elements o f  P^.
Simply the e f f i c i e n c y  i s  the p r o b a b i l i t y  t h a t  the c o nd i t iona l  s ta t em en t :
'X i s  ab le  in PJ =>'X i s  ab le  in P' i s  t r u e ,  provided t h a t  the f i r s t  s t a t e m e n t  
i s  t r u e .
Remarks:
( i )  P^ w i l l  be denoted by i f  P^ i s  concerned with genera l  fundamentals  
in  the f i e l d .  This Y ^ w i l l  be used in t h i s  t h e s i s  only in the second 
p i l o t  in s t rum en t  T^ o f  t h i s  s tudy ,
( i i )  Pq w i l l  be denoted b y X ^ i f  P^ i s  concerned with b a s ic  p r e r e q u i s i t e s  of  
P. These b a s i c  p r e r e q u i s i t e s  of  P w i l l  be i d e n t i f i e d  on the b a s i s  of  a 
c e r t a i n  s e t  B o f  behav ioural  o b j e c t i v e s  found to be b a s i c  and necessary  f o r  
P. This Xq w i l l  be dominent in a l l  t e s t s  of  t h i s  t h e s i s .  And f u r t h e r ,  i t  
w i l l  be c a l l e d  a kernel  f o r  P.
( i i i )  A r e p r e s e n t a t i v e  sample r e f e r s  to a c e r t a i n  sample t h a t  could 
r e p r e s e n t  a normal popu la t ion  in the sense t h a t  t h i s  sample could s a t i s f y  
a c e r t a i n  c h a r a c t e r i s t i c  o r  measure t h a t  the popula t ion  might  s a t i s f y .
In Kuwait t h i s  sample was i d e n t i f i e d  according  to  c e r t a i n  r e g u la t io n s  
provided by the M in is t ry  o f  Education.  These r e g u la t io n s  admit t h a t  a 
grade (school y ea r )  in a secondary school could e x i s t  i f  the  s tu d e n t s  t h a t  
would j o i n  t h i s  grade c o n s t i t u t e  two c l a s s e s ,  i . e .  approximate ly 50 s t u d e n t s .
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Provided  t h a t  a l l  s t u d e n t s  in the secondary  s tage  in  Kuwait,  i . e .  the 
f i e l d  o f  t h i s  s tu d y ,  a re  randomly d i s t r i b u t e d ,  and a l l  the  t e ach e r s  o f  
mathematics should  have a U n iv e r s i t y  degree in mathematics,  then a 
r e p r e s e n t a t i v e  sample f o r  such popu la t ion  was cons idered  to be the  s tu d e n t s  
in  any two c l a s s e s  o f  the g rad e ,  whether  the c l a s s e s  were in the same 
school  o r  no t .  Accord ing ly ,  any two c l a s s e s  could be cons idered  to  be 
e q u i v a l e n t  s i n c e  we have had no ev idence a g a i n s t  t h a t  and hence any cho ice 
f o r  the two c l a s s e s  i s  accep ted  as s a t i s f y i n g  the random method,  al though 
the l a r g e r  the  number o f  c l a s s e s  i s ,  the more r e l i a b l e  the  e f f i c i e n c y  
measure could be expec ted .
( iv )  I f  N(Pg) I  0 denotes  the number o f  s tu d en t s  in 6 who could a c c u r a t e l y
perform in  a l l  i tems o f  P^ and i f  N(P^ + P) denotes the number o f  those
s tu d e n t s  in G who could a c c u r a t e l y  perform in  a l l  the elements o f  both P
N(P .+ P) °
as well  as P, then r  = — y  - - could  be expected  to  be a f a i r
e s t i m a t io n  f o r  the  e f f i c i e n c y  r ,  r egard ing  P^ and P.
I t  i s  to be noted t h a t  i f  N(Pg) = 0,  then c o n s t ru c t io n  o f  P^ i s  n o t  v a l i d  
s in c e  t h i s  could mean t h a t  e i t h e r  P^ i s  no t  in some sense r e l e v a n t  to P 
o r  the sample i s  no t  r e p r e s e n t a t i v e .
F i n a l l y ,  i t  was preconceived  t h a t  the advantages o f  a c e r t a i n  achievement 
t h a t  i s  r e l e v a n t  to problem P, could be supposed to be i d e n t i f i e d  in 
s tudy ing  the e f f i c i e n c y  o f  the achievement in P^ t h a t  i s  r e l e v a n t  to 
the problem P.
Accord ingly ,  I t r i e d  to l e a rn  about  such advantages in o rde r  to throw l i g h t  
on p r e s e n t a t i o n s  o f  the r e sea rch  p roposa ls  in  the p ro p o s i t i o n  s tage  on a 
r e l e v a n t  b a s i s .  Two p i l o t  in s t rum en ts  were implemented f o r  such 
purposes .
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6 . 1 . 2 . 1 .  F i r s t  P i l o t  Ins t rum en t :  A Ques t ionna i re
A q u e s t i o n n a i r e  could be an e f f i c i e n t  tool  f o r  g a th e r in g  d a t a  i f  i t  could 
be made to be c l e a r ,  b r i e f  and a t t r a c t i v e ,  so t h a t  i t  pursuades the 
responden t  to answer r e a d i l y ,  provided  he was ab le  to .  I have t r i e d  
to  s a t i s f y  th e se  c o n d i t io n s  when implementing t h i s  i n s t ru m e n t ,  e s p e c i a l l y  
by e x p la in in g  c l e a r l y  the p rocedu re ,  purpose and terms o f  t h i s  
q u e s t i o n n a i r e  d i r e c t l y  to the responden ts .
6 . 1 . 2 . 1 . 0 .  D e s c r ip t io n  Of Method
The main aim o f  t h i s  in s t ru m en t  was to b u i ld  up a genera l  knowledge o f  
how people who work in the  f i e l d  th ink  o f  the advantages o f  the mathematics 
o f  achievement o f  s tu d e n t s  in the c u r r e n t  s i t u a t i o n .  I t  hence aimed to 
f ind  how those people g e n e r a l l y  th ink  o f  the e f f i c i e n c y  ' r ' o f  the c u r r e n t  
achievement.
A d e s c r i p t i o n  o f  method in t h i s  in s t rum en t  as well as in o t h e r  ones i s  
i l l u s t r a t e d  in the r e sea rch  methodology (Chapter 2 ) .  Simply, such 
d e s c r i p t i o n  w i l l  be d i s cu s s ed  though th ree  main s t e p s :
( i )  the m a te r i a l  t h a t  d e s c r ib e s  s e t t i n g  o f  the i tems o f  the t e s t ;
( i i )  s u b j e c t s  and s e t t i n g  t h a t  d e s c r ib e  people who p a r t i c i p a t e  in the 
in s t rum en t  and the s e t t i n g ;  and
( i i i )  the  procedure t h a t  d e s c r ib e s  how the in s t rum en t  was employed.
(a)  The Mate r ia l
The q u e s t i o n n a i r e  c o n s i s t e d  o f  the fo l lowing two q u es t io n - i t e rn s :
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Item I :  Suppose t h a t  a s t u d e n t  has been proved to  have a t t a i n e d  the
proper  computat ional  knowledge r e l e v a n t  to a f ix e d  problem P. 
What do you th ink  o f  the p r o b a b i l i t y  t h a t  he ( o r  she) i s  ab le  
to  so lve  t h a t  problem.
P lease  choose one o f  the fo l lowing  measures f o r  t h i s  p r o b a b i l i t y  
from the s e t :  {1 /10 ,  1 /4 ,  1 /3 ,  1 /2 ,  1} and w r i t e  i t  in  the 
fo l lowing  box:
I tem I I :  Suppose t h a t  a s t u d e n t  has a t t a i n e d  both the p roper  computa t ional
and comprehensional  knowledge r e l e v a n t  to a f ix ed  problem P.
What do you th ink  o f  the p r o b a b i l i t y  t h a t  he ( o r  she)  i s  ab le  to 
so lve  t h a t  problem.
P lease  choose one o f  the fo l lowing  measures f o r  t h i s  p r o b a b i l i t y  
from the s e t :  {1 /8 ,  1 /4 ,  1 /3 ,  1 /2 ,  1> and w r i t e  i t  in the
fo llowing  box:
The measures o f  p ro b a b i l i t y  in the two i tems were indeed ga thered  from 
people who work in the f i e l d .  I ga thered  such measures through informal 
d i s c u s s io n  with co l leagues  and te a c h e r s  in the f i e l d .  I t  i s  to be noted 
t h a t  a l l  the p a r t i c i p a n t s  were w e l1-acqua in ted  and f a m i l i a r  with the 
concept  o f  p r o b a b i l i t y .
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(b) S ub jec ts  And S e t t i n g
The s u b j e c t s  who p a r t i c i p a t e d  in  answering the q u e s t i o n n a i r e  could  be 
c a t e g o r iz e d  in t o  th r e e  c a t e g o r i e s  accord ing  to t h e i r  o f f i c i a l  p o s t s :
( i )  10 in s p e c t o r s  o f  mathematics (8 male and 2 female)
( i i )  9 s e n i o r  t e a c h e r s  o f  mathematics (6 male and 3 female)  in 9 d i f f e r e n t  
secondary  schools  f o r  boys and g i r l s
( i i i )  10 t e a c h e r s  o f  mathematics (6 male and 4 female)  in  5 d i f f e r e n t  
secondary schools  f o r  boys and g i r l s .
The p a r t i c i p a n t s  in  the f i r s t  ca tegory  account  f o r  a l l  the s t a f f  of  
i n s p e c t o r s  o f  mathematics ( e x c e p t  f o r  myself) who deal with the secondary 
s t a g e  o f  educa t ion  in Kuwait. All the members o f  t h i s  ca tegory  met a t  a 
f i x e d  t ime.  I then adm in is te red  the s h e e t s  o f  q u e s t i o n n a i r e s  to them and 
consequent ly  recorded  t h e i r  responses  as exp la ined  in the procedure .
The second ca tegory  ( o r i g i n a l l y  comprised of  10 members, as the number in 
the f i r s t  c a t e g o r y ) ,  o f  s e n i o r  t e a c h e r s  who were randomly chosen from ten 
secondary  schools  in Kuwait.  They were asked f o r  an appointment  as with 
the  f i r s t  c a tegory .  One male s e n i o r  t e a c h e r  could no t  p a r t i c i p a t e ,  and 
consequen t ly ,  the  number o f  members in t h i s  ca tegory  was then n ine .  I t  i s  
to be noted t h a t  th e re  were fewer female s e n io r  t e ache rs  merely because o f  
t r a n s p o r t  d i f f i c u l t i e s  in a t t e n d in g  the cen t re  appointed  f o r  the meet ing.
The t h i r d  group was chosen with the help o f  those s e n io r  t e achers  who 
p a r t i c i p a t e d .  I asked f o r  f i v e  v o lu n te e r  s e n io r  t e ach e r s  from the second 
group and got  th ree  males and fwo females .  Consequently,  I asked each
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vo lu n te e r  s e n io r  t e a c h e r  to  choose two members o f  the mathematics 
s t a f f  in h i s  school to p a r t i c i p a t e  in the q u e s t i o n n a i r e  on cond i t ion  
t h a t  each o f  the two members should have been te ach ing  mathematics o f  
the f i n a l  grade f o r  a t  l e a s t  the previous  y e a r .  This guaran teed  t h a t  
the chosen members were w e l l -a c q u a in t e d  with the mathematics o f  the 
secondary  s t a g e ,  s ince  a t e a c h e r  in the secondary s tag e  i s  n o t  al lowed 
to teach in the f i n a l  grade un le ss  he has taugh t  a l l  previous grades in 
the secondary  s t a g e .  An appointment was then arranged  f o r  each meeting 
with  the members in  the  f i v e  s c h o o l s ,  where the q u e s t i o n n a i r e  was 
ex p la ined  and adm in is te red  to them as d esc r ibed .
( c) The Procedure
There were seven meet ings ,  one f o r  the i n s p e c t o r s  o f  mathematics,  one f o r  
the s e n i o r  t e ache rs  and f i v e  f o r  the te ache rs  in the f i v e  secondary schools
The fo l lowing s t e p s  d e s c r ib e  the procedure.
(1) I exp la ined  t h a t  I was conduct ing  a r e sea rch  work t h a t  could provide 
sugges t ions  f o r  b e t t e r  achievement o f  mathematics.  I exp la ined  what  i s  
g e n e r a l l y  meant by achievement o f  a ta sk  t h a t  i s  d i scu ssed  in d e t a i l  in
6 . 1 . 2 . 0 ,  As f o r  the b e t t e r  achievement ,  I used broad terms to demonstrate 
t h a t  the b e t t e r  achievement could be found in r a i s i n g  the  average sco re  
o f  a group o f  s tu d e n t s  in  an achievement t e s t .
(2) I adm in is te red  the q u e s t i o n n a i r e  to the members o f  the group in the 
meeting and asked them f i r s t l y  to read the q u e s t i o n s .
(3) I exp la ined  simply t h a t  ( i )  computat ional  knowledge ( s k i l l )  r e f e r s
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to the knowledge t h a t  i s  r e l e v a n t  to applying a c e r t a i n  response in a 
s p e c i f i c  mathematical g o a l ,  e . g . s o l v i n g  an equat ion o r  apply ing  a c e r t a i n  
r u l e ,  bu t  comprehensional knowledge r e f e r s  to the knowledge of  p e rce iv in g  
a proper  response f o r  a r e l e v a n t  s t im u lu s ,  e . g .  choice o f  a r u l e  t h a t  i s  
r e l e v a n t  to only one behavioura l  o b j e c t i v e ,  l i k e  an e x e rc i s e  o r  a s imple 
problem.
(4) A problem i s  a novel s t im ulus  t h a t  i s  w e l l -d e f in e d  b u t  n o t  s imple .
(5) The p a r t i c i p a n t s  were asked to respond d i r e c t l y  a f t e r  d i s c u s s io n  and 
t h e i r  responses  were c o l l e c t e d  a t  the t ime.
6 . 1 . 2 . 1 . 1 .  A Q ues t ionna i re  C ons t ruc t
Optimisat ion  in the second i tem i s  expec ted to  s i g n i f i c a n t l y  d i f f e r  with 
t h a t  f o r  the f i r s t .
6 . 1 . 2 . 1 . 2 .  Discussion Of Resu l t s
I f  the v a l i d i t y  o f  the q u e s t i o n n a i r e  d a t a  depends on the a b i l i t y  and the 
w i l l i n g n e s s  o f  the respondent  to p rovide  the in fo rm at ion  reques ted  as 
Mouly (1970) b e l i e v e s ,  then I b e l i e v e  t h a t  such v a l i d i t y  h o ld s ,  s in c e  the 
q u e s t i o n n a i r e  poses con t inu ing  cozy problems t h a t  su rv iv e  w i th in  them. 
Furthermore ,  the q u e s t i o n n a i r e  was very s h o r t ,  and the appointments  of  
meet ings  were no t  burdensome to the p a r t i c i p a n t s .  Moreover,  I f e l t  t h a t  
a l l  o f  them could c l e a r l y  unders tand  the q u e s t i o n s ,  s in c e  none o f  them 
r a i s e d  any n o t i c e a b l e  q u e s t i o n s .  The p o s s i b i l i t y  o f  the m i s i n t e r p r e t a t i o n  
o f  any o f  the  q u e s t i o n s  was exc luded ,  s ince  a l l  o f  them responded in almos t
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the same t ime,  as was c l e a r  when the shee ts  were r e tu rn e d .
The fo l lowing two t a b l e s  c l a s s i f y  responses in each i t em,  according to 
the p r o b a b i l i t y  s c a l e .
ITEM I
P r o b a b i l i t y  ' 1/10 1/4 1/3 1/2 1 Total
No. o f  Teachers 8 1 1 0 0 10
No. o f  S en io r  Teachers 7 1 1 0 0 9
No o f  I n s p e c to r s 6 2 1 1 0 10
Total 21 4 3 1 0 29
Table 6.1
Number Of Responses And Corresponding P r o b a b i l i t y  Sca le  For Computational
Knowledge And Problem-Solving.
ITEM II
P r o b a b i l i t y  ' r ^ ‘ 1/8 1/4 1/3 1/2 1 Total
No. o f  Teachers 5 5 0 0 0 10
No. o f  Sen io r  Teachers 1 5 1 2 0 9
No. o f  I n s p e c to r s 3 4 1 2 0 10
Total 9 14 2 4 0 29
Table 6 .2
Number Of Responses And Corresponding P r o b a b i l i t y  Sca le  For Both 
Computational And Comprehensional Knowledge And Problem-Solving»
Tables 6.1 and 6 .2  demonst rate by and l a rg e  t h a t  people who work in  the 
f i e l d  are n o t  s a t i s f i e d  with  the mathematical  knowledge whether  ( i )
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computational in t a b l e  6.1 o r  ( i i )  both computat ional  and comprehensional ,  
t h a t  achieved by s tu d e n t s .  For 25 ou t  o f  29 p a r t i c i p a n t s  ( 86%)
w h i l s t  fo r  an almost  equal  number (23 ou t  o f  29 o r  79%) rg<
Such a value o f  was not  s u r p r i s i n g ,  f o r  as Lovell  (1981) s t a t e s :
"we a l l  know t h a t  performance in computat ion and problem work 
o f t e n  c o r r e l a t e s  po o r ly . "
The s u r p r i s i n g  s i t u a t i o n  could be found in t a b l e  6 .2  by the h ig h e r  
accumulat ion o f  op in ions  in  the range o f  the p r o b a b i l i t y  s c a l e  t h a t  
corresponds  to r^' -^,  where 79% o f  a l l  the respondants  were no t  su re  of  
the  e f f i c i e n c y  o f  mathematical  knowledge t h a t  c o n s t i tu te s  the c u r r e n t  
school mathematics achievement.  and ^2 did  n o t  genu ine ly  d i f f e r  
s i g n i f i c a n t l y  f o r  the  m a jo r i t y  o f  op in ions  which should s tan d  a g a i n s t  
the  q u e s t i o n n a i r e  c o n s t r u c t .
As a general  view, I could observe  t h a t  "people who work in the f i e l d  
th ink  t h a t  the c u r r e n t  achievement o f  mathematical knowledge i s  no t  
e f f i c i e n t  in problem s o l v in g . "
Such op in ions  indeed s u p p o r t  a c a l l  f o r  a change in c u r r e n t  s i t u a t i o n s  o f  
achievement.
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6 . 1 . 2 . 1 . 3 .  Summary Of Q ues t ionna i re
TITLE
AIMS
MATERIAL
SUBJECT AND 
SETTING
PROCEDURE
A q u e s t i o n n a i r e  -  M in i s t ry  o f  Education -  Kuwait
The main aim behind t h i s  q u e s t i o n n a i r e  was to f in d  ou t  
how people who work in the f i e l d  th ink  o f  the advantages 
o f  the  achievement o f  mathematics under c u r r e n t  s i t u a t i o n s .  
I t  was based on le a rn in g  how these  people th ink  o f  the  
e f f i c i e n c y  t h a t  i s  r e l e v a n t  to  a c e r t a i n  problem P, in cases
( i )  P^ t e s t s  the n ecessa ry  computat ional  knowledge f o r  P,and
( i i )  P^ t e s t s  the necessa ry  mathematical  knowledge f o r  P.
The q u e s t i o n n a i r e  comprised only two i t ems .
The s u b j e c t s  were 29 d iv ided  i n t o  th ree  main c a t e g o r i e s :
( i )  10 i n s p e c t o r s  o f  mathemat ics.
( i i )  9 s e n i o r  t e a c h e r s  of  mathematics.
( i i i )  10 te ach e r s  o f  mathematics.
All were involved in the secondary s tage  o f  educa t ion  in 
Kuwait s ch o o ls .  They were div ided  i n t o  seven groups f o r  
ease o f  procedure .
( i )  I t  was exp la ined  t h a t  the q u e s t i o n n a i r e  i s  p a r t  o f  a 
r e sea rch  s tudy  and b e t t e r  achievement was o p e r a t i o n a l l y  
d e f in e d ,  ( i i )  the s h e e t  was adm in is te red  to them, and ( i i i )  
t e c h n ic a l  te rm s ,  such as computational o r  comprehensional 
knowledge, s imple o r  ro u t in e  problem, and problem were 
ex p la in ed .  Consequent ly,  the respondents  answered the 
q u e s t i o n n a i r e  and gave i t  back in t ime.
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A QUESTIONNAIRE 
CONSTRUCT
GENERAL VIEW
O ptimiza t ion  in the second i tem i s  expec ted  to  
s i g n i f i c a n t l y  d i f f e r  with t h a t  in  the f i r s t  i tem.
People who work in the f i e l d  th ink  t h a t  the c u r r e n t  
achievement o f  mathematical knowledge i s  no t  e f f i c i e n t  
in  problem s o lv in g .  This c a l l s  f o r  a change in 
c u r r e n t  s i t u a t i o n s  o f  achievement.
6 , 1 . 2 . 2 .  A Second P i l o t  Ins trument ; A Tes t  T^
The s tudy  of  the  rough r e s u l t s  in the q u e s t i o n n a i r e  revea led  a low 
e f f i c i e n c y  in the c u r r e n t  achievement o f  mathematical knowledge in 
s t u d e n t s .  I t h e r e f o r e  t r i e d  to  l e a r n  more f u l l y  about  t h i s  achievement 
o f  mathematical knowledge in s tu d e n t s  by a paper -penc i l  t e s t  T^.
(Appendix B).  I f u r t h e r  aimed to l e a rn  how f a r  the  e f f i c i e n c y  measure 
could be r e l i a b l e  f o r  f u r t h e r  use ,  on the b a s i s  o f  any c o m p a t i b i l i t y  
with views t h a t  u s u a l l y  d e s c r ib e  s i t u a t i o n s  in the f i e l d  about  problem 
s o lv in g .  For example,  a b i l i t y  in problem so lv ing  d i f f e r s  from one 
problem to  an o th e r ,  d e s p i t e  having the  a b i l i t y  in  the b a s i c  p r e r e q u i s i t e s  
t h a t  a re  n ecessa ry  f o r  d i f f e r e n t  problems.  Moreover,  I wanted to l e a rn  
o f  how t h i s  e f f i c i e n c y  could be b e t t e r  employed in d i s c r i m i n a t i n g  
ach ievem ents .
I t  i s  to be noted  t h a t  a panel o f  s i x  people mysel f  i n c lu d e d ,  d i s cu s s ed
the  c o n s t r u c t io n  o f  T^ and approved i t s  m a te r ia l  c on ten ts  with the aim o f
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p re s e rv in g  con ten t  v a l i d i t y  o f  the t e x t  (Chaper 2 ) .  As f o r  the 
c o n s t r u c t  v a l i d i t y  d i scu ssed  in the r e sea rch  methodology in Chapter  2,
I s t a t e d  the t e s t - c o n s t r u c t s  which r e f l e c t  my b e l i e f s  based on 
exper i ence  and the reviewed l i t e r a t u r e .  The l a t e r  a n a l y s i s  of  the t e s t  
was based on d i s c u s s in g  such c o n s t r u c t s .
6 . 1 . 2 . 2 . 0 .  Discussion Of Method
(a) The Mate r ia l
Tq was c o n s t ru c t e d  in  a m u l t i p l e - c h o ic e  form o f  20
i t em s ,  designed f o r  s tu d e n t s  in the f i n a l  y e a r  o f  school  in Kuwait.  The 
V''e.sc»fi»v\fe.s were fo u r  f o r  each ,  and e x t r a c t e d  from the  answers o f  s tu d e n t s  
in fo u r  d i f f e r e n t  c l a s s e s  in the f i n a l  y e a r  by exposing f i v e  i tems o f  To 
to each c l a s s  in the  form o f  open-ended q u e s t i o n s ,  i . e .  e s say  form.
None of  the  s tu d e n t s  in  these  fo u r  c l a s s e s  p a r t i c i p a t e d  in T^.
(a-j ) Three problems were chosen to  c o n s t i t u t e  i tems 18, 19 and 20 in
To-
(ag) In c o n s t r u c t io n  , a s e t  o f  genera l  fundamenta l s ,  I in tended
to  f i n d  through the  e f f i c i e n c y  measure,  how f a r  competency in genera l  
fundamentals  could be employed in  p rob lem -so lv ing .  The d i f f i c u l t y  was in  
f i n d i n g  such genera l  fundamentals  t h a t  could be s i g n i f i c a n t  and r e l e v a n t  
to the  problems chosen. As an a c c ep tab le  s o l u t i o n ,  I chose those genera l  
fundamentals  t h a t  a re  both r e l e v a n t  to  the a rea  and r e p o r te d  by the 
I n s p e c t o r a t e  o f  Mathematics as d e f i c i e n c i e s  o f  s tu d e n t s  in genera l  
fundam en ta l s . Those d e f i c i e n c i e s  a r e ,  f o r  example,  found in so lv in g  
eq u a t io n s  o f  c e r t a i n  types o r  in  i d e n t i f y i n g  a r e l a t i o n s h i p  between l i m i t  
and c o n t i n u i t y .
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A:cordingly,  I could i d e n t i f y  ten d e f i c i e n c i e s  t h a t  were r e l e v a n t  to  what 
the s tu d e n t s  have l e a r n t .  Hence was co n s t ru c ted  on the b a s i s  o f  one
q u e s t io n - i t e m  f o r  each d e f i c i e n c y .  I t  co n s i s t e d  of  the f i r s t  ten items
in Tq, where i tems 1, 2,  3,  4, 6 , 7 and 8 r e l a t e d  to computat ional  
knowledge, based on using mathematics as a t o o l ,  while 5, 9 and 10 were 
r e l a t e d  to comprehension.  Here,  I p r e s e n t  th r e e  o f  those genera l  
fundamentals:
(1) The f i r s t  genera l  fundamental corresponds to d e f i c i e n c y  in s o lv in g
e qua t ions  o f  the f i r s t  degree with one unknown, say ' x'  in the denominator
The cor responding  item in Tq i s :  
x -2I tern 1 : I f  ~ 5 ,  then x equa l s :
3 □ . -3 □ . -1/3 □. 1/3
(2) The 6 th genera l  fundamental corresponds  to d e f i c i e n c y  in f in d in g  the
l i m i t  of f ( x ) as X 0 .
2
Item 6 : lim 1 .21 as x ->0 i s :
zero I I  ^ n o n -e x i s t i n g  I \ 1 j I none o f  the I
' * * ' * * *----proceeding ------------ ^
(3) The 10th genera l  fundamental corresponds  to d e f i c i e n c y  in i d e n t i f y i n g  
the r e l a t i o n s h i p  between a c e r t a i n  two o f  the  fo l low ing :  c o n t i n u i t y  o f  a
fu n c t io n  f  a t  ' a * ,  e x i s t e n c e  o f  f  a t  ' a * ,  l i m i t  o f  f  a t  ' a ' ,  the e x i s t e n c e  
o f  the d e r i v a t i v e  o f  f  a t  ' a* .
Item 10: I f  the fu n c t io n  f  i s  continuous a t  x = a then:
f  i s  de f ined  a t  ' a ' I | . f  has a d e r i v a t i v e  a t  ' a ' | I . f  may have no
l i m i t  a t  ' a '  ‘ ,f may be undef ined a t  ' a '
6-25
(a3) As f o r  c o n s t ru c t io n  o f  = X.^, i t  could be expec ted  t h a t  
t h e re  would be one Xq f o r  each problem in i tems 18, 19 and 20. For 
convenience ,  the se  w i l l  be denoted by Xo(18),  Xo(19) and Xq(20) where:
( i )  Xo(18) c o n s i s t s  o f  i tems 11, 12 and 14 of  T^.
( i i )  X@(19) c o n s i s t s  o f  i tems 15 and 16.
( i i i )  Xq(20) c o n s i s t s  o f  i tems 13 and 17.
I t  could be noted t h a t  %o(18) i s  a kernel  fo r  problem P=18 (P.)
S im i l a r l y  Xo(19) and Xq(20) .  Here I i l l u s t r a t e  the c o n s t r u c t io n  o f  X^(18) 
t h a t  corresponds to the problem in i tem 18.
Item 18: I f  the l i n e  : y  = x-h i s  a t a ngen t  l i n e  to the curve:  f(x)=x^+5x,
then h eq u a l s :
4 □  . -4 □  . 7 [ □ .  - 7 Q .
In c o n s t ru c t io n  o f  B, the  s e t  o f  b a s ic  behav ioura l  o b j e c t i v e s  t h a t  are 
n ecessa ry  f o r  any problem P,  the term b a s i c  was used to mean t h a t  the 
behavioura l  o b j e c t i v e  in B was accep ted by the panel to be necessa ry  
(see  Glossa ry  in  Appendix A). Hence n o t  a l l  behavioura l  o b j e c t i v e s  t h a t  
I had s t a t e d  were found to be necessa ry  by the pane l .
The panel agreed indeed on th r e e  b a s i c  behavioural o b j e c t i v e s  f o r  B t h a t  
i d e n t i f y  b a s i c  p r e r e q u i s i t e s  f o r  P.
B^: To i d e n t i f y  and apply the knowledge t h a t  a p o in t  belongs to  a c e r t a i n  
curve f .
B2 : To i d e n t i f y  and apply the knowledge t h a t  the s lope  o f  a tangen t  l i n e  to 
a curve f  a t ' a '  equals  f ( a ) ;  provided t h a t  f ( a )  e x i s t s .
B3 : To i d e n t i f y  and apply the knowledge o f  the d e r i v a t i v e  o f  a c o n s t a n t  
symbolic term in a func t ion  f .  In a l l  c a se s ,  f  was taken to be a poly ­
nomial o f  the second degree .
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Hence the cor responding  items r e s p e c t i v e l y  were:
Item n : I f  T(x) = x-x?^ then one o f  the fo l lowing p o in t s  belongs to T:
. ( - 1 . 0 )  □ ,  ( 2 , 2 ) Q ,  ( 2 . - 2 )  I I ,
Itern 12: I f  f ( x )  = x+x2, then the s lope  of  the t a n g e n t  l i n e  to f  a t
X = -2 i s : -'Cl. 'C-  » c  - c
Itern 14 : I f  T(x) = x^+h^,  h being c o n s t a n t ,  then T(x) i s :
22x + h "  [  J  .  2x  I I .  x ^ + 2h  I I ,  2x + 2h  [
(b) Sub jec ts  And S e t t i n g
A r e p r e s e n t a t i v e  sample was chosen to c o n s t i t u t e  th ree  c l a s s e s  in the f i n a l  
grade from th ree  d i f f e r e n t  secondary  schoo ls .  The t o t a l  number o f  s tu d e n t s  
who p a r t i c i p a t e d  in answering the t e s t  was 71 made up as fo l lows :
( b l )  Fhahil Secondary School f o r  G i r l s :  The f i n a l  grade comprised four
c l a s s e s  o f  approximate ly  equal s i z e .  A c l a s s  was randomly chosen t h a t  
comprised 25 g i r l s .
(b2) Rabia Secondary School f o r  G i r l s :  The f i n a l  grade comprised seven
c l a s s e s .  The chosen c l a s s  comprised 22 g i r l s .
(b3) Khitan Secondary School f o r  Boys: The f i n a l  grade comprised e i g h t
c l a s s e s .  The chosen c l a s s  comprised 24 boys.
I t  i s  to  be noted t h a t  g i r l s  in  Kuwaiti secondary schools  have always 
proved,  in  genera l  examinat ions  o f  a l l  the g rades ,  t h a t  they are no l e s s  
competent in s c i e n c e s ,  e s p e c i a l l y  in  mathematics,  than boys.  Hence I
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sh a l l  no t  cons ider  any d i f f e r e n c e s  o f  sex in t h i s  s tudy .
( c) The Procedure
( c l )  According to the r e g u la t io n s  of  the M in i s t r y ,  a l l  s tu d e n t s  in the 
same grade should in  any week of  the academic y e a r  be le a rn in g  in the
same t a s k ,  al though being one or  two per iods  ahead o r  behind does not
m a t t e r .  I t  was a s c e r t a i n e d  t h a t  a l l  s tu d e n t s  o f  had covered the 
m a t e r i a l s  conta ined  in the t e s t .
(c2) The t e ach e r s  o f  the experimenta l  c l a s s e s  adm in is te re d  the t e s t  
to the s t u d e n t s ,  as a normal school procedure f o r  a s s e s s in g  the s t u d e n t ' s  
achievement.
(c3) The d u ra t i o n  o f  the t e s t  was 60 minu tes ,  and a l l  the s tu d e n t s  gave 
the s h e e t s  back in t ime.
(c4) The answers were w r i t t e n  on the s h e e t  o f  the t e s t  by t i c k i n g  ( / )  in
the a p p ro p r ia t e  box.
(c5) Tq f o r  each c l a s s  was c o r r e c t e d  f i r s t  by the t e a c h e r  o f  the c l a s s ,  
then by the s e n i o r  t e a c h e r  o f  mathematics in the same school and l a s t l y  by
me. A score  o f  +1 was given f o r  each c o r r e c t  answer and ' z e r o '  o the rw ise ,
Scoring of  the answered s h e e t s  was performed by the guidance o f  an
answering s h e e t  f o r  c o r r e c t  r e sponses .  This s h e e t  i s  a t t a c h e d  with T^  in
Appendix B.
6 . 1 . 2 . 2 , 1 .  The T^-Construct s
The fo l lowing c o n s t r u c t s  were supposed to i d e n t i f y  the  c o n s t r u c t  v a l i d i t y  
o f  the t e s t .
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(1 ) The e f f i c i e n c y  d i f f e r s  with  the problem, i . e .  any two problems 
have n o t  n e c e s s a r i l y  the same e f f i c i e n c y  in  as in  X. .^
(2) G ene ra l ly ,  s tu d e n t s  a re  more competent in i tems o f  computat ion than 
in those o f  comprehension.
(3) The e f f i c i e n c y  rega rd ing  a c e r t a i n  ‘P' r e l e v a n t  to genera l  fundamentals  
( i . e .  in Y^) i s  almos t  e q u i v a l e n t  to the e f f i c i e n c y  in the s e t  B o f  b a s i c  
behav ioura l  o b j e c t i v e s  t h a t  are necessa ry  fo r  P ( i . e .  in X^).
6 . 1 . 2 . 2 . 2 .  Discussion  Of The Resu l t s
(1) The f in a l  grade was chosen f o r  T^ s ince  i t  i s  widely  acknowledged 
t h a t  s tu d e n t s  in  t h i s  grade are  both mature enough and s tud ious  , due to 
the s t ro n g  com peti t ion  to e n t e r  the f i e l d s  o f  Medicine,  Engineering and 
Science F a c u l t i e s  Besides  the t o t a l  mark in mathematics (120) i s  a 
high p ro p o r t io n  of  the  t o t a l  mark (410) f o r  a l l  s u b je c t s  in the General 
Examination o f  the f i n a l  y e a r ,  u s u a l l y  au tho r ized  by the Board in the 
M in i s t ry .  Hence, i t  was expec ted  t h a t  those s tu d en t s  w i l l  work hard in 
the t e s t ,  which i s  a d e s i r e d  aim f o r  the r e s e a r c h e r  t r y i n g  to s tudy 
e f f i c i e n c y  as r e l i a b l y  as p o s s i b l e .
(2) The fo l lowing  t a b l e  6 .3  denotes the number (n) o f  c o r r e c t  responses 
to each item o f  T :
Item 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 Total No. 
o f  S tudents
. n . 60 40 51 58 34 51 42 39 30 32 50 62 26 28 46 41 30 22 41 19 71
Table 6.3
Number Of C or rec t  Responses In Items of  T^ .
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I t  could be noted t h a t  s tu d e n t s  in general  were l e s s  ab le in genera l  
fundamentals  t h a t  p e r t a i n  to comprehension ( i t ems 5, 9 and 10) than in 
general  fundamentals t h a t  p e r t a i n  to computation ( i t ems 1 , 2 , 3 , 4 , 6 , 
7 and 8) .  This was indeed an expected c o n s t r u c t  (C ons t ruc t  2) .
(3) For s tudying  the e f f i c i e n c y  t h a t  i s  r e l e v a n t  to l e t :
( i ) ^ (^Yq) denote the number o f  s tu d e n t s  who were completely  ab le  in
a l l  i tems o f  Y^;
( i i )  N(Y^+P = 18) denote the number of  s tu d e n t s  who were complete ly 
ab le in both Y  ^ and item 18.
( i i i )  N(Y^+P = 19) and N(Y^+P = 20) be def ined  s i m i l a r l y .
( i v )  the e f f i c i e n c y  r(Yg, 18) =
N(Y^ + P = 18) 
N(Yo)
denote the p ro b ab i1i ty
t h a t  a s tu d e n t  'x '  i s  ab le  in P = 18, provided he i s  ab le  in Y^. 
r(YQ, 19) and r(YQ, 20) a re  de f ined  s i m i l a r l y .
The fo l lowing t a b l e  6 .4  i l l u s t r a t e s  the number o f  the ab le  s tu d e n t s  in  Z:
z Yo (Yq+ P = 18) (Yg+ P = 19) (Yg+ P = 20)
N(Z) 31 16 24 14
Table 6.4
Number Of Able S tuden ts  In General Fundamentals Y„ And Y +P,0 0
Hence the e f f i c i e n c i e s  regard ing  Y^ and the th r e e  problems a re :  
r(Yo,  18) = ^  « 0.52
r(Y^,  19) = ^   ^ 0 .77
r(Yo, 20)
24
TT
14
TT = 0.45
The e f f i c i e n c y  o f  the ga ined knowledge in Y^ i s  no t  the  same f o r  d i f f e r e n t
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problems,  s in c e  d i f f e r e n t  problems d i f f e r  in d i f f i c u l t y .  This c o n s t r u c t  
was a l s o  expec ted .  (C o n s t ru c t  1) .
(4) I f ,  in a way s i m i l a r  to t h a t  d iscussed  in ( 3 ) ,  N(Xq( 18)) denotes the 
number o f  s tu d e n t s  who were ab le  in X^(18) ( Items 11, 12 and 14),  and 
N{Xq( 18) + P = 18) denotes the numbers o f  s tuden t s  who were ab le in both 
Xg(18) and P=18, then:
r(X ( 1 8 ) ,  18) = £ - - .J .gI
N(Xg(18))
and consequen t ly ,  we o b ta in  the t a b l e  6 .5  which d i scusse s  the e f f i c i e n c y
regard ing  a problem P and i t s  kernel  X^(P).
z Xo(18) X q ( 1 8 ) + P  = 18 %o(19) X q ( 1 9 ) + P  = 19 Xo(20) X^(20)+P =20
N( Z ) 24 12 38 29 18 . 11
Table 6.5
Number Of Able S tudents  In a Kernel X (P) For A Problem P 
And In Both Xg(P) And P.
Hence:
r  (Xo(18),  18) 22
24
= 0.50
r  (X^flB) ,  19) 29
38
= —  = 0.76
r  (X^/20) ,  20) 21
18
= 0.61
The e f f i c i e n c y  shows t h a t  the gained knowledge in X o f  P could a l so  d i f f e r
according to P, which s tands  with the g e n e ra l l y  recognised  knowledge in 
problem-solv ing  (C o n s t ru c t  1) .  The c o n s t r u c t  of e f f i c i e n c y  can almost
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s t a n d  with  such b e l i e f s  t h a t  a re  found in Cons truc t  1.
(5) In comparing the  e f f i c i e n c y  r e l e v a n t  to the same P wi th t h a t  
r e l e v a n t  to the gained  knowledge in o r  (P):
( i )  0.52 vs .  0.50
( i i )  0.77 vs .  0.76
( i i i )  0.45 vs .  0.61
we n o t i c e  t h a t  in  ( i )  and ( i i )  the two e f f i c i e n c i e s  a re  approx imate ly  
e q u i v a l e n t ,  whi le in  ( i i i )  the e f f i c i e n c y  t h a t  i s  r e l e v a n t  to  X^(20) was 
h ig h e r  than t h a t  o f  Y^. This d i f f e r s  s l i g h t l y  with the t h i r d  c o n s t r u c t  
t h a t  expec ted  the two e f f i c i e n c i e s  to be approximate ly e q u i v a l e n t  f o r  the 
same P, hence t h i s  d i f f e r e n c e  i s  in  favour  o f  X^. In a d d i t io n  choice of  
Xq r ega rd ing  a problem P i s  more p r e c i s e  than Y^, which could be vague 
s in c e  those genera l  fundamentals  a re  broad terms and not  e a s i l y  i d e n t i f i e d ,  
Xg could be favoured to  Y  ^ s in c e  i t  i s  more p r e c i s e  and more r e l a t e d  to P 
as well as any proposed improvement w i l l  i n e v i t a b l y  involve  Y^. A s tudy 
o f  e f f i c i e n c y  regard ing  P could be dependent  on X^  o f  P .
6 . 1 . 2 . 2 . 3 .  Summary Of T
TITLE
AIMS
MATERIAL
A Tes t  (Tq ) f o r  s t u d e n t s  in the f i n a l  grade of  Secondary 
School in Kuwait. (Appendix B)
P r im a r i ly  to l e a rn  about  the r e l i a b i l i t y  o f  the e f f i c i e n c y  
measure as well as how to b e t t e r  employ i t .
Tq was a m u l t i p l e - c h o ic e  t e s t  of  20 i tems .  I t  conta ined
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SUBJECTS AND 
SETTING
PROCEDURE
VALIDITY
RELIABILITY
GENERAL VIEW 
(CONCLUSION)
( i )  Three problems in i tems 18, 19 and 20;
( i i )  Yq, a s e t  o f  genera l  fundamentals  in  i tems 1 , 2 , . . , , 10; 
and
( i i i )  Three s e t s  Xq( 18) ,  X^(19) and Xq(20)
c o n s t ru c t e d  to a s se s s  the a t t a in m e n t  o f  knowledge in b a s ic  
p r e - r e q u i s i t e s  f o r  the problems 18, 19 and 20 r e s p e c t i v e l y .  
Xq( 18) = i tems 11, 12 and 14,
Xq( 19) = i tems 15 and 16,
X (20) = i tems 13 and 17.
The s u b j e c t s  were 71 s tu d en t s  in th ree  c l a s s e s  of  the f i n a l  
grade in  th r e e  d i f f e r e n t  secondary schoo ls .
The t e s t  was adm in is te red  by the c l a s s  t e a c h e r  and the 
du ra t ion  was 60 minutes .
(a)  Content  v a l i d i t y  was s a t i s f i e d  by a panel who helped  
in  the c o n s t r u c t io n  o f  the t e s t .
(b) Cons t ruc t  v a l i d i t y  was i d e n t i f i e d  through d i s c u s s io n  o f  
the r e s u l t s .
0.66 (The Kuder-Richardson 21).
( i )  The e f f i c i e n c y  t h a t  could be compatible with such 
b e l i e f s  (C ons t ruc t  1) might  be a r e l i a b l e  measure f o r  d i s ­
c r im ina t ing  the  advantages of  the achievements.
( i i )  A s tudy o f  the advantage of  an achievement could be 
based on the e f f i c i e n c y  t h a t  main ta ins  on X f o r  a c e r t a i n  P.
6-33
Such Xq i s  supposed to be c o n s t ru c t e d  on the b a s i s  of  b a s i c  
p r e - r e q u i s i t e s  f o r  P i d e n t i f i e d  by a s e t  B o f  b a s ic  
behav ioura l  o b j e c t i v e s  t h a t  are necessary  f o r  P.
(Xq i s  c a l l e d  a kernel  f o r  P ) .
6 . 2 .  II-  The P ro p o s i t io n  Stage
6 . 2 . 0 .  I n t ro d u c t io n
The previous  s tudy  in  the p r e - p r o p o s i t i o n  s t a g e  was expec ted  to he lp  develop 
t h i s  second s t a g e .  Furthermore ,  i t  might  throw l i g h t  on my thoughts o f  
ach iev ing  the  s tu d y ,  in t h a t  I would o c c a s i o n a l l y  r é s o r t  to i n t r o s p e c t i o n  
t h a t  was based on exper ience  as well as f u r t h e r  read ing .  So,  I a l so  wanted 
to employ what I th ink  to be conven ien t  exper imental  work in o rd e r  to base 
my s tudy  on more r e l i a b l e  s i t u a t i o n s .  In p re s e n t in g  my conv ic t ions  in
6 . 1 . 0 .  about  c u r r e n t  achievement,  I t r i e d  to d e p i c t  what could be involved 
in d i s c u s s in g  a c e r t a i n  m o d i f i c a t io n  in the methodology f o r  improving the 
achievement o f  s t u d e n t s  in  mathematics.  Furthermore ,  they r e f l e c t  my 
b e l i e f  o f  the  r o l e  o f  theory  as well as the f i f t h  c o n v i c t i o n ,  which i s  more 
personal  in how I th ink  a m o d i f i c a t io n  could be conducted.  As f o r  t e rm in­
o logy ,  i t  was provided  to he lp  in cons i s te ncy  o f  s tudy ,  as well as i t  helped 
in  sugges t ing  t o o l s  f o r  development t h a t  were based on the idea t h a t  a change 
from z in t o  t .  should be founded on s tudy ing  the advantages o f  achievements 
in both z and z. This could have led  to the two p i l o t  in s t rum en ts  t h a t  
demonstrated how people who work in the f i e l d  th ink o f  such advantages and 
how such measure o f  e f f i c i e n c y  r e l e v a n t  to s tudy of  advantages could be 
r e l i a b l e  in  f u r t h e r  a p p l i c a t i o n s .
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In t h i s  s t a g e ,  I indeed mainly employed i n t r o s p e c t i o n ,  based mainly on 
exper ienc ing  readings  and b e l i e f s  t h a t  are to be found in the previous  s e t  
o f  co n v ic t io n s .  The s tudy  was a l so  in f luenced  by the e f f i c i e n c y  as a 
measure t h a t  could be supposed to be r e l i a b l e  on the b a s i s  of  the second 
p i l o t  in s t rum en t  in T^, in the e x p e c ta t io n  t h a t  t h i s  measure would be usefu l  
in achieving  t h i s  s tu d y .  The main theme in m o d i f i c a t io n  found in 
P ro p o s i t io n  6 .4  s t r e t c h e s  from the f i f t h  c onv ic t ion  as well as the 
r e l i a b i l i t y  o f  the e f f i c i e n c y -m e a s u re  t h a t  o r i g i n a t e s  from T^.
The p ro p o s i t i o n  s tag e  i s  supposed to b e n e f i t  from the p rev ious  s t a g e  in 
d i s c u s s in g  the e s t a b l i s h m e n t  of  c e r t a i n  fundamental p ro p o s i t i o n s  t h a t  
prov ide a b a s i s  f o r  a s y s t e m a t i c  s tudy  f o r  development.  There were 
e s t a b l i s h e d  fou r  of  such fundamental proposit ions ; the f i r s t  t h ree  were 
c a l l e d  genera l  in the sense t h a t  they were expec ted  to se rve  in f u r t h e r  
r e s ea rch  f i e l d s ,  whi le  the fo u r th  was c a l l e d  s p e c i f i c  s in c e  i t  b a s i c a l l y  
was o r i e n t a t e d  to s e rve  p rogress  in t h i s  r e s e a r c h .  I t  stems mainly  from 
the p r e - p r o p o s i t i o n  s t a g e .
6 . 2 . 1 .  Three General P ro p o s i t io n s
In an a t tem p t  to e s t a b l i s h  b a s i s  f o r  the r e sea rch  development,  I f i r s t l y  
found t h a t  such development should  be d i r e c t e d  towards enq u i r in g  how such 
an improvement in  the  mathematics achievement could in genera l  be p r e ­
conce ived ,  and secondly  how theory  might  i n t e r a c t  wi th the development.
In dea l ing  with the improvement,  I t r i e d  indeed to  employ a methodology 
t h a t  was more o r  l e s s  s i m i l a r  to t h a t  in exper imenta l  s c i e n c e s ,  where a
6-35
s c i e n t i s t  in developing c e r t a i n  knowledge f o r  a phenomenon, t r i e s  to 
look f o r  a c e r t a i n  f u n c t io n a l  r e l a t i o n ,  e . g .  f ( y ,  x-j, , . . . ,  x^) = c
t h a t  could govern one or  more d e s i r e d  v a r i a b l e s  in terms of  o th e r  
r e l e v a n t  v a r i a b l e s  in the f i e l d  o f  h is  s tu dy .  I f  f o r  example y i s  a 
d e s i r e d  v a r i a b l e ,  then the lower the number of  such v a r i a b l e s ,  x^,Xg, 
the b e t t e r  i s  the s i t u a t i o n  f o r  the s c i e n t i s t .
In connection with t h i s  s t u d y ,  I b e l i e v e d  t h a t  i f  ' A ' , t h e  number ass igned
to the achievement of  a group o f  s tu d e n t s  in a mathematical  t a s k , c o u ld  be
governed by a c e r t a i n  fu n c t io n a l  r e l a t i o n  t h a t  might  de f ine  A as a func t ion  
o f  d i f f e r e n t  v a r i a b l e s  and i f  a change in one o r  more o f  these  
v a r i a b l e s  could be governed such t h a t  the change r e s u l t s  in an in c re a s e  in
A, then the improvement could in p r i n c i p l e  be promis ing.  For t h i s  I
presumed t h a t  A = f ( x ^ ,  Xg  x^, . . . )  with x^ as a p o s s ib le  f a c t o r
could have e f f e c t s  on ' A ' ,  e . g .  memory. Fur thermore ,  I presumed t h a t  a 
s tudy o f  a change in  A could be p a r t i c u l a r l y  f e a s i b l e  i f  i t  i s  p o s s i b l e  
to minimize the number o f  those  v a r i a b l e s  to only one,  say Xj ^ under 
c e r t a i n  cond i t ions  -  t h a t  could p o s s ib ly  minimize,  indeed n e u t r a l i s e ,  the 
e f f e c t s  o f  a l l  x,j where i j .  Accordingly,  A could  almost  be concieved 
to be a fu n c t io n  o f  an independen t  v a r i a b l e  X j , i . e .  A = g ( X j ) , and 
consequent ly  a p ro s p e c t iv e  m o d i f ica t io n  f o r  r a i s i n g  A could be found in 
modifying x . .
Such being the ca se ,  in looking f o r  such a r e l a t i o n a l  fu n c t io n  A = g (X j ) ,  
a ques t ion  could have a r i s e n  in  t h a t :  could th e re  be a phenomenon in the
psycho-educa t iona l  f i e l d  t h a t  could po s s ib ly  be such an 'A' in  a c e r t a i n  
t e a c h i n g r l e a r n in g  s i t u a t i o n ,  in  t h a t  i t  would be mainly  dependent  on such 
an Xj? As a m a t t e r  o f  f a c t ,  I was in f luenced  in such a procedure of  
thought by d i f f e r e n t  works in  the f i e l d  t h a t  drew my a t t e n t i o n  to  the
6-36
f a c t  t h a t  the achievement o f  s tu d e n t s  changed with changes in  the 
con ten ts  of  t e a c h in g - l e a r n in g  t a s k s .  A remarkable phenomenon in t h i s  
sense  could be found in Mayer and Greeno (1972).  The i r  work,  t h a t  
r epo r te d  in 4 . 4 . 1 ,  could show how l e a rn in g  outcomes could change under 
r e l e v a n t  changes in the c o n t e n t s .  I c a l l e d  t h i s  the p r e s e n t a t i o n -  
phenomenon and d e t a i l s  o f  t h i s  phenomenon are found in Chapter  4. 
G enera l ly ,  I was convinced ,  i f  such a phenomenon could - as a s t a r t i n g  
p o i n t  -  e x h i b i t  changes in  A to be mainly dependent  on changes o f  a 
l i k e l y ,  observab le  and w e l l -d e f i n e d  independent  v a r i a b l e  Xj ( e . g .  the 
co n te n t  o f  mathematical  courses ) ,  then t h i s  could c o n t r i b u t e  to  the 
development o f  t h i s  s tudy  and perhaps in o th e r  f u r t h e r  s t u d i e s .
And t h i s  acc ord ing ly  encouraged the fo l low ing ,  f i r s t  genera l  p r o p o s i t i o n
6 . 2 . 1 . 0 .  P ro p o s i t io n  6.1
A phenomenon t h a t  i n d i c a t e s  a change in  the  achievement of  
s tu d e n t s  under a c e r t a i n  change in  a w e l l -d e f in e d  t e a c h in g - 
le a rn in g  s i t u a t i o n ,  i s  s i g n i f i c a n t  as a s t a r t i n g  p o i n t  fo r  
development in c u r r e n t  t e a c h in g - l e a r n in g  s i t u a t i o n s .
As f o r  f u r t h e r  enqu i ry  f o r  the e x i s t e n c e  o f  such a th eo ry  t h a t  might  
t h e o r e t i c a l l y  su p p o r t  and help  f o r  development,  I was indeed  aware o f  
the polemic about  the gap between p r a c t i c e  and theory  which was mentioned 
in  Chapter  1 through such s ta t em en t s  o f  Becher (1980) and Walker (1980) .  
Hence, based on such genera l  c o nv ic t ions  03 and 04 with the e x p e c t a t i o n  
t h a t  p a r t i a l  reform could p o s s ib ly  be found,  I proposed the fo l lowing  
two genera l  p ro p o s i t i o n s  t h a t  pursue the p o s s ib le  e x i s t e n c e  o f  such a 
the o ry .  This was supposed to be r e l i a b l e  f o r ,  g e n e r a l l y ,  a development 
which can r e s t  on such a theory  sugges ts  exper imenta l  su p p o r t  to  such
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development i f  i t  could prove to be a p p l i c a b l e .
6 . 2 . 1 . 1 .  Propos j t i o n  6 .2
There e x i s t s  a t h e o r e t i c a l  framework on which a development in 
c u r r e n t  . t e a c h in g - le a rn in g  s i t u a t i o n s  can r e s t .
6 . 2 . 1 . 2 . P ro p o s i t io n  6 .3
I f  a proposed development (reform) in c u r r e n t  t e a c h in g - l e a r n in g  
s i t u a t i o n s  (a)  can r e s t  on a t h e o r e t i c a l  framework and (b) can 
be o p e r a t i o n a l l y  a p p l i c a b l e  i . e .  w e l l -d e f in e d  and l e a r n a b l e , 
then such development i s  expec ted  to be e x p e r im en ta l ly  s u p p o r t e d .
I t  i s  to be noted t h a t  I in tended  to  p r e s e n t  such genera l  p r o p o s i t i o n s  in 
broad te rms,  in  o rde r  to  encourage a wider  i n t e r p r e t a t i o n  of  them, so t h a t  
they might be usefu l  in o th e r  d i f f e r e n t  research  work. Besides t h a t ,  they 
prov ide a genera l  conception o f  how progress  in the s tudy  might  s t a r t  
(P ro p .6 .1 )  and f u r t h e r ,  the l a s t  two r e f l e c t  my b e l i e f  in  the e x i s t e n c e  
o f  such a p o s s ib le  r e l a t i o n s h i p  between p r a c t i c e  and theo ry .
6 , 2 . 2 .  The Presentat ion-Phenomenon: The I d e n t i f i c a t i o n  Of Xj
In s e t t i n g  these  th ree  genera l  p r o p o s i t i o n s ,  the nex t  s t e p  was expec ted  in
grounding them in the s tudy .  The i d e n t i f i c a t i o n  o f  such x .  in  A = g ( x . )J , J
would i n e v i t a b l y  help  in i d e n t i f y i n g  such a s t a r t i n g  p o in t .
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The s t u d i e s  o f  Mayer and Greeno (1972) ,  E h re in p r ie s  and Scandura (1974) ,  
and Begle (1979),  r e p o r te d  in Chapter  4 o f  t h i s  s tu d y ,  have i n d i c a t e d  t h a t  
“D if fe rences  in l e a r n in g  outcomes could be induced by d i f f e r e n c e s  in the 
m a te r i a l  con ten ts"  whereas I r e f e r r e d  to t h i s  as the p r e s e n t a t i o n - 
phenomenon. In t h i s  connec t ion ,  Lovell (1981) r e p o r t s  t h a t  many s t u d i e s  
which deal with the e f f e c t s  o f  d i f f e r e n t  teaching  t rea tm en ts  ( c o n te n t s )  
on l e a r n in g  outcomes have shown t h a t  those t r ea tm e n ts  a f f e c t  the type o f  
ques t ion  s tu d e n t s  a re  b e s t  ab le to answer and the method o f  s o l u t i o n  they 
employ, and;
"This i s  in l i n e  with the f in d in g s  o f  Mayer and Greeno
(1972)" (L o v e l l ,  1981),
Accordingly ,  I viewed t h a t  such an x .  should have r e l a t i o n s h i p  wi th the 
c o n te n t s .  But the ' c o n t e n t s '  o f  a t e a c h in g - l e a r n in g  ta sk  remains vague.  
Does i t  mean the w r i t t e n  m a te r i a l ?  . . .  All t h a t  could be w r i t t e n  or  
s a id  f o r  the ta sk?  . . .  Both the w r i t t e n  m a te r ia l  plus  the c o n s t r u c t  of  
under ly ing  competency?
In t h i s  t h e s i s ,  the con ten ts  w i l l  r e f e r  to the w r i t t e n  m a te r ia l  in the t e x t  
book,given the i n f lu e n c e  o f  the textbook in Kuwait on t e a c h in g - l e a r n in g  
s i t u a t i o n s ( s e e  ' d '  in S ec t ion  2 of  Chapter  1) .  The genuine qu es t io n  t h a t  
was r a i s e d :  How can d i f f e r e n c e s  in  con ten ts  be def ined?  For t h i s ,  I
found t h a t  one should lea rn  how the con ten ts  o f  a mathematical t a s k ,  say 
' k ' i s  p re s en te d .
G enera l ly ,  such ' k'  i s  ana lysed  so t h a t  a s e t  B of  behavioura l  o b j e c t iv e s  
i s  i d e n t i f i e d  to s a t i s f y  k. Accordingly the con ten ts  of  ' k' i s  supposed 
to inc lude  ( i )  a t h e o r e t i c a l  p a r t , e . g .  a p roof  o f  theorem, and ( i i )  a 
s e t  ' R' o f  such in s ta n c e s  as i l l u s t r a t i v e  examples,  e x e rc i s e s  and simple
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( r o u t i n e )  problems t h a t  a re  supposed to help the l e a r n e r  develop 
b a s i c  mathematical  knowledge r e l e v a n t  to  ' k '  so t h a t  he w i l l  be ab le  to 
unders tand  the t h e o r e t i c a l  p a r t  b e t t e r  as well  as to  so lve  problems t h a t  
a re  in  domain o f  k.  Now any changes in the con ten ts  a re  expected indeed 
to be in  R and n o t  in the t h e o r e t i c a l  p a r t ,  which could be i n v a r i a n t  under 
changes in the c o n t e n t s ,  however, the t h e o r e t i c a l  p a r t  o f  school  mathematics 
i s  seen to be almost  s t a b l e  in most t e x t s .  Consequent ly,  I thought o f  
Xj to have a s t ro n g  r e l a t i o n s h i p  with R, which I c a l l e d  the p r e s e n t a t i o n  o f  
the  t a s k .  Hence the  same qu es t io n  which poses the d e f i n i t i o n  o f  the 
d i f f e r e n c e s  in  con ten ts  could p o s s ib ly  be found in d e f in in g  the d i f f e r e n c e s  
in the p r e s e n t a t i o n  R. In d i s c u s s in g  how such change could be genuine ,
I be l i e v e d  t h a t  r e p la c in g  an in s t a n c e  o f  an equa t ion  o f  the f i r s t  degree 
2x + 1 = 5 ,  by 3x -  2 = 4 s a y ,  in  some R, does no t  y i e l d  a t r u e  change in 
R, b u t  only a s u p e r f i c i a l  and t r i v i a l  one.  A change in R should be 
d i f f e r e n t  from such a t r i v i a l  change and I be l ieved  t h a t  such t r u e  change 
could be based on i n t r o s p e c t i o n  a r i s i n g  from the f i f t h  conv ic t ion  in 6 . 1 . 0 . 
Consequent ly,  I posed the fo l lowing  m u l t i f o l d  s t r u c t u r a l  q u e s t i o n :
(q-j): Is  th e re  a s t r u c t u r e  'S '  t h a t  u n d e r l i e s  R such t h a t  a t r u e  change
in  R i s  due to such a change in ' S ' ?  . . .  And i s  i t  p o s s i b l e  to  i d e n t i f y
ano ther  s t r u c t u r e  'H' t h a t  could c o n t r i b u t e  to an under ly ing  m o d i f i c a t io n ?
Fur thermore ,  i f  supposedly  such s t r u c t u r e s  as S and H could be i d e n t i f i e d  
to induce a t r u e  change in R i n t o  R, then ano ther  genuine ques t ion  would 
have a r i s e n .
(q^ ) :  How theory  might  i n t e r a c t  - t h e o r e t i c a l l y  a t  l e a s t  -  to give R
r e l e v a n t  to a m o d i f ica t io n  in R?
In the absence o f  a c l e a r  v i s i o n ,  one indeed could p o s s ib ly  employ 
i n t r o s p e c t i o n ,  and in my case ,  I be l i e v e d  t h a t  a t r u e  change in R should
6-40
be based on i d e n t i f y i n g  a s t r u c t u r e  'S '  - i f  i t  e x i s t s  - t h a t  could 
u n d e r l i e  R,as well  as a theory  which could be employed in  prov id ing 
c e r t a i n  d i s c r i m in a t io n  o f  advantages o f  the achievements in both S and 
H. In t h i s  connection the term e f f i c i e n c y  was p roper  to  help in theory .
I t h e r e f o r e  found a m od i f ica t io n  t h a t  could be roo ted  in the p r e s e n t a t i o n -  
phenomenon could p rogress  in  the fo l lowing  s p e c i f i c  p r o p o s i t i o n .
6 . 2 . 2 . 0 .  P ro p o s i t io n  6 .4
( i ) There e x i s t s  a w e l l -d e f in e d  s t r u c t u r e  ' S 'u n d e r ly in g  c u r r e n t  
p r e s e n t a t i o n  o f  mathematical  t a s k s .
( i i )  There e x i s t s  a s t r u c t u r e  'H ' t h a t  i s  p o s s i b l e  to c o n t r i b u t e  
in  under ly ing  m o d i f i c a t io n  o f  c u r r e n t  p r e s e n t a t i o n .
( i i i )  Theory in p r o p o s i t i o n  6 .2  could p o s s ib ly  i d e n t i f y  a c e r t a i n  
d i s c r i m in a t io n  o f  the e f f i c i e n t  knowledge t h a t  achieved in 'S '  
and 'H ' .
Consequent ly,  I thought o f  Xj to be of  the form R(S) whereas a change in R 
is  mainly dependent  on a change of  S. Furthermore ,  I found i t  convenient  
f o r  s i m p l i c i t y  to r e p la ce  A = g(Xj) by A = g(R) provided  t h a t  such R 
invo lves  the s t r u c t u r e  S t h a t  u n d e r l i e s  R. The p r o p o s i t i o n  was c a l l e d  
s p e c i f i c  s ince  i t  uses terms t h a t  a re  d i r e c t l y  r e l e v a n t  to t h i s  s p e c i f i c  
s tudy  o f  r e s e a r c h .
Hence, p ro p o s i t i o n  6 .4  confirms f o r  a p ro s p e c t iv e  p ro g r e s s ,  the e x i s t e n c e  
o f  s t r u c t u r e s  such as S and H as well as monitor ing the c o n s t r u c t io n  of  
r e l e v a n t  theory  in  d e s c r ib i n g  how such theory  could be employed. Moreover, 
the presentat ion-phenomenon could be expec ted  as a s t a r t i n g  p o i n t ,  in  the
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sense  o f  p r o p o s i t i o n  6 . 1 , t h a t  would he lp  in  the  re sea rch  development.
The q u e s t i o n s  t h a t  could have then a r i s e n  were: How can we i d e n t i f y
such an ‘S ' ,  . . .  such an 'H‘? And how should such theory  be c o n s t ru c t e d  
and employed? And how can m o d i f i c a t io n  take  p lace  then?
6 .3 .  I I I .  The Final  Stage
The answers to such q u es t i o n s  a re  expected  to be found in the t h i r d  and 
f i n a l  s t a g e  of  t h i s  s tu d y .  Chapter 7 develops i d e n t i f i c a t i o n  o f  both S 
and H as well as i t  p rov ides  an elementary view o f  theory  t h a t  developed 
in  Chapter  5 based on the conception o f  space o f  knowledge. Chapter 8 
p r e s e n t s  em pir ica l  s t u d i e s  e s t a b l i s h e d  on a c e r t a i n  c r i t e r i a  t h a t  genu ine ly  
s t r e t c h  from theory  o f  space o f  knowledge in Chapter  5, and consequent ly  
Chapter  9 provides  b a s i s  f o r  modifca t ion  t h a t  i s  e m p i r i c a l l y  suppor ted .  
F i n a l l y ,  Chapter  10 p r e s e n t s  a summary o f  f ind ings  in t h i s  s tudy  as well  as 
p r e s e n t in g  a f u r t h e r  ou t look .
6 .4 .  Summary
The s tudy in t h i s  chap te r  was mainly conducted in the hope o f  b u i ld in g  up 
a b a s i s  in a c e r t a i n  s y s t e m a t i c  procedure f o r  the r e sea rch  development t h a t  
could be i n d i c a t e d  in  f i g u r e  6 .1 .  I t  was viewed t h a t  in the absence o f  a 
c l e a r  v i s i o n ,  a r e s e a r c h e r  could r e l y  on a c e r t a i n  s e t  o f  conv ic t ions  
( b e l i e f s )  as well as i n t r o s p e c t i o n  t h a t  could p o s s ib ly  he lp  him f o r  the 
re sea rch  p ro g re s s .  Furthermore ,  i t  was sugges ted  t h a t  i n i t i a l l y  s tudy  in 
t h i s  chap te r  could be mainly conducted in two s t a g e s .  In the f i r s t  s t a g e ,
i . e .  I ,  the p r e -p ro p o s i t i o n  s t a g e ,  I s e t  f iv e  genera l  conv ic t ions  o f  which
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most a re  p revalen t  in  the  f i e l d ;  be s id e s  t h i s  they r e f l e c t e d  my own 
b e l i e f .  I a l s o  fo rmula ted  the re sea rch  problem t h a t  aimed a t  " looking  
f o r  a f e a s i b l e  development in the methodology of  mathematics t e ach in g -  
l e a rn in g  s i t u a t i o n s "  such t h a t  " the  achievement o f  s tu d e n t s  could be 
improved". As a consequence,  the c l a r i t y  o f  terms should  have a r i s e n  
f o r  p i l o t  i n v e s t i g a t i o n s  t h a t  might  prov ide b e t t e r  unders tanding  o f  the 
c u r r e n t  s i t u a t i o n s .  I t  was seen t h a t  an improvement in  the achievement 
would se rve  to d e f in e  o p e r a t i o n a l l y  the c o n s t r u c t  achievement and how 
such an improvement g e n e r a l l y  takes  p l a c e .  Furthermore ,  i t  was thought 
t h a t  a change in the achievement should  be based on i d e n t i f y i n g  such 
advantages in the c u r r e n t  and d e s i r e d  achievements.  Consequently,  i t  was 
thought t h a t  i f  a number 'A' could be ass igned  to the achievement,  then 
improvement could be conceived to be in c re a s in g  such A i n t o  A. But i t  
was a l so  seen t h a t  t h i s  development i s  b e t t e r  i f  based on d i s c u s s io n  o f  
the  advantages in A f o r  a p ro s p e c t iv e  A. The in c re a s e  in  achievement was 
based on a r e l e v a n t  term c a l l e d  the e f f i c i e n c y ,w h ic h  i s  s imply supposed to 
d e s c r ib e  how r e l i a b l e  the achievement of  s tu d e n t s  i s  when they are  exposed 
to a problem in the domain o f  what they have achieved .  Two in s t ru m e n ts ,  
a q u e s t i o n n a i r e  and a t e s t  T^, were employed to l e a rn  ( i )  how people who 
work in  the f i e l d  th ink  o f  such e f f i c i e n c y  ( q u e s t i o n n a i r e )  and ( i i )  i f  
t h i s  e f f i c i e n c y  measure could be r e l i a b l e  by prov id ing  co m p a tab i l i ty  with 
some b e l i e f s  t h a t  belong to problem-so lv ing  (T^). Furthermore ,  T^ could 
throw l i g h t  on employing t h i s  e f f i c i e n c y  to be s tu d i e d  on the b a s i s  of  a 
problem P and a p roper  achievement in a s e t  c a l l e d  a kernel  f o r  P.
This kernel  i s  c o n s t ru c t e d  on the  b a s i s  o f  b a s ic  p r e r e q u i s i t e s  o f  P t h a t  
a re i d e n t i f i e d  by a s e t  B o f  b a s i c  behavioura l  o b j e c t i v e s  t h a t  are necessary  
f o r  P. As f o r  the second s tage  i . e .  I I ,  the proposi t i o n - s t a g e  and in  an 
a t tem pt  to i d e n t i f y  those fundamental p ro p o s i t i o n s  of  the r e s e a r c h ,  I indeed 
t r i e d  to employ a method more or  l e s s  s i m i l a r  to t h a t  o f  the exper imental  
s c i e n c e s .  This was by f in d in g  a p o s s i b l e  f unc t iona l  r e l a t i o n  t h a t  might
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p re s e n t  the achievment A as a fu n c t io n  mainly dependent  on one v a r i a b l e  
X j ,  i . e .  A = g ( X j ) .  This fu n c t io n  indeed could have roo ts  in Mayer 
and Greeno (1972) work and o th e rs  who found t h a t  d i f f e r e n c e s  in l e a rn in g  
outcomes could be due to d i f f e r e n c e s  in the m a te r ia l  c o n te n t s .  My 
persona l  c o n s id e r a t io n  t h a t  such phenomenon of  le a rn in g  outcomes and 
m a te r ia l  con ten ts  could be a s t a r t i n g  p o in t  f o r  the research  development,  
as well as my conv ic t ions  about  the r o l e  of  theory  in  p r a c t i c e  helped in 
fo rm ula t ing  the f i r s t  th r e e  fundamental p r o p o s i t i o n s .  I indeed c a l l e d  
them general  s ince  I in tended  to fo rmula te  them in broad terms in o rd e r  
to encourage wider  i n t e r p r e t a t i o n  f o r  them in the hope t h a t  they could be 
used in d i f f e r e n t  re sea rch  f i e l d s .
In an i d e n t i f i c a t i o n  of  such Xj in A = g ( X j ) ,  I viewed t h i s  Xj has a s t rong  
r e l a t i o n s h i p  with the con ten ts  on the b a s i s  o f  the presentat ion-phenomenon 
drawn ou t  from the remarkable works of  Mayer and Greeno (1972) as well as 
o t h e r s .  I o p e r a t i o n a l l y  def ined  the con ten ts  as the w r i t t e n  m a te r i a l  in 
the t e x t  book. Fur thermore ,  I viewed t h a t  the con ten ts  con ta in  genuinely  
two p a r t s ,  a t h e o r e t i c a l  s e t  and ano ther  s e t  R which inc ludes  in s t a n c e s  
such as examples or  e x e r c i s e s .  Also a change in  the  con ten ts  should be a 
t r u e  change in R and no t  a t r i v i a l  one. I t h e r e f o r e  viewed t h a t  such R
should  r e l y  on a s t r u c t u r e  'S '  and a t r u e  change in  R should  pass through
a change in  S. In t h i s  connec t ion ,  I b e l iev ed  t h a t  ano ther  s t r u c t u r e
such as 'H' could c o n t r i b u t e  in the m o d i f i c a t io n .  However, theory  was
expected to d i s c r im in a t e  between the achievement in S and H on b a s i s  o f  the 
e f f i c i e n c y  measure t h a t  could have a b a s i s  o f  r e l i a b i l i t y  on b a s i s  o f  the 
second p i l o t  in s t rum en t  T^. Consequent ly,  I proposed the fo u r th  and 
l a s t  fundamental p ro p o s i t i o n  which I named as s p e c i f i c  s in ce  i t s  wording 
i s  more r e l e v a n t  to t h i s  s tu d y ,  than to o t h e r s .
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F ur the r  on, I viewed Xj to invo lve  R, which was c a l l e d  the p r e s e n t a t i o n  
p a r t  o f  the  con ten ts  o f  a task ,as  well as the s t r u c t u r e  S t h a t  i s  under ly ing  
R. However, f o r  s i m p l i c i t y ,  I r ep la ced  A = g(Xj) by A = g(R),  while 
tak ing  in to  c o n s id e r a t i o n  t h a t  such R i s  R(S).
A f i n a l  s tage  in the re sea rch  development was achieved by guidance o f  the 
p ro p o s i t i  o n - s t a g e .
CHAPTER SEVEN
THE STRUCTURES S AND H: FURTHER IMPLICATIONS
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7. THE STRUCTURES S AND H: FURTHER IMPLICATIONS
7 .0 .  In t ro d u c t io n
In s e t t i n g  the four  fundamental r esearch  p ro p o s i t i o n s  in  Chapter 6 , i t  
was viewed t h a t  a m o d i f ica t io n  f o r  an improvement in  the  achievement of 
the s tu d e n t s  in mathematics could f i n d  roo ts  in the presentat ion-phenomenon 
t h a t  denotes f o r  a p o s s i b l e  change in  the achievement - which i s  r e l e v a n t  to 
le a rn in g  outcomes - under changes in  the m a te r ia l  co n te n t s .  In t h i s  
connec t ion ,  the p r e s e n t a t i o n  R i . e .  one o f  two main p a r t s  o f  the con ten ts  
(see  Appendix A;)was found to  be the  core in changes o f  the co n te n t s .  I t  
was argued t h a t  a t r u e  change in  R i s  due to a change in a s t r u c t u r e  'S '  
t h a t  u n d e r l i e s  R, however ano the r  s t r u c t u r e  'H' was viewed to c o n t r i b u t e  
to  the under ly ing  p r e s e n t a t i o n .  But,  i t  was a l s o  viewed t h a t  r a i s i n g  
the achievement A i s  not  a mere process  f o r  f in d ing  a no the r  A'where A< A', 
bu t  t h i s  should be based on the  advantages of  the achievements.  Hence, a 
theory  was proposed which p o s s ib ly  might  i n t e r a c t  with  the research  
development on b a s i s  of  the e f f i c i e n c y  measure (see Appendix A)which was 
supposed to help i d e n t i f y  such advantages o f  the achievements.  A p i l o t  
s tudy  in a t e s t  T^ in 6 . 1 . 2 .2  could p o in t  to some r e l i a b i l i t y  o f  t h i s  
measure.
Consequently,  the ques t ions  a r i s e  o f  i d e n t i f y i n g  such S,  H and theory  f o r  
developing the re sea rch .  Hence, t h i s  chap te r  in tends  to d is cuss  the main 
o b je c t iv e s  t h a t  could be embodied in the fo l lowing q u e s t i o n s :
I :  How could s t r u c t u r e s  such as 'S '  and ' H' proposed in P ropos i t ion
6.4 be i d e n t i f i e d ?
I I :  What p r im i t i v e  im p l ic a t io n s  could poss ib ly  be drawn from such
s t r u c t u r e s ?
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I I I :  How could theory  be co n s t ru c t e d  and employed f o r  the r eq u i re d
development?
The s tudy  was then expected  to be developed in th r e e  p a r t s  through d i s cu s s io n  
of  I ,  I I  and I I I .
As a m a t t e r  of  f a c t ,  the f i r s t  p a r t  was developed through a sugges t ion  from 
an e x c e l l e n t  g i r l  s tu d e n t  in  a classroom d i s c u s s io n .  The second p a r t  
was based on employing two i n d i c a t o r s ,  ( i ) The f i r s t  mainly aimed a t  
d i s cu s s in g  general  im p l ic a t io n s  of  the achievement of  mathematics in S when 
app l ied  in a non-mathematics f i e l d ,  e . g .  physics and r e l e v a n t  r e l a t i o n s h i p s  
with H. ( i i )  The second i n d i c a t o r  was expec ted to throw more l i g h t  on the 
r e l i a n c e  o f  the e f f i c i e n c y  measure by c o r r e l a t i n g  knowledge in S and H 
regard ing  c e r t a i n  problems. The e f f i c i e n c y  was conceived to  be r e l i a b l e  
I f  i t  s tands  with c e r t a i n  c o n s t ru c t s  of  r e l a t i o n s h i p s  among the problem and 
r e l e v a n t  necessary  knowledge in S and H. Furthermore,  in d i scu ss in g  the 
'p ros  and cons ' o f  both S and H, i t  was argued t h a t  such H need not  
completely rep lace  S , however a p a r t  say U of  H could he lp  in 
co n t r ib u t in g  in m o d i f i c a t io n .
As f o r  the t h t f d  p a r t  I I I ,  t h i s  was indeed rooted in the foregoing study  
whereas a concept  o f  space o f  knowledge was in t roduced  as a conceptual  
s t r u c t u r e  c o n s t i t u t i n g  a b a s i s  f o r  an a b s t r a c t  s tudy t h a t  p resen ted  in 
Chapter  5 as theory  f o r  development mainly in t h i s  f i e l d  and f u r t h e r  in 
d i f f e r e n t  ones.
7 .1 .  I ’. I d e n t i f i c a t i o n  Of S t r u c t u r e s :  S and H
7 . 1 .0 .  I n t roduc t ion
In search ing  fo r  a s t r u c t u r e  such as 'S '  underlying c u r r e n t  p r e s e n t a t i o n  ' R ' ,
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a b r i l l i a n t  g i r l  s t u d e n t  drew my a t t e n t i o n  to an in v a lu ab le  sugges t ion  f o r  
the s tudy .  I should admit t h a t  I had worked f o r  25 yea rs  in the educa t iona l  
f i e l d ,  c o n t r ib u te d  in w r i t i n g  about  22 textbooks  and rev ised  more than 10 
textbooks  in the a rea  o f  the mathematics o f  the secondary s tage  w i thou t  
observ ing t h a t  most o f  the in s t a n c e s  e . g .  examples or  e x e r c i s e s  t h a t  we 
p r e s e n t  to our s tuden t s  belong to a w e l l -d e f in e d  lea rn ing  s t r u c t u r e  ' S ' .
This h i n t  has emerged through a d i s c u s s i o n ( i n  a c l a ss  in the f i n a l  grade 
of  secondary school o f  g i r l s ) ,  o f  the fol lowing q u es t io n :
2Let f  be the curve: x x + x. Find the equat ion o f  the tangen t  l i n e
to  f  a t  ( a , 2) with a < o.
This g i r l  -  who was very p r o f i c i e n t  in mathematics - could not  work out  the 
problem and I f e l t  t h a t  she was w or r ied .  When I asked her  what was wrong, 
she answered t h a t  she "worries  very much over the e x i s t e n c e  of  c o n s t a n t , 
say '2 ' , in any mathematical problem". She a l so  added "Why d o n ' t  you use 
' ( x , 2 )  with X < o'  i n s t e a d  of  ‘ ( a , 2) with a < o ' ?  When I asked her  what 
d i f f e r e n c e  t h i s  made the s u r p r i s i n g  r ep ly  was "Why d o n ' t  mathematics t e x t ­
books abandon using cons tan t s  as such? Leave t h i s  to ph y s ic s ,  we know we 
need them t h e r e . "
In an at tempt to show how the theme o f  the  ' c o n s ta n t ' a p p e a r s  to the school 
s t u d e n t s ,  I asked 38 s tuden t s  in two d i f f e r e n t  c l a s s e s  (one f o r  boys and 
one f o r  g i r l s )  in the f i n a l  y e a r  of  school j u s t  to say which was the e a s i e r  
ques t ion  in each of  the fo l lowing :
so lve f o r  x ( i )  4x + 12 = 51 and ( i i )  4x = 5a
solve  f o r  x ( i )  x^ + bx + 5 = 0 and ( i i )  x^ - 17x - 54 = 0
f ind  the slope of  the curve:
( i ) y = x^ a t  X = 2a and ( i i )  y = x^ + 5x^ - 2
a t  X = 23.
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Surpr is ing ly ,a11 of  them chose such in s ta nces  which do no t  conta in  the 
cons tan t s  *a* or  ' b ' .  As a m a t te r  of  f a c t  I r ece ived  the same answers 
as those o f  the s tuden t s  when I posed two s i m i l a r  i tems in the f i r s t  row 
to co l leagues  in the I n s p e c to r a t e  o f  Mathematics and PhD s tuden ts  in 
phys ics .  None of  them could indeed observe s i m i l a r i t y  in s t r u c t u r e ,  and 
f u r t h e r  I should have expected t h a t  a s t u d e n t  aware of  the i d e n t i t y  in 
s t r u c t u r e ,  would have chosen the o the rs  (with the cons tan t )  because o f  the 
s impler  c a l c u l a t i o n  (see P . 5 -7 ) .
Consequently,  t h i s  guided me to  s tudy the na tu re  o f  those in s t a n c e s  t h a t  
de f ine  the p r e s e n t a t i o n  'R' o f  mathematical ta sks  whereas such ' R' i s  
dominant in  coping with mathematics.
7 . 1 .1 .  The Nature Of In s tances  In Textbooks
In a ca re fu l  s tudy  o f  such mathematics i n s t a n c e s ,  I found t h a t  most o f  them 
(n o t  l e s s  than 95%) do not  con ta in  any co n s ta n t s .  Here a re  some examples 
from the con ten ts  o f  the textbooks  o f  mathematics in the secondary s tage  in 
Kuwai t :
( i )  so lve f o r  x: 2x + 5 = 7, x -  2 =  ----- -
4
+ 2x -  1 = 0,  2x = 7(x -  1)
( i i )  f in d  the s o lu t i o n  s e t  of :
2x -  1 < 4x + 3, |x -  1| < 2
x^ -  4x + 3 < 0,  xf < 9
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( i i i )  f in d  the cen t r e  and rad ius  o f  each of  the fo l lowing c i r c l e s :
= 10 x^ + y^ + 2x - 4y + 1 = 0
M^ : ( x - l ) 2  + y^ = 16 M^ : 2x^ + 2y^ + x + y - 6 = 0
( iv )  use ( e ,  5) to prove t h a t :
2
Lim [x] = 2 as X -> 2 + 0. 11m - — = 1  as x 0
X
(v) f in d  —  i f :
dx
y = x^ + X,  y = ln(x^  + 2 ) ,  y = — -
2  X +  5
y = s in2x ,  y = exp(x ) (x  + cosx)
(v i )  f in d :
/ ( 2 x  + 1) dx, /(-^ + x) dx, / X  s inx  dx
By extending my i n v e s t i g a t i o n s  to some a v a i l a b l e  t e x t s  in some fo re ig n  
c o u n t r i e s ,  such as Howes (1975) and Alwin (1971) in the U.S.A.,  or  
David and Hicks (1975) and Book 1 o f  SMP (1973) in  the U.K.,  I could 
observe t h a t  most in s t a n c e s  a re  s i m i l a r  to those in s t a n c e s  o f  the Kuwait 
textbooks of mathematics in  t h a t  they mostly do not  a t tem pt  to make use 
o f  c o n s tan t s .
I t h e r e f o r e  assumed t h a t  the p r e s e n ta t io n  *R' o f  mathematical ta sks  i s  
a lmost  dependent  on a c e r t a i n  l e a rn in g  s t r u c t u r e  'S '  t h a t  only inc ludes  
such in s ta n ces  t h a t  do no t  con ta in  usual cons tan ts  which do no t  denote 
s p e c i f i c  numerical  va lu es .
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7 . 1 . 2 .  Two S t r u c t u r e s  'S '  And 'H'
In d e f in in g  those s t r u c t u r e s ,  i t  was found t h a t  the term c o n s t a n t  should 
be c l e a r .  In t h i s  t h e s i s  a c o n s ta n t  w i l l  r e f e r  to any f ix ed  number, rea l  
o r  complex t h a t  i s  denoted by an i m p l i c i t  form, e . g .  a ,  2b,  a + 2i with 
i = . Hence, o t h e r  numbers such as 2 ,  /*5 ,  tt, e a re  s a id  to be
cons tan t s  o f  e x p l i c i t  forms.
Another p o in t  worthy of  note i s  t h a t  the mathematics t h a t  i s  d i scussed  here 
i s  the mathematics based on se t -1anguage .  Hence an a l g e b r a i c  express ion  
such as X + y i s  indeed a fu n c t io n  as :  f (x )  = x + y (y being t r e a t e d  as 
c o n s t a n t ) ,  f (y )  = x + y (x being a c o n s t a n t ) ,  o r  f ( x , y )  = x + y (no co n s tan t s )  
Such assumptions are  necessary  f o r  f u r t h e r  development.
7 . 1 . 2 . 0 .  D e f in i t io n  7.1
( i ) An i n s t a n c e  t h a t  does no t  conta in  any c o n s t a n t ,  say ' a ' , 
bes ides  the, v a r i a b l e ( s )  - i f  any - w i l l  be c a l l e d  an
' S - i n s t a n c e ' .
( i i )  An in s ta n ce  t h a t  conta ins  a t  l e a s t  one c o n s t a n t ,  say ' a ' ,  
bes ides  the v a r i a b l e ( s ^ -  i f  any - w i l l  be c a l l e d  an. 
' H - i n s t a n c e ' .
For example,  the fo l lowing are S - i n s tances :
(1) Solve f o r  x : 2X + 1 = 5 (2) A l loca te  the p o in t  ( 2 , 3 ) .
(3) Find ^  i f  y = X 4- 1 (4) Find / (3 x  + 2) dx
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While the fol lowing are  H - in s tances :
(1) Solve f o r  x : 2x + a = 5 "a being a cons tan t"
(2) Solve f o r  x :  2 x + a = b  "a ,  b being cons tan ts"
(3) Find: / ( 2 x  + a) dx "a being a cons tan t"
I t  could be n o t i ced  t h a t  no i n s ta n c e  could be both an S - in s ta n c e  and 
an H - in s tance,  provided t h a t  a c o n s ta n t  i s  employed e x p l i c i t l y .
Accordingly ,  i t  could be n o t i ced  t h a t  both the te achers  and s tu d e n t s  
mainly cope with mathematics through such S - i n s tances .  The H - in s tances  
are r a r e l y  used in  p r e s e n t a t i o n  o f  mathematical  ta sks  in  the t e x t s .  I t  
i s  then expec ted  t h a t  the S - s t r u c t u r e  comprises only S - i n s tances  while the 
H - s t ru c tu r e  comprises only H - in s tances .
7 . 1 . 2 . 1 .  D e f in i t io n  7.2 ,
The s e t  o f  a l l  S - in s  tances  in the con ten ts  o f  the f i e l d  o f  th i s  
s tudy  w i l l  be c a l l e d  the S - s t r u c t u r e ,  (S,  b r i e f l y ) .
7 . 1 . 2 . 2 .  D e f in i t io n  7.3
The s e t  o f  a l l  H - in s tances  in the con ten ts  o f  the f i e l d  o f  t h i s  
s tudy  w i l l  be c a l l e d  the H - s t r u c t u r e ,  (H, b r i e f l y ) .
In d e l i b e r a t e l y  s tudy ing  the school  mathematics in  Kuwait t h a t  a re  being 
coped with in the f i e l d  of  t h i s  s tu d y ,  we f in d  t h a t  the S - s t r u c t u r e  i s  the 
dominant l e a rn in g  s t r u c t u r e ,  while  H very r a r e l y  f i g u r e s  in the tex tbooks ,  
which cont inue to have a major in f lu en ce  in  the classroom. According to
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Howson e t  a l .  (1981) who f in d  t h a t  in many cases textbooks s t i l l  
e f f e c t i v e l y  determine the cu r r icu lum ,  we can see j u s t  how f a r  the t e x t  
i s  e f f e c t i v e .
Such in f luence  o f  the t e x t s  could be understood in the fo l lowing two s h o r t  
exper imenta l  c a s e s ,  which show how f a r  the ‘S ' - s t r u c t u r e  fo rmula tes  and 
d e l im i t s  t h e i r  mathematical knowledge.
Case 1 : In a s h o r t  t e s t ,  I asked 21 s tu d en t s  in the 2nd Grade o f  a
secondary school (ages :  15-16) to say whether  the fo l lowing  th r e e
1equa t ions  in x: 2x + 1 = 5,  2x + -  ^ = 7 and 2x + a = 5 can be
solved  in the same way or  n o t ,  and to d i s t i n g u i s h  the  d i f f e r e n t  
p a t t e r n s  o f  eq u a t io n s .  I found t h a t  only 4 s tu d e n t s  o u t  o f  21 
could observe t h a t  the th ree  items belong to the same p a t t e r n ,  
while the o t h e r  17 (81%) could not  f in d  a p lace  f o r  2x + a = 5 
in  the p a t t e r n .  I t  i s  to be s a id  t h a t  these  s tu d e n t s  had been 
meeting as well as p r a c t i c i n g  such i tems f o r  th r e e  y ea r s  a t  
l e a s t .
Case 2 : S im i l a r l y  43 s tu d e n t s  in  the 4th ( f i n a l )  grade o f  the secondary
school were asked s i m i l a r  ques t ions  f o r  the i n e q u a l i t i e s  in
? ? ?x: X > 4 ,  X > a (with a > o) and x > 5 ,  and only 6 o f  them
could respond c o r r e c t l y ,  whi le  the o th e r  37 (88%) could no t  f i n d  
2a p lace  f o r  x > a in  the same p a t t e r n  with the o t h e r  two.
I t  i s  to  be noted t h a t  s tu d e n t s  in  t h i s  case had a l s o  been meeting and
p r a c t i s i n g  cor responding i tems f o r  a t  l e a s t  th ree  y e a r s .
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7 . 1 . 2 . 3 .  Some Basic Remarks 
1)
Any in s ta n c e  in se t-1anguage i s  u s u a l ly  well def ined in t h a t  a c o n s t a n t  
o r  a v a r i a b l e  i s  c l e a r l y  i d e n t i f i e d .  Consequently,  any such in s ta n c e  
cannot  a t  the same time both con ta in  and no t  conta in  a co n s ta n t .  An 
in s ta n c e  th e r e f o r e  cannot ,  indeed should n o t ,  be i s o l a t e d  from i t s  con tex t  
d e s p i t e  the  f a c t  t h a t  a mathematical  form o f  an in s ta n c e  could be employed 
in both S and H, bu t  under d i f f e r e n t  co n te x t s .  For example,  the  equa t ion  
X + y = 2 o f  the two unknowns x , y ,  i s  an S - in s t a n c e ,  bu t  when i t  i s  
employed in f ind ing  *x' in terms o f  'y* then such ' y '  i s  t r e a t e d  as a 
cons t a n t  and under such employment i t  i s  an H - ins ta nce .  Hence i t  i s  t o  be 
unders tood t h a t  a mere genera l  form o f  an i n s ta n c e  should n o t  c l a s s i f y  t h i s  
in s t a n c e  as to S o r  H in  i s o l a t i o n  from the con tex t  t h a t  e xp la in s  how 
t h i s  i n s t a n c e  should be employed. An'. instance in terms o f ' i t s  employment 
i s  only e i t h e r  in S o r  H and in t h i s  sense we might  accep t  t h a t  
S A H = (f, ( the  nu l l  s e t ) ,  ( see  P . 4 -5 ) .
2 )
H con ta ins  a l l  ba s ic  and s t a n d a rd  forms t h a t  c o n s t i t u t e  a b a s i s  f o r  
de r iv ing  formulae o r  r u l e s ,  e i t h e r  in mathematical o r  in non-mathematical
f i e l d s  s in c e  such a g e n e r a l i z a t i o n  i s  genu inely  based on co n s tan t s  e .g .
9ax + bx + c = 0 i s  a s tanda rd  f( 
f o r  so lv ing  x in such eq u a t io n s .
2 orm f o r  de r iv ing  a genera l  r u l e  (formula)
3)
S i s  dominent in most t e x tbooks ,  al though  H does make appearances  in  t e x t s
o f  t r a d i t i o n a l  mathemat ics.  I t  a l so  did appear in  the  e a r l i e s t  s h i f t
to  modern mathematics t e x t s  in  Kuwait in the beginning o f  the  l a s t  decade,
bu t  compla ints  of  s tu d e n t s  and te ach e r s  of  the d i f f i c u l t i e s  t h a t  were
encountered  in dea l ing  with such H - ins tances  have e v e n t u a l l y  r e s u l t e d  in an 
unconscious s h i f t  to  S.
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The dominance o f  the S - s t r u c t u r e  (space) in the t a s k - p r e s e n t a t i o n  can 
be seen in Appendix C which provides  two examples from c u r r e n t  textbooks 
in  Kuwait.
7 .2 .  I I .  P r im i t i v e  Im p l ica t ions  Of S and H: Two In d ic a to r s
In t h i s  p a r t ,  I g e n e ra l l y  in tended  to l ea rn  ( i )  how f a r  the c u r r e n t  
achievement o f  mathematics t h a t  takes  p lace  in S,  could work in  necessary  
knowledge r e l e v a n t  in  H, and ( i i )  about  any p r o p e r t i e s  t h a t  might  imply 
i n d i c a t i o n s  o f  e f f e c t i v e n e s s  o f  knowledge gained in  S o r  H, Hence, I 
found t h a t  a f i r s t  i n d i c a t o r  could p o s s ib ly  s a t i s f y  ( i )  i f  t h i s  i n d i c a t o r  
i s  based on i d e n t i f y i n g  how f a r  the computational  knowledge achieved in S 
s a t i s f i e s  t r a n s f e r a b i l i t y  i n t o  H in two c a s e s :  one r e l e v a n t  to a non- 
mathematical  f i e l d ,  e . g .  physics and the o th e r  r e l e v a n t  to mathematical 
form. This i n d i c a t o r  i s  t h e r e f o r e  supposed to d i scuss  t r a n s f e r a b i l i t y  
o f  computational knowledge from S i n t o  H-Physics as well as H-Maths . 
Thus, the i n d i c a t o r  could be expec ted  to  c o n s t i t u t e  a b a t t e r y  o f  th re e  
t e s t s  in  S, H-Maths and H-Phys ics,  so t h a t  a c e r t a i n  behaviour  concerning 
computational knowledge i s  t e s t e d  under the th ree  t e s t s .  By H-Physics 
and H-Mathematics,  I only wanted to d i f f e r e n t i a t e  between the in s ta n ces  
used in both in t h a t  one i s  taken from phys ics  t e x t  and the o th e r  i s  no t .
As f o r  a second i n d i c a t o r  t h a t  expec ted  to  s a t i s f y  ( i i ) ,  I found t h a t  t h i s  
i n d i c a t o r  i s  b e t t e r  based on f in d in g  such general  p r o p e r t i e s  o f  S and H 
through l e a rn ing  how mathematical  knowledge in  S and co r respond ing ly  in H 
could c o r r e l a t e  with  p rob lem -so lv ing .  As a f a r  aim o f  t h i s  i n d i c a t o r ,  I 
indeed in tended to s u p p o r t  r e l i a n c e  on the e f f i c i e n c y  measure f o r  f u r t h e r  
p u rp o s e s .
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7 .2 .0 .  F i r s t  I n d i c a to r /Computa t ional  Knowledge - T^: A B at te ry  Of
Three Tests
This i n d i c a t o r ,  by employing both S and H t r i e s  genuinely to  throw l i g h t  
on what i s  commonly s a id :  " s tu d en ts  can ^  i t  in mathematics b u t  no t  in
a non-mathematical f i e l d ,  e . g .  phys ics" .  The i n d i c a t o r  i s  t h e re fo re  
expec ted  to d i scuss  "how s tu d e n t s  can ^  i t  in mathematics,  bu t  no t  in 
physics  and what  they a c t u a l l y  can do in  mathematics".  As a consequence,  
a b a t t e r y  T-j o f  th r e e  t e s t s  was co n s t ru c ted  with the aim of i d e n t i f y i n g  how 
computa.ttonal knowledge p r im a r i ly  achieved in  S,  could be demonstrated through 
H in both phys ics  and mathematics (see  Appendix D).
7 . 2 . 0 . 1 .  D esc r ip t ion  Of Method,
The aims behind the b a t t e r y  T-j throw l i g h t  on the c o n s t ru c t io n  o f  T^ . I t  
g e n e ra l ly  aims to f in d  o u t  how the computational knowledge t h a t  i s  
achieved in S could in genera l  f u n c t io n  in H, whether  in maths o r  ph y s ic s .
(a) The Mater ia l
T^  c o n s i s t s  o f  th re e  t e s t s  t ^ , tg and tg where t^ and t^  were co n s t ru c t e d  
in  H and S spaces on b a s i s  o f  tg which i s  based on in s ta n c e s  t h a t  a re  both 
used in  physics  and belong to H. (I  avoided in t- j , tg and tg numbering 
from zero to avoid complexity in numbering '00 '  in some p l a c e s ) .
All i tems in  t ^ , tg and tg  were co n s t ru c ted  to  s a t i s f y  the computat ional  
behav ioura l  o b j e c t i v e  " to  apply knowledge o f  f in d in g  a s u b j e c t  in an 
e q u a t i o n " .
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(a^) tg was f i r s t  co n s t ru c ted  on ba s i s  o f  choosing four  formulae t h a t  
a re  l e a r n t  in phys ics :  tg  = i tems pg^,  pgg Pgg, and pg^.  ( tg  co n s i s t s
o f  items inc luded  in the physics t e x t s  and th e r e f o r e  i t  w i l l  be denoted 
as H-physics ) ,
(ag) t.| was co n s t ru c t e d  by rep lac ing  the symbols t h a t  a re  used in phys ics 
by o th e r  symbols t h a t  a re  most used in mathematics:  t^ = i tems q^g,
P i 3 ^14. ( t g  c o n s i s t s  o f  usual items of  mathematics and th e r e f o r e  i t
w i l l  be denoted as H-maths).
(ag) tg was co n s t ru c ted  on the same b a s i s  as t g ,  b u t  in a d d i t i o n ,  each 
item was equipped with a s e t  o f  numbers to be s u b s t i t u t e d  so t h a t  the 
in s ta n ce  could then belong to S: tg = pg^,  pgg, pgg and pg^. ( tg  c o n s i s t s
o f  usual items o f  mathematics and i t  w i l l  be c a l l e d  S-maths) .
Hence f o r  a f i x e d  ' j '  the th r e e  items o f  q^.j with i = 1, 2, 3, have the 
same mathematical  form and a re  s i m i l a r  o r  i d e n t i c a l  from a behavioural  
p o in t  o f  view. Here i s  an example f o r  q^^,  q -^j and pg-j in  t - j , t g ,  and tg
r e s p e c t i v e l y .
q^T ( t ^ ) :  I f  z = ^  . then f i n d  x in terms o f  the o th e r  elements z ,  y
and h.
p2i ( t g ) :  I f  z = . Find y when z = 3, x = 2 and n = 5.
Pg1 ( t g ) :  The c ap a c i ty  ' C  (Farad) o f  a s p ec ia l  condenser i s  given by
1 R r^ * "Rzp where k i s  a c o n s t a n t ,  and R, r  (m) a re  the measures
o f  the l a rg e  and small r a d i i  o f  the condenser.  Find R in terms 
of  c ,  k,  and r .
The panel (see P. 2-24 ) which p a r t i c i p a t e d  in d i s c u s s io n  o f  the t e s t
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confirmed t h a t  w i l l  be t r i v i a l  i f  the s u b s t i t u t i o n  i s  in t roduced  
beforehand f o r  such s tu d en t s  in the f i n a l  y e a r ,  however, the s tuden t s  
are  acquain ted  with such procedures in t h e i r  work, and bes ides  the panel 
be l ieved  t h a t ,  as a t e s t - c o n s t r u c t ,  s tuden t s  w i l l  begin by s u b s t i t u t i o n  
in tg to make such in s ta n ces  in t h e i r  pure form o f  S - in s t a n c e s .
(b) Subjec ts  And S e t t i n g
The s u b je c t s  who g e n e ra l ly  p a r t i c i p a t e d  in the t e s t s  were 207 s tu d e n t s  in  
8 c l a s s e s  in the f i n a l  grade o f  fou r  secondary s c h o o l s ,  two c l a s s e s  from 
each schoo l .  The schools  were two f o r  boys and two f o r  g i r l s .
( c) The Procedure
The th ree  t e s t s  t-j, tg and tg  were adm in is te re d  to  the s tu d e n t s  on th ree  
su cces s iv e  days r e s p e c t i v e l y .  The f i r s t  two were adm in is te red  by the 
mathematics t e ache rs  who teach the experimenta l  c l a s s e s  while the t h i r d  
was adm in is te red  by the physics  te a c h e r  or  the s e n i o r  te ache r  o f  physics 
in the school .
None o f  those who adm in is te red  the t e s t s  has had any knowledge about  the 
n a tu re  o f  the t e s t s .  Furthermore the answers o f  the s tu d e n t s  were to be 
w r i t t e n  on the qu es t io n  paper .  The dura t ion  was 30 minutes f o r  each t e s t  
and a l l  s tu d en t s  f i n i s h e d  in t ime.
In marking,  the s t u d e n t  was given (+1) f o r  both p e r f e c t  procedure and 
answer; o therwise  ' z e r o ' .  The t e s t s  were marked by those who helped  in
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a d m in i s t r a t io n  of  the t e s t s .
7 . 2 . 0 . 2 .  The B a t te ry -C o n s t ru c t s
(1) Students  in working in tgfS) would most begin by s u b s t i t u t i o n .
(2) A b i l i t y  in  tg(S) i s  n o t  n e c e s s a r i l y  an i n d i c a t o r  f o r  t r a n s f e r a b i l i t y  
in t^ o r  tg (H).
(3) A b i l i t y  in t.j (H-maths) could be an i n d i c a t o r  f o r  t r a n s f e r a b i l i t y  in 
tg (H -phys ics ) .
(4) A b i l i t y  in  tg would su rpass  a b i l i t y  in t^ ( f a m i l i a r i t y ) .
7 . 2 . 0 . 3 .  Discussion Of R esu l t s .
In excluding  the s tu d e n t s  who could not  p a r t i c i p a t e  in the th r e e  t e s t s ,  i t  
was found t h a t  196 s tu d e n t s  could p a r t i c i p a t e  in a l l  the t h r e e  t e s t s .
(1) Tables
( i )  Table 7.1 denotes the number o f  c o r r e c t  responses in  each i tem o f  the 
th ree  t e s t s ,  as well as r e l e v a n t  p e r ce n tag es ,  while  t a b l e  7.2 he lps  in 
i d e n t i f y i n g  the c o r r e c t  responses  in  the th ree  i d e n t i c a l  i tems from a 
behavioura l  p o in t  o f  view in  the th r e e  t e s t s , g i v e n  in  pe rcen tages .
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S t r u c t u r e H (maths):  11 S(maths) :  t^ H (phys ics ) : ^3
Item ^11 ^12 ^13 ^14 ^21 922 ^23 924 ^31 ^32 ^33 9 34
Total 
No. o f  
Students
No o f c o r r e c t 119 75 T22 108 147 1 0 2 / 145^ 39 136^ 86 127r e s p o n s e s __^
0.15 0.61 " 0 ^ / 1960.62 0.55 0.75 0.52 0.74 0.20 0.69 0.44 0.65
Table 7.1
Numbers And Percentages  Of Cor rec t  Responses In Each 
Item Of The Three T es t s .
+ Tes t j 1 2 3 4
t l ^ I j 0.15 0.61 0.38 0.62
t2 0.55 0.75 0.52 0.74
^3 ^3j 0.20 0.69 0.44 0.65
Table 7.2
D irec t  Comparative Percentages  Of Correc t  Responses 
In Each Item In Any T es t  And I t s  Corresponding S im i la r  
( I d e n t i c a l )  Items In The Two Other Tes t s .
( i i )  The fol lowing Table 7 .3  i s  cons idered  to be the i n d i c a t i v e  one s ince  
i t  provides  a comparative knowledge o f  the performance o f  s tu d e n t s  in the 
th ree  s i m i l a r  i t ems.  This comparat ive knowledge i s  in t roduced  according
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to e i g h t  matr ices  t h a t  i n d i c a t e  fo r  such knowledge. For example [ i l l ]  
denotes t h a t  the s tu d e n t  has c o r r e c t l y  performed in  the th ree  i d e n t i c a l  
items in the th ree  t e s t s ,  whi le [01O] denotes t h a t  the s tu d e n t  has 
c o r r e c t l y  performed in an i tem in tg f b u t  he f a i l e d  in the s i m i l a r  ones 
in t-| and tg .  Furthermore ,  each number in a c e l l  o f  7.3  denotes the 
number o f  s tuden t s  who ac ted  accord ing ly .
*2 ^3 [ m ] t n o ] D o i J Qoii] [100] [010] [001] [poo] Total
f n 921 '>3l] 14 9 ■ 1 14 5 71 10 72 196
^22 ^ 32] 100 10 6 15 3 22 15 25 196
f>13 ^23 ^33^ 55 11 3 10 6 26 18 67 196
[‘>14 924 ^ 34] 96 1.0 8 12 8 27 11 24 196
Table 7.3
Number Of Both Cor rec t  And Wrong Responses In Any Three 
I d e n t i c a l  Items In The Three Tests  t ^ , tg And tg  Under 
Any Corresponding Combination Of Three Elements Chosen 
From ' 1 '  And 'O' Where ' 1 '  Refers  To Cor rec t  Response While 
'O' Refers  To Wrong Response.
2.  Analysis  Of Result s
The a n a ly s i s  w i l l  be d i r e c t e d  towards d i s c u s s io n  o f  the c o n s t r u c t s  in
7 . 2 . 0 . 2 .
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( i )  I t  was observed t h a t  most s tu d e n t s  in working in tg began by
1 V X 5s u b s t i t u t i o n .  For example in  qg- j ( tg ) ,  a s t u d e n t  began in :  3 = -  ^ .
This i s  in  l i n e  with Cons t ruc t  1.
( i i )  The t h i r d  column in  t a b l e  7.2 shows how competency in S could n o t  
p r e d i c t  f o r  competency in  H(maths) o r  H(physics)  ( i . e .  0 .1 5 ,  0.55 and 0 .2 0 ) .
Furthermore:  Table 7.1 i n d i c a t e s  t h a t  108 s tuden t s  could so lve  qg-j w hile :
Table 7.3 i n d i c a t e s  t h a t  14+ 9 = 23 s tu d e n t s  could so lve  both
q-j-j and qg-j
Hence 23/108 = 21% o f  those who demonstrated competency in 
S were competent in H-maths.
S im i l a r l y :  28/108 = 30% o f  those who demonstrated competency in S were
competent in  H-physics o f  q^-j.
This in my b e l i e f ,  i n t e r p r e t s  the s ta t em en t  t h a t  " s tu d en ts  can ^  something 
n mathematics bu t  not  in  p h y s ic s " while  the s tu d en t s  themselves c a n ' t  do 
t  in H-maths. Hence the genuine ques t ion  to be asked could be "what i s  
t  t h a t  they can do in maths?" A s tu d e n t  who i s  ab le in  such items as qg-j
n S i s  no t  n e c e s s a r i l y  able  to t r a n s f e r  t h i s  knowledge in t o  H , whether
in maths or  in  phys ics .  Evidence could be found in Columns 5 ,  6 and 7 of  
t a b l e  7 . 3 ,  which r e f e r s  to such d i s p a r i t y  in performances in  S and H.
Table 7.2 r e f e r s  a l so  to such d i f f e r e n c e s  in performances in S and H.
(Cons t ruc t  2 ) .
( i i i )  Columns 1 and 3 in  t a b l e  7.3 t o g e th e r  with t a b l e  7.1 show t h a t :
 -   ^ = 52%,...........^ = 89%, —  = 77%, and = 85% of  those who demonstrated
29 119 75 122
competency in  t-j (H-maths) could ^  i t  in (H-physics) ,  a t  l e a s t  f o r  i d e n t i c a l  
i tems.
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Such percen tages  could be o p t i m i s t i c  s in c e  s tuden t s  do n o t  l e a rn  in H, 
however some o f  them might  have skipped to H-maths through S -o r  H-physics 
(C ons t ruc t  3 ) .
( iv )  Table 7.2 shows t h a t  a b i l i t y  in  performance o f  s tu d e n t s  in H-physics 
su rp as se s  corresponding a b i l i t y  in  performance in H-maths . This was to  be
expec ted  s ince  s tu d e n t s  a re  f a m i l i a r  with the use o f  the same i tems o f  tg 
in t h e i r  phys ics  l e ssons  (C o n s t ru c t  4 ) .
7 . 2 . 0 . 4 .  Conclusion 7.1
Mathematical computat ional  knowledge gained in the S - s t r u c t u r e  i s  no t  
n e c e s s a r i l y  s a t i s f a c t o r y  in  fu n c t io n in g  f o r  a de s i r ed  complete t r a n s f e r a b i l i t y  
to non-mathematical f i e l d s ,  e . g .  phys ics .  However, such computat ional  
knowledge as could be gained in the H - s t r u c t u r e ,  could be expec ted to be 
fu nc t ion ing  b e t t e r .
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7 . 2 . 0 . 5  Summary Of The F ir s t  Indicator T-j
TITLE
AIMS
MATERIAL
SUBJECTS AND 
SETTING
PROCEDURE
VALIDITY
F i r s t  I n d i c a t o r :  Computational Knowledge - B a t t e r y  T-j o f  th ree
T es t s :  t - j , tg and tg .  (Appendix D).
To f in d  o u t  how computat ional  knowledge u su a l ly  ga ined in 
S, could i n t e r a c t  with H.
The b a t t e r y  c o n s i s t s  o f  th ree  t e s t s  t - | , tg  and t g ,  however 
t-j and tg were c o n s t ru c t ed  on the b a s i s  o f  t g .  tg was 
c ons t ruc ted  by choosing fou r  formulae from phys ics  and the 
computat ional  s k i l l  was based on f i n d i n g  a ' s u b j e c t '  in  each 
formula in terms o f  the o th e r  elements in the formula .  Hence 
t-j was co n s t ru c t e d  f o r  the same purposes in  'H' as well as tg 
in  S.
196 ou t  of  207 s tu d e n t s  in 8 c l a s s e s  in the f i n a l  
grade of  school could p a r t i c i p a t e  in the th re e  t e s t s .
t - j , tg and tg were given to the s tuden t s  in  th r e e  success ive  
days r e s p e c t i v e l y .  Duration was 30 minutes f o r  each t e s t .
(a) Content  v a l i d i t y  was s a t i s f i e d  by a panel who d iscussed  
c o n s t r u c t i o n .
(b) Cons truc t  v a l i d i t y  was s a t i s f i e d  through the a n a l y s i s  of  
r e s u l t s .  Such v a l i d i t y  mainly assumed t h a t ,  a b i l i t y  in  S is  
not  n e c e s s a r i l y  an i n d i c a t o r  f o r  r e l e v a n t  a b i l i t y  in H.
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RELIABILITY
GENERAL
CONCLUSION
This was s a t i s f i e d  by the i n t e r - r a t e r  r e l i a b i l i t y  t h a t  i s  
d iscussed  in  2 . 4 .2 . 1 .1  o f  Chapter  2.
Mathematical computat ional  knowledge gained in 'S '  cannot  
s a t i s f a c t o r i l y  s a t i s y  r e l e v a n t  knowledge in 'H' whether t h i s  
r e l e v a n t  knowledge i s  found in mathematics o r  non-mathematics 
f i e l d s .
7 . 2 . 1 .  Second Ind ica to r /M athem at ica l  Knowledge -  Tg: A S e t  o f  Three Tests
The t e s t  T^ t h a t  i s  r epo r te d  in  Chapter  6,  had shown t h a t  the e f f i c i e n c y  
measure could be r e l i a b l e  in s tudying  the advantages in  ga in ing  knowledge 
in  S and H. Furthermore,  with the aim o f  r e in f o r c in g  such r e l i a b i l i t y  of  
t h i s  measure,  Tg was proposed f o r  s tudying  the r e l a t i o n s h i p  o f  c e r t a i n  
mathematical knowldge in  S and H r e l a t e d  to a w e l l -d e f in e d  problem P.
Thence , the measure could be more r e l i a b l e  i f  i t  could in f u r t h e r  s tu d i e s  
co inc ide  with t h i s  r e l a t i o n s h i p .  I t  was seen t h a t  a comparat ive c o r r e l a t i o n  
o f  S and P as well as t h a t  o f  H and P could induce a g r e a t e r  convenience in 
f u r t h e r  s t u d i e s .  The two c o r r e l a t i o n s  w i l l  be based on the general  
conclus ion in 6 . 1 . 2 . 2 . 3  in  t h a t  a l l  the t e s t s  in  Tg w i l l  be based on the 
following fou r  fundamental phases .
7 . 1 . 2 . 0  Four Fundamental Phases In Construct ion  Of Tests
( i )  Choose a w e l l -d e f in e d  problem P in the domain o f  what s tu d e n t s  have
l e a rn e d .  P should be new to the s t u d e n t s ;  a t  l e a s t  d i f f e r e n t  from t h a t
a v a i l a b l e  in the tex tbook.
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( i i )  Produce a s e t  B of  behavioural  o b je c t iv e s  which are necessary  f o r  
P, i . e .  B i d e n t i f i e s  b a s i c  p r e r e q u i s i t e s  o f  P. ( I t  i s  adv i sab le  t h a t  B 
i s  i d e n t i f i e d  by the help  o f  a pan e l ) .
( i i i )  Cons truc t  a kernel  o f  ques t ion - i tem s  in  S such t h a t  each B.
'  '  0 0 1
in B i s  s a t i s f i e d  ( t e s t e d )  by a unique s .  in i s  a kernel  in  S f o r
P (under such a B) .
( i v )  C ons t ruc t  a kernel  in H s i m i l a r  to S^. i s  a kernel  in H
f o r  P (under such a B ) .
7 . 2 . 1 . 1 .  D escr ip t ion  Of Method
The i n d i c a t o r  Tg (Appendix E) c o n s i s t s  o f  th ree  t e s t s  t - j , tg and t g .
(a)  The Material
(a-j) t-j c o n s i s t e d  o f  9 q u e s t i o n - i  tems. Here I p r e s e n t  a b r i e f  d i s c u s s io n
of  c o n s t ru c t io n  t h a t  i s  based on the fou r  phases .
( i )  P = i tem 9: Find the  a rea  o f  the region  t h a t  i s  bounded by
pf (x )  = X -  X -  2,  X = - 2 ,  X = 1 and the x - a x i s .
( i i )  In so lv ing  P, fo u r  b a s i c  behav ioural  o b j e c t i v e s  were i d e n t i f i e d  f o r
B. For example:
B-| : To i d e n t i f y  and apply the knowledge o f  the r e l a t i o n s h i p
between a fu n c t io n  and i t s  p r i m i t i v e ,  prov ided  t h a t  the 
p r im i t i v e  i s  a polynomial o f  the t h i r d  degree .
( i i i )  S^,  consequen t ly  c o n s i s t e d  o f  fou r  elements s-j, Sg, Sg and s ^ where
each one o f  them s a t i s f i e s  a unique B.j in B. = i tems 1,  2,  3 and 4
t h a t  r e s p e c t i v e l y  correspond to , s^,  Sg and s For example:
o pS.J = Item 1: Let f (x )  = x -  2x + 5 be a p r im i t i v e  o f  a fu n c t io n
g. Find g. (Here g(x) = f ( x ) ) .
7-22
( iv )  1s s i m i l a r l y  c o n s t ru c t ed  in  H. = Items 5,  6 ,  7 and 8 t h a t
r e s p e c t i v e l y  correspond to  h-j, hg, hg and h^.  For example:
2 3 2h-j = Item 5.  I f  T(x) = a x + 3b (a and b being co n s tan t s )  i s
a p r im i t i v e  of  a f u n c t io n  ' g ' .  Find ' g ' .
(ag) tg c o n s i s t e d  a l so  o f  9 q u es t ion - i t em s  where:
( i )  P = Item 9: Let  D(x)= x^ -  4x and the l i n e  L:y = 6x + c.
Find c when the l i n e  L i s  t a ngen t  to the curve D,
( i i )  Four b a s ic  behavioural  o b j e c t iv e s  were i d e n t i f i e d  f o r  B. For
example: Bg: To i d e n t i f y  and apply knowledge of  the s lope  o f  a
l i n e .
( i i i )  A s e t  in S was co n s t ru c t e d  on the b a s i s  o f  B. S^= Items 1, 2,  3
and 4.  For example:
Sg: Find the s lope  o f  the l i n e  L: y = 4 -3x.
( iv )  A s e t  in  H was co n s t ru c t e d  s i m i l a r l y  as in  = Items 5 ,  6 ,  7
and 8. For example:
hg: Find the s lope  of  the l i n e  m: 4by = 4c -  3ax (a,b and c being
c o n s t a n t s , b f  o ) .
(ag) tg c o n s i s te d  of  ano ther  9 q ues t ion - i tem s  where:
( i )  P = Item 9: The p o in t  M = (x ,  f ( x ) )  moves on the curve,
f (x )  = x/~x. Let N = (8 ,  0 ) .  Find the p o s i t i o n ( s )  o f  M when
the d i s t a n c e  D between M and N i s  l e a s t .
( i i )  Four ba s ic  behav ioural  o b j e c t i v e s  were i d e n t i f i e d  f o r  B. For
example:
Bg: To i d e n t i f y  and apply knowledge of  f ind ing  a p o in t  on a curve
t h a t  corresponds  to a c r i t i c a l  value.
( i i i )  Sq was co n s t ru c ted  on the b a s i s  of  B. S = items 1, 2,  3 and 4 
corresponding to s ^ , s^,  Sg and s .  r e s p e c t i v e l y .  For example:
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1 3Sg: Let  f ( x )  = -g x - 4x. Find the x c o -o rd in a te s  when f  has
c r i t i c a l  v a lu e s .
(Hin t:  such c r i t i c a l  values  here correspond f (x )  = 0 ) .
( iv )  Hq s i m i l a r l y  con ta ined  Items 5, 6,  7 and 8 t h a t  correspond to 
h p  hg,  hg and h^ r e s p e c t i v e l y .  For example:
2 3 2hg: Given f (x )  = a x -  3x , a being c o n s ta n t  f  o. Find the 
X co -o rd in a te s  when f  has c r i t i c a l  v a l u e s .
(b) Sub jec ts  And S e t t i n g
(b-|) The t e s t  t-j was p re sen te d  to 73 s tu d en t s  in a secondary school f o r
g i r l s  in th ree  c l a s s e s  in the f i n a l  grade.
(bg) The t e s t  tg was p re sen te d  to 84 s tu d en t s  in  Kuwait U n iv e r s i t y .  The
s tu d e n t s  were reading f o r  t h e i r  f i r s t  semes ter  in the U n iv e r s i t y ;  d i r e c t l y  
a f t e r  they had f i n i s h e d  the  f i n a l  y e a r  of  secondary school in Kuwait in 
1977-1978. All the s tu d en t s  were s p e c i a l i z i n g  in  sc ienc es  and eng ineer ing ,
b u t  no t  in Maths, a l s o  they a l l  were reading  a course c a l l e d  '101'  in 
i n t r o d u c to r y  ca lcu lu s  in  the U n iv e r s i t y .  I t  i s  to be noted t h a t  only 218 
s tu d e n t s  were fo l lowing  t h i s  course in the U n ive rs i ty .
(bg) The t e s t  tg was p resen ted  to  53 s tu d e n t s  in Kuwait U n iv e r s i ty  who 
were reading f o r  t h e i r  second sem es te r  in the U n iv e r s i ty  a f t e r  leav ing  
school in 1977-1978. These s tu d e n t s  had f in ished reading course '101'  and 
were read ing the n ex t  course '102'  in  more advanced elementary  c a l c u lu s .  
Moreover, a l l  of  those were s p e c i a l i z i n g  in sc iences  as well  as in 
e ng inee r ing  bu t  none o f  them in maths.  Furthermore,  171 s tu d e n t s  were
fo llowing the course '102 '  in U n iv e r s i t y .
(c) The Procedure
(c-j) t-j was p resen ted  to the 73 s tu d e n t s  in these  th ree  c l a s s e s  as a
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usual achievement t e s t  a t  the same t ime.  S tudents  answers were to  be 
w r i t t e n  on the t e s t  paper .  The d u ra t i o n  o f  the t e s t  was 45 minutes and a l l  
the s tu d en t s  gave back the  sh e e t s  in t ime.
(Cg) tg was adm in is te red  to the 84 s tu d e n t s  in  course '101'  o f  mathematics
in  Kuwait U n ive rs i ty  by 4 l e c t u r e r s  who l e c t u r e  to them in  mathematics,  on 
two d i f f e r e n t  days .  The answers were on the same s h e e t  and the d u ra t io n  o f  
the t e s t  was 50 minutes and a l l  the s tu d e n t s  gave back the sh ee ts  in t ime .  
(Cg) tg  was adm in is te red  to the 53 s tu d e n t s  who a t t e n d  the course '102 '  
o f  mathematics in Kuwait U n iv e r s i ty  by 3 of  t h e i r  l e c t u r e r s  of  mathematics,  
on t h r e e  d i f f e r e n t  days .  The procedure f o r  answers and du ra t ion  was the 
same as in  Cg.
(d) Scoring Of Tes t
In marking the t e s t s  +T was given to e i t h e r  a p e r f e c t  procedure with c o r r e c t  
answer,  or  with a p e r f e c t  procedure with simple m i s c a l c u l a t i o n s ;  o therwise  
a mark o f  ' z e r o '  was g iven .  t-j was ccrrec tedwith the help of  the mathematics
s t a f f  in the School while  I only co r re c t e d  tg and tg .
7 . 2 . 1 . 2 .  Ty-Constructs
(1) The r e l a t i o n s h i p  between S^ and P i s  l e s s  s t rong  than t h a t  of  
and P.
(2) S^ c o r r e l a t e s  with in school l e s s  than t h a t  in  the U nivers i ty
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7 . 2 . 1 . 3 .  Discussion Of Resul t s
1. Tables
The a n a ly s i s  o f  the r e s u l t s  w i l l  be based on d i scuss ing  such co n s t ru c t s  
as are r e l e v a n t  to the t e s t  aims which a re  embodied in the c o n s t r u c t s .  The 
fo l lowing t a b le  7.4 i l l u s t r a t e s  the main aspec t s  o f  the r e s u l t s .
Tes t No. o f  
Students
Level ___. . . . Mean - - p - Cor.(So'  "o)
Cor.
(So.  P)
Cor.
(Ho. P)
^1 73 Final  Grade of  
School.
2.32 2.19 0.32 0.58 0.41 0.71
tg 84 Kuwai t  
Uni V. 
Course 101
1
2.3ll 1.46 0.33 0.52 0.37 0.68
h 53 Kuwai t  Univ.
Course 102
2.75 1.87 0.17 0.58 0.37 0.64
Table 7.4
I l l u s t r a t i v e  Table For Competency-Mean And Corresponding 
C o r re la t io n s  In P, And
2. Analysis  Of Resul t s
Table 7.4 shows t h a t  the f i r s t  c o n s t r u c t  i s  r ea sonab le .  While the second 
c o n s t r u c t  was n o t  compatib le  with r e s u l t s  in  the t a b l e .  I b e l i e v e  t h a t  
t h i s  i s  due to the f a c t  t h a t  s tu d e n t s  in  the f i n a l  y e a r  take  any t e s t  more 
s e r i o u s l y  than any o t h e r  s t u d e n t s ,  e s p e c i a l l y  those who have passed  t h i s  
s t a g e  and found a p lace  in  the U n iv e r s i t y .  Fur thermore ,  I l e a r n t  t h a t  
some l e c t u r e r s  in the U n iv e r s i ty  to ld  the s tu d e n t s  about  the na tu re  o f  the 
t e s t ,  which could have had some e f f e c t  on t h e i r  enthusiasm to do b e t t e r .
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Never the less  9 the f i r s t  c o n s t r u c t ,  which i s  of  most i n t e r e s t  to t h i s  s tu d y ,  
i s  genu ine ly  s a t i s f i e d .
7 . 2 . 1 . 4 .  Conclusion 7.2
Mathematical knowledge from H has a s t r o n g e r  r e l a t i o n s h i p  with problem­
so lv ing  than t h a t  o f  S. This could r e in f o r c e  p ro spec t ive  r e l i a n c e  on 
the e f f i c i e n c y  measure,  i f  i t  could support  such r e l a t i o n s h i p s .
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7 , 2 .1 .5 .  Summary Of The Second In d ic a to r  Tg
TITLE
AIMS
FOUR
FUNDAMENTAL
PHASES
MATERIAL
SUBJECTS AND 
SETTING
PROCEDURE
RELIABILITY
Second I n d i c a t o r :  Mathematical knowledge - A s e t  Tg o f
th ree  t e s t s  t p  tg and tg» (Appendix E).
The s tudy  aimed to i d e n t i f y  a general view o f  r e l a t i o n s h i p s  
o f  performance in  problem-solv ing and r e l e v a n t  knowledge in  
S and H.
Four i n s t r u c t i o n s  were proposed f o r  such a s tudy  t h a t  might  
s a t i s f y  aims.  ( i )  to choose a problem P, ( i i )  to i d e n t i f y  
B of  P, ( i i i )  to c o n s t r u c t  a s e t  S^ in  'S '  t h a t  p o s s ib ly  
a s se s se s  P and ( iv )  to c o n s t r u c t  in H a s e t  H^ s i m i l a r
to  Sg.
Three t e s t s  t - j , tg and tg were co n s t ru c t e d  on the b a s i s  o f  the 
fou r  fundamental phases ,
(1) For t-j : 73 s tu d e n t s  in th ree  c l a s s e s  o f  the f i n a l  y e a r
of  school p a r t i c i p a t e d  in the t e s t .
(2) For t g : 84 s tu d e n t s  who were fo l lowing '101 '  course in
Kuwait U n iv e r s i t y  p a r t i c i p a t e d  in the t e s t .
(3) For tg :  53 s tu d e n t s  who were fo l lowing '102'  course in
Kuwait U n iv e r s i ty  p a r t i c i p a t e d  in  the t e s t .
The t e s t s  were mostly run by those who teach o r  l e c t u r e  
the s u b je c t s  o f  the t e s t s .
This was s a t i s f i e d  by the i n t e r - r a t e r  r e l i a b i l i t y  in 2 . 4 .2 . 1 .1  
o f  Chapter 2.
CONCLUSION
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The r e l a t i o n s h i p  between mathematical knowledge in  H and 
prob lem-solv ing  i s  s t r o n g e r  than t h a t  in S. The e f f i c i e n c y  
measure i s  more r e l i a b l e  in  s tand ing  with such r e l a t i o n s h i p s .
7 . 2 . 2 .  General Discuss ion:  Im p l ica t ions  o f  S And H
I t  was found t h a t  i t  i s  r easonab le  now to p r e s e n t  a b r i e f  summary of  the
foregoing in throwing l i g h t  on what  might  be h e l p f u l .
The s tudy  in  t h i s  Chapter  demonstrated  t h a t  the re  i s  an a lmos t  dominant 
s t r u c t u r e  S under ly ing  c u r r e n t  t a s k - p r e s e n t a t i o n  R in the mathematics o f  
the f i e l d  o f  t h i s  s tudy .  Another s t r u c t u r e  H was recognised  to  be 
e s s e n t i a l  in  mathematics and non-mathematical f i e l d s .  However, t h i s  H has 
a poor appearance in c u r r e n t  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s .  The 
e f f e c t s  o f  the l i m i t a t i o n  o f  b u i ld in g -u p  mathematical knowledge only in such 
a space as S can perhaps be observed when 81% of a sample o f  s tu d en t s  in the 
ten th  grade in secondary  school could no t  f ind  a p lace  f o r  2x + a = 5 in  a
r e l a t e d  p a t t e r n  with 2x + 1 = 5  and 2x + ^  = 7 (Case 1, P . 7-8 ) ,  as well  as
when 88% of  a sample of  s tu d e n t s  in  the f i n a l  grade in secondary school could
2not f ind  a p lace  f o r  x > a (with a > o) in  a s i m i l a r  p a t t e r n  to 
2 ?X > 4  and x > 5  (Case 2 ,  P. 7-8 ) .  Furthermore,  the f i r s t  i n d i c a t o r
7 .2 .0  demonstrates how computat ional  knowledge gained in  S was n o t  
s a t i s f a c t o r i l y  t r a n s f e r r e d  to r e l a t e d  knowledge in H whether in phys ics or  
mathematics i n s t a n c e s .  However, t h i s  does throw l i g h t  on what i s  commonly 
held about  the weakness o f  s tu d e n t s  in  computational knowledge in  p h y s ic s ,  
d e s p i t e  the f a c t  t h a t  such s tu d en t s  are thought to have a t t a i n e d  such 
knowledge p roper ly .
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Moreover, the second i n d i c a t o r  has demonstra ted t h a t  mathematical  
knowledge in  H c o r r e l a t e s  with problem so lv ing  more adequa te ly  than t h a t  
in  S. I t  was then be l i e v e d  t h a t  t h i s  i n d i c a t o r  could be h e lp fu l  in  
prov id ing  more r e l i a n c e  f o r  the e f f i c i e n c y  measure .
As a m a t te r  o f  f a c t ,  these  im p l ic a t io n s  could be expec ted s ince  the H- 
s t r u c t u r e  could be desc r ibed  as one i n v o lv in g ,  by i t s  n a t u r e ,  more 
a b s t r a c t i o n  than S because o f  the e x i s t e n c e  of  such cons tan ts  o f  i m p l i c i t  
form; whereas ga in ing  knowledge by any means in  an a b s t r a c t  le ve l  would 
l o g i c a l l y  be expec ted to promote h ig h e r  mathematical a b i l i t i e s .  A ques t ion  
a r i s e s :  "Does t h i s  mean t h a t  a rep lacement  of  S by H would answer the 
problem o f  development in t h i s  r e sea rch?"  However, the answer i s  no t  as
simple as i t  might  appear.
Here,  in  ana lys ing  the ' p ro s  and cons ' of  S and H, I s h a l l  p r im a r i ly  be 
d i s cu s s in g  t h i s  answer al though with genuine f u r t h e r  im p l i c a t i o n s .
7 . 2 . 2 . 0 .  The 'P ros  And Cons' of S and H
I f  the term le a rn in g  s t r u c t u r e  r e f e r s  to such a s t r u c t u r e  as u n d e r l i e s  the 
p r e s e n t a t i o n  o f  mathematical  t a s k s ,  then S could be ,  in t h i s  s en s e ,  a 
l e a r n in g  s t r u c t u r e ,  whi le  H a t  the moment i s  no t .  Here I s h a l l  look a t  
some p r o p e r t i e s  of  S and H to d i scuss  how f a r  H could po s s ib ly  be a 
l e a rn in g  s t r u c t u r e .
(1) The S - s t r u c t u r e  i s  c e r t a i n l y  i n d i s p e n s a b le ,  in t h a t ,  i t  gives the 
chance to unders tand e a s i l y ,  in a concre te  way, the concepts or  r u le s  to
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be in c lu d e d ,  while H i s  o f  no use in t h i s  s ense .  I l l u s t r a t i v e  examples 
in  H f o r  a concept  or  r u l e  a re  expected no t  to be as e a s i l y  grasped as 
those in  S . Besides t h a t  such examples in H could p o ss ib ly  cause 
f r u s t r a t i o n  in c h i ld r e n  t r y in g  to cope with mathematics.
(2)  All ba s ic  in s t a n c e s  f o r  r u l e s  o r  formulae are  found in  H, while 
s i m i l a r  in s t a n c e s  in  S might  he lp  to unders tand  r e l e v a n t  ones in H. But 
t h i s  does no t  go a g a i n s t  the f a c t  t h a t  s tuden t s  s t i l l  f in d  d i f f i c u l t i e s
in working through such b a s i c  i n s t a n c e s  in  H. Teachers ,  t h e r e f o r e ,  in most
cases i d e n t i f y  the r u l e  o r  formula in  H, and then qu ick ly  s h i f t  to r e l e v a n t
in s ta n c e s  in  S . They f e e l  t h a t  t h i s  i s  f a i r  enough f o r  coping with the
ru l e  or  formula.  For example,  they show the s tu d e n t  how to  f ind  a formula 
2f o r  X in ax + bx + c = 0 ,  b u t ,  f o r  i n s t a n c e ,  I mostly did no t  f in d  any 
ques t ions  which asked the s tu d e n t s  to f i n d  t h i s  formula whether in a t e s t  
o r  genera l  examinat ion.  Such procedures leave the foundations  u n s tab le  
s ince  t h i s  could have the e f f e c t  t h a t  s tu d e n t s  become ins t rum enta l  
o p e r a t i o n a l s  in  the sense t h a t  they would miss b a s ic  fundamentals by mere 
a p p l i c a t i o n s  o f  r u l e s .
(3) Mathematics i s  an a b s t r a c t  s u b j e c t ,  and b u i ld ing  f o r  a b s t r a c t i o n  
cannot  be done adequa te ly  through S . Those s tu d e n t s  who were in  the 
m a jo r i t y  in Case 1 (P. 7-8 ) and could not  place 2x + a = 5 in a 
p a t t e r n  with 2x + 1 = 5  and 2x + ^  = 7 , and the o th e rs  in  the f i n a l  y e a r  in
Case 2 (P. 7-8 ) -  a l so  in the m a jo r i ty  -  who could no t  f in d  a p lace  f o r
2 2 
X > a (with a > o) with the s t r u c t u r a l  p a t t e r n  t h a t  inc ludes  x  > 4 and
2
X > 5 , are no t  expec ted  to have achieved the r e q u i re d  behaviour f o r  the 
p a t t e r n  i f  they could only s a t i s f y  such S - i n s t a n c e s .
(4) Moreover, in d i s c u s s in g  the b a t t e r y  o f  t e s t s  T-j, i t  was found t h a t
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s tu d e n t s  who could s a t i f y  a d e s i r e d  behaviour in  S could n o t  demonstrate  
a r e l a t e d  competency in  o t h e r  s i m i l a r  in s ta nces  in  H, whether those 
in s t a n c e s  were in mathematics o r  in physics ( 7 . 2 . 0 ) .
(5) A lack  o f  a b s t r a c t i o n  and promoting t r a n s f e r a b i l i t y  i s  found in S 
(as shown in T-j) F u r th e r ,  S c o r r e l a t e s  with prob lem-so lv ing l e s s  s t r o n g ly  
than H (as shown in  Tg).  But i t  i s  f a i r  to say t h a t  i n s t a n c e s  o f  H c r e a t e ,  
as in  the p a s t ,  ' b lo c k s '  which might  h inde r  coping with mathematics.
Clear  evidence f o r  the d i f f i c u l t y  o f  the H-ins tances  was widely  found - and 
consequently complaints  were r a i s e d  - when the UNESCO p r o j e c t  was f i r s t  
app l ied  in  Kuwait seconday schools  in 1970/1971, with appearance o f  
such in s ta n c e s  in  the textbooks  o f  the p r o j e c t .
In connection  with the fo reg o in g ,  I b e l i e v e  t h a t  a p a r t ,  say ' U' o f  H 
must c o n t r i b u t e  with S and must be in t roduced  s y s t e m a t i c a l l y  by taking 
these  ' b lo c k s '  i n t o  c o n s id e r a t i o n .  I a l so  be l iev e  on the b a s i s  of  
experi ence  as well as the b a t t e r y  T-j, t h a t  the b a r r i e r s  to coping with 
mathematics in  a non-mathematics f i e l d ,  say phys ics ,  r e s u l t  from almost  
completely missing ou t  H as an im por tan t  f a c t o r  in p re sen t ing  mathematical  
t a s k s .  The le a rn in g  s t r u c t u r e  S i s  e s s e n t i a l  in  t h a t  i t  helps s tu d en t s  
f i r s t  to unders tand t a n g i b l y , o r  app ly ,  a c e r t a in  mathematical concept ,  bu t  
the mathematical  knowledge should be r e in fo rc e d  by t h a t  r e l a t e d  to H. This 
view could p oss ib ly  go along with Klein:
" I t  i s  my opinion t h a t  in teach ing i t  i s  no t  only adm iss ib le  bu t  
a b s o lu t e ly  necessary  to be le s s  a b s t r a c t  a t  the s t a r t ,  to have 
co n s ta n t  regard  to a p p l i c a t i o n s ,  and so r e f e r  to refinements 
g radua l ly  as the s tu d e n t  becomes able to unders tand them".
(Lamon, 1972, P. 2 8 . ) .
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As a consequence to the p a s t  d i s c u s s io n ,  I found the fo l lowing  general  
conclusion  poss ib ly  to  be r e l e v a n t .
7 . 2 . 2 . 1 .  General Conclusion 7 .3
(1) The S - s t r u c t u r e  i s  i n d i s p e n s a b le  and nece ssa ry ,  bu t  no t  s u f f i c i e n t  
fo r  b u i ld ing -up  mathematical knowledge as a complete le a rn in g  
s t r u c t u r e .
(2) The H - s t ru c tu r e  i s  d i f f i c u l t  in g e n e ra l .  In s tances  of  H do no t  
help f o r  a concre te  grasp o f  mathematical  knowledge, b u t  H could 
not  be ignored in c o n t r i b u t i n g  f o r  b e t t e r  a b s t r a c t i o n  and 
competency.
(3) I f  L could be in t roduced  as a l e a rn in g  s t r u c t u r e  proposed by a 
m od i f ica t ion  in  the methodology, then:
( i )  S should be a p a r t  of  L
( i i )  A p a r t  ' U' o f  H could be a p a r t  o f  L in  the sense of  
P ropos i t ion  6 , 3 ,  in  t h a t  U should be o p e r a t i o n a l l y  a p p l i c a b l e ,  i . e  
w e l l -d e f in e d  and l e a r n a b l e .
F i n a l l y ,  a l a s t  word i s  to be s a i d  about  the almost  t o t a l  s h i f t  from 
H in t o  S under c u r r e n t  s i t u a t i o n s .  One wonders i f  some educa to rs  have 
j u s t i f i e d  t h i s  s h i f t  by i n t e r p r e t a t i o n  of P ia g e t  (1964) who s t a t e d  t h a t :
" . . .  I should l i k e  to show t h a t  l e a rn ing  i s  p o s s ib le  in the case 
of  those lo g ica l  mathematical  s t r u c t u r e s ,  b u t  one condi t ion  - t h a t  
i s  t h a t  the s t r u c t u r e  which you want to teach to the s u b je c t s  can
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be suppor ted by s im p le r ,  more elementary ,  log ica l  mathematical 
s t r u c t u r e .  . . .  in o th e r  words,  le a rn ing  i s  p o s s ib le  i f  you 
base the more complex s t r u c t u r e  on s impler  s t r u c t u r e ,  t h a t  i s ,  
when th e re  i s  a n a tu ra l  r e l a t i o n s h i p  and development o f  s t r u c t u r e s  
and not  s imply an e x te rn a l  re in fo rcem en t ."
Could t h i s  have been the message t h a t  has been taken to j u s t i f y  a complete 
r e l i a n c e  on S w h i l s t  almost  complete ly ignor ing  H?
7 .3 ,  I I I .  Towards A Theory - Space Of Knowledge: A Conceptual S t r u c t u r e
In a d i scuss ion  o f  r e l e v a n t  theory  to  t h i s  s tudy ,  i t  was g e n e r a l l y  seen 
t h a t  i n t e r a c t i o n  with knowledge takes  place  towards t a r g e t s  in knowledge 
by s t r u c t u r i n g  and in t ro d u c in g  i t  in s imple s ta tements  o r  i n s t a n c e s ,  
e . g .  examples.  I t  i s  expec ted then t h a t  such simple s ta tem en ts  of  
knowledge would d i f f u s e  r e q u i re d  in formation  f o r  the ta rge t-knowledge  
w i th in  a c e r t a i n  p o pu la t ion .  One o f  the main purposes could be expec ted ,  
in  t h a t ,  an in d iv id u a l  in  the popu la t ion  would become ab le  to  use t h i s  
knowledge a p p r o p r i a t e l y .  Simply,  a mathematical  ta sk  mainly involves  a 
t h e o r e t i c a l  p a r t  t h a t  c o n s i t u t e s  b a s i c  in formation  o f  a c e r t a i n  knowledge, 
as well as ano ther  p a r t  R c a l l e d  the p r e s e n t a t i o n  (see  Appendix A) t h a t  
enhances and r e in f o r c e s  t h i s  in fo rm a t io n ,  so t h a t  a s t u d e n t ,  who a t tempts  
such a t a s k ,  would be ab le  to  i d e n t i f y  and apply t h i s  knowledge adequa te ly  
in f u r t h e r  r e l a t e d  mathematical  s i t u a t i o n s ,  e . g .  p rob lem-so lv ing .
I t  was then preconceived  t h a t  an a b s t r a c t i o n  of  t h i s  view can be found in 
conceiving a s t r u c t u r e  c a l l e d  a space o f  knowledge. I saw a space of  
knowledge as a conceptual  s t r u c t u r e  t h a t  i s  mainly i n t e r e s t e d  in  s tudy ing
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how f a r  a s t r u c t u r e d  knowledge W, in  a c e r t a i n  f i e l d  of  s tudy ,  could be 
e f f e c t i v e  when i t  i n t e r a c t s  with a c e r t a i n  normal popula t ion  'O' in  which 
the knowledge i s  supposed to d i f f u s e .  Such a W was taken to be i d e n t i f i e d  - 
under a c e r t a i n  f i n i t e  s e t  o f  r u l e s  -  by a s e t  of  s imple s t a t e s  of  
knowledge, e . g .  in s t a n c e s  of  the p r e s e n ta t io n  R. The d i f f u s io n  o f  
knowledge w ith in  0 would r e s u l t  through any p o ss ib le  i n t e r a c t i o n  between 
W and 0. I f  such i n t e r a c t i o n  depends on almost i n v a r i a n t  f a c t o r s ,  e . g .  
the tex tbook ,  then the d i f f u s i o n  o f  knowledge would mainly depend on such 
a W as would i d e n t i f y  such f a c t o r s .  Hence, a space of  knowledge was taken 
as the ordered  p a i r  (W,0) o r  W b r i e f l y  i f  0 i s  i d e n t i f i e d ,  e . g .  (S,0)  
o r  S i s  a space o f  knowledge.
I a l so  viewed t h a t  such d i f f u s i o n  o f  knowledge through such W would have an 
i n f lu e n c e  in development o f  the s t r u c t u r e  o f  the i n t e l l e c t .  For example,  
a le a rn in g  s t r u c t u r e  as a space o f  knowledge has a c e r t a i n  l i m i t a t i o n  on 
d i f f u s i o n  o f  a c e r t a i n  knowledge. This appears in e f f e c t s  such as those 
o f  t r a i h - é f f é c t s  which u s u a l l y  induce in s id e  re lu c ta n c e  to  any change in  a 
c e r t a i n  f a m i l i a r  form. But,  i t  i s  to be noted t h a t  those e f f e c t s  a re  not  
i d e n t i c a l  in a l l  i nd iv idua l s ,  o the rw ise  a l l  i n d iv id u a l s  would be i d e n t i c a l .  
Accordingly ,  I b e l iev ed  t h a t  such a l e a rn in g  s t r u c t u r e  as S could have 
such a l i m i t a t i o n  as t h a t  in Cases 1 and 2 (P.  7 - 8 )  and a l s o  in  the 
b a t t e r y  T-j. Hence i f ,  as i t  was t h o u g h t  l e a rn in g  happens under a 
change in behav iour ,  then I saw t h a t  b e t t e r  achievement could a l s o  be 
r e l a t e d  to a change in l e a rn in g  s t r u c t u r e ,  i . e .  space o f  knowledge, provided 
t h a t  t h i s  change should r e s t  on a sy s t e m a t i c  and a p p l i c a b l e  m o d i f i c a t io n .
Based on genera l  conclusion  7 .2 .2 .1  (P.  7-32) and P ro p o s i t io n  6.4  , I
viewed t h a t  i f  S was i n d i sp e n sa b le  in  being a p a r t  o f  a proposed le a rn ing  
s t r u c t u r e  L, and U as a p a r t  o f  H t h a t  might be in t roduced  to be a p p l i c a b l e
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in c o n t r i b u t i o n ,  then the e f f i c i e n c y  t h a t  r e l a t e d  to U f o r  a problem P 
should be shown to  be h ig h e r  than t h a t  o f  S.  In more a b s t r a c t  form, I 
viewed t h a t  i f  W and W a re  two spaces  o f  knowledge t h a t  could be r e l a t e d  
to  a c e r t a i n  t e a c h in g - l e a r n in g  s i t u a t i o n  f o r  a c e r t a i n  normal p o p u la t io n ,  
then i f  the e f f i c i e n c i e s  r e l a t e d  to a c e r t a i n  w e l l -d e f in e d  problem P in the 
domain of  W and W under c e r t a i n  cond i t ions  could
be assumed to  p rese rve  a c e r t a i n  u n i f o r m i t y , then the h ighe r  e f f i c i e n c y  
would p o s s ib ly  sugges t  t h a t  the corresponding space would c o n t r i b u t e  in  a 
d e s i r ed  m o d i f i c a t io n .  Accordingly ,  and f o r  such u n i fo rm i ty ,  a concept  of  
uniform Opéràtiôi ial  was in t ro d u ced .  The concept  o f  uniform o p e ra t io n a l  
was in t roduced  to  m a in ta in  c e r t a i n  cons is tency  of  r e s u l t s ,  because of  the 
absence o f  a p r i n c i p l e  o f  in v a r i a n c e  ( s e e c ^ i n  6 .1 .0 )  t h a t  could main ta in  
cons i s te ncy  o f  r e s u l t s  in the psycho-educat ional  f i e l d .  Simply,  i f  W is  
r e l a t e d  to a space o f  knowledge and P i s  a w e l l -d e f in e d  problem in W, 
then a uniform o p e ra t io n a l  in W regard ing  P i s  ab le  to  respond a c c u r a t e l y  
in a l l  ke rne l s  o f  P in W.
Now, i f  I t  i s  accep ted t h a t  a b s t r a c t i o n  of  theory has ,  in  g e n e ra l ,  
metaphor ical  r o o t s ,  more or  l e s s ,  in  exper ience  o f  r e a l i t y ,  then the theory  
o f  space o f  knowledge b a s i c a l l y  r i s e s  from s tu d ie s  in  Chapters 6 and 7 as 
well as a d d i t i o n a l  personal  c o n c e p tu a l i s a t i o n  der ived  from exper ience .
A development of  theory  o f  the conceptual  s t r u c t u r e  i . e .  space o f  knowledge 
i s  found in Chapter 5. However, Chapters 8 and 9 are  expected  to make 
f u r t h e r  progress  in developing the research  which could be expected to 
a l so  r e s t  on a t h e o r e t i c a l  framework such as t h a t  in Chapter  5.
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7 .4 .  Summary
Chapter  7 s e t  ou t  to d i scuss  th ree  main o b j e c t iv e s  t h a t  r i s e  from th ree  
ques t ions  t h a t  were r e l e v a n t  to the fundamental r e sea rch  p ro p o s i t i o n s  in 
Chapter 6. The ques t ions  ask f o r  (I,) the i d e n t i f i c a t i o n  o f  two 
s t r u c t u r e s :  S which u n d e r l i e s  the c u r r e n t  p r e s e n t a t i o n  o f  mathematical 
ta sks  as well as ano ther  s t r u c t u r e  H t h a t  could c o n t r i b u t e  in under ly ing  
a p o s s ib le  m o d i f ica t io n  (P ro p o s i t io n  6 . 4 ) ,  ( I I )  the im p l ic a t io n s  t h a t  could 
p o s s ib ly  be drawn from such s t r u c t u r e ^  and ( I I I )  a conception o f  the 
c o n s t ru c t io n  and employment o f  theory  in  development.
( I )  In examining the c u r r e n t  p r e s e n ta t io n  R of  mathematical  t a s k s ,  i t  was 
observed t h a t  most in s t a n c e s  in R do not  conta in  any c o n s ta n t  o f  an i m p l i c i t  
form, say ' a ' .  This could d i s t i n g u i s h  two s t r u c t u r e s :  S i d e n t i f i e d  as the 
s e t  o f  i n s t a n c e s  t h a t  do no t  conta in  cons tan ts  o f  i m p l i c i t  form, and H 
i d e n t i f i e d  as the s e t  of  a l l  in s t a n c e s  t h a t  do conta in  such c o n s t a n t s .  I t  
was argued t h a t  S i s  the dominant s t r u c t u r e  in underlying c u r r e n t  p r e s e n t a t i o n  
while H i s  almost  ignored .  However, H could be b a s ic  in t h a t  i t  conta ins
a l l  s tanda rd  mathematical forms t h a t  are r e l e v a n t  to both mathematical and 
non-mathematical f i e l d s  and fu r therm ore  SnH = (j) ( the nul l  s e t ) .
( I I )  The study in t h i s  p a r t  was d i r e c t e d  towards i d e n t i f y i n g  ( i )  how the 
achievement of  computat ional  knowledge could func t ion  in t r a n s f e r a b i l i t y  in 
s i m i l a r  s i t u a t i o n s  of  knowledge in H and ( i i )  how mathematical knowledge in 
S and i t s  twin in H could c o r r e l a t e  with problem-so lv ing.  As a f i r s t  
i n d i c a t o r  fo r  the f i r s t  ca se ,  i t  was sugges ted  to c o n s t i t u t e  a b a t t e r y  T-j 
of  th re e  t e s t s  t - j , tg and tg based on s tudying  how f a r  computational 
knowledge achieved in tg of  S could be s u c c e s s f u l ly  t r a n s f e r r e d  i n t o  
tg of  H -Physics,  as well as in to  t ^ o f  H-Maths . As a conclusion to t h i s
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s tu d y ,  i t  was found t h a t  s tu d e n t s  were competent in S, b u t  they might  
be competent n e i t h e r  in H-Physics nor in  H-Maths .
The second i n d i c a t o r ,  was a s e t  Tg o f  th ree  t e s t s ,  t \ j , tg  and t g ,  where 
c o n s t ru c t io n  of  each t e s t  was based on fou r  fundamental phases i d e n t i f i e d  
as ( i )  choosing a problem P, ( i i )  producing a s e t  B o f  b a s ic  behavioural  
o b j e c t i v e s  t h a t  are necessa ry  f o r  P, ( i i i )  c o n s t ru c t in g  a kernel  
in  S where comprises a s e t  o f  ques t ion - i tem s  such t h a t  each B^  in  B i s  
s a t i s f i e d  ( t e s t e d )  by one s^ in S and ( iv )  c o n s t ru c t in g  a kernel  X^  = H^  in 
H so t h a t  Hq se rves  in  the same way as S^.  The th ree  t e s t s  were adm in is te red  
to th r e e  groups o f  s t u d e n t s  a t  U n iv e r s i t y  and in the f i n a l  y e a r  o f  secondary 
school in Kuwait. As a genera l  conc lu s ion ,  i t  was found t h a t  H c o r r e l a t e s  
h ighe r  than S with p rob lem -so lv ing .  I t  was hence sugges ted  t h a t  the 
e f f i c i e n c y  measure could be more r e l i a b l e  i f  i t  s tands  with such c o r r e l a t i o n  
in  r e l e v a n t  s i t u a t i o n s .
Furthermore ,  in d i s c u s s in g  the 'p ros  and cons ' o f  S and H, i t  was argued 
t h a t  S i s  dominant and in d i sp e n sa b le  f o r  any m o d i f i c a t io n ,w h i le  H i s  more 
d i f f i c u l t  to rep lace  S; however, a p a r t  ' U' o f  H was recommended to 
c o n t r i b u t e  to a m od i f ica t ion  in methodology, provided t h a t  such a U could 
be i d e n t i f i e d  as l e a r n a b l e .
( I l l )  In d i scu ss in g  r e l e v a n t  th e o ry ,  i t  was g e n e ra l ly  cons idered  t h a t  
i n t e r a c t i o n  with knowledge takes  p lace  towards t a r g e t s  in knowledge 
i d e n t i f i a b l e  as being in t roduced  through simple s ta tements  o r  i n s t a n c e s .
I t  i s  then expected t h a t  such simple s ta tem en ts  of knowledge would d i f f u s e  
requ i red  information  f o r  the ta rge t-knowledge  w i th in  a c e r t a i n  popula t ion  
so t h a t  an ind iv idua l  would become ab le to use t h i s  knowledge p rope r ly .
I t  was viewed t h a t  t h i s  c o n s t i t u t e d  a b a s i s  fo r  i d e n t i f y i n g  a conceptual
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s t r u c t u r e ,  the space o f  knowledge, i d e n t i f i e d  by the ordered  p a i r  (W,0).
Here W i s  a s e t  o f  s t r u c t u r e d  knowledge i d e n t i f i e d  -  under a c e r t a i n  f i n i t e  
s e t  o f  r u l e s  - by a s e t  o f  s imple s t a t e s  o f  knowledge which are  supposed
to d i f f u s e  a c e r t a i n  and requ i red  knowledge th roughou t  a c e r t a i n  normal
popu la t ion  'O' through i n t e r a c t i o n  between W and 0.  Moreover, i t  was 
seen t h a t  i f  W and W are  r e l e v a n t  to  two spaces o f  knowledge, then one
of  them, say W,could p o s s ib ly  c o n t r i b u t e  in a d e s i r e d  m o d i f ica t io n  i f  the
e f f i c i e n c y  (see  Glossary) r e l a t e d  to W, was demonstrated to  be h ighe r  than 
t h a t  o f  W,
A development o f  t h i s  theory  based on the space of  knowledge as a conceptual  
s t r u c t u r e  i s  r epo r te d  in  Chapter  5.
CHAPTER EIGHT
EXPERIMENTAL STUDIES
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8. EXPERIMENTAL STUDIES
8 .0 .  I n t ro d u c t io n
In t h i s  i n t r o d u c t i o n ,  I s h a l l  summarize what I th ink  e s s e n t i a l  f o r  a 
b e t t e r  unders tand ing of  the fo l low-up to the s tudy in the two chap ters  
8 and 9,  which inc lude  the b a s i c  f in d in g s  and provide f o r  a f u r t h e r  ou tlook .  
In t h i s  connection i s  d iscussed  the re search  problem o f  seek ing a 
f e a s i b l e  development in methodology o f  t e a c h in g - l e a rn in g  s i t u a t i o n s  in 
o rde r  to improve the achievement o f  s tu d e n t s  in mathematics.  For t h i s  
i t  was viewed t h a t  i f  under c e r t a i n  c o n d i t i o n s ,  a number A i s  ass igned  
to the achievement,  then such A would be mainly dependent  on a c e r t a i n  
independent  v a r i a b l e  R. Here t h i s  R invo lves  those b a s i c  i n s t a n c e s ,  
examples and e x e rc i s e s  t h a t  c o n s t i t u t e  the core o f  the m a te r ia l  con ten ts  of  
a mathematical t a s k ,  as well as a s t r u c t u r e  'S '  t h a t  u n d e r l i e s  such 
c o n t e n t s ,  i . e .  A = g(R). Moreover, a t r u e  change in  R to modify A was 
be l ieved  b a s i c a l l y  to be r e l a t e d  to changes in S in the sense o f  6 . 2 . 2 .
I t  was a l so  viewed t h a t  S i s  in d i sp e n sa b le  f o r  any m o d i f i c a t io n .  ^
However, a p a r t ,  say ' U' o f  ano the r  s t r u c t u r e  'H* was a l so  supposed to 
take p a r t  in m od i f ica t ions  in the methodology ( 7 .2 .2 .1  ) Consequently,  
the r e s u l t a n t  view regard ing  m o d i f ica t io n  could be expec ted  to be based 
on a le a rn ing  s t r u c t u r e  based on both S and U. But I b e l i e v e  such 
m od i f ica t ion  i s  b e t t e r :
( i )  i f  i t  would help mathematics educa t ion  in the sense t h a t  such a 
m od i f ica t ion  in the methodology of  t e a c h in g - l e a rn in g  s i t u a t i o n s  could be 
made to r e ly  on an a lgor i thm ;
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( i i )  i f  i t  i s  based on a c e r t a i n  accep tab le  argument t h a t  could be 
found in a t h e o r e t i c a l  framework a r i s i n g  mainly from reviewed 
l i t e r a t u r e ,  exper ience  and i n t r o s p e c t i o n ,  based on em pir ica l  s t u d i e s ,  
and
( i i i )  i f  i t  l i n k s  theory  and p r a c t i c e ,  in t h a t  the m od i f ica t ion  in 
the methodology should be monitored by a der ived  theory  and t h a t  f u r t h e r  
and r e l e v a n t  empir ica l  works based on theory  should give suppor t  to 
such a der ived  m o d i f i c a t io n .
As a consequence,  I found t h a t  t h i s  chap te r  should mainly d iscuss  the 
fol lowing  genera l  o b j e c t i v e s :
I :  To propose both the i n d e n t i f i c a t i o n  of  U and an approach in U fo r
a p o s s ib le  l e a rn in g  space in  the sense of  general  conclus ion  7 .3 ,
( P . 7-32) .
I I :  To d iscuss  the employment o f  theory  in s tudying  m o d i f i c a t io n s .
I l l :  To implement the r e l e v a n t  empir ica l  in s truments  on the ba s i s
of  I and I I .
I t  was then viewed t h a t  in ach iev ing  these  genera l  o b j e c t i v e s ,  a s t e p  
towards the p ro p o s i t i o n  o f  a m o d i f ica t io n  could be expec ted .
8 .1 .  I .  The U -St ruc ture
In d i scuss ing  the na tu re  o f  a *U' t h a t  could be concomitant  to S f o r
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m odi f ica t ion  (7 .2 .2 .1  ) ,  I be l ieved  t h a t  such 'U ‘ should be i d e n t i f i e d  
and used,  so t h a t  a t e a c h in g - l e a r n in g  s i t u a t i o n  which implements U 
would not  induce such "blocks" t h a t  could r e s u l t  in "matho-phobia" .
I viewed t h a t  such blocks were involved wi thou t  i d e n t i f i c a t i o n  o f  t h e i r  
sources  when th e re  was an almost  t o t a l  abandonment of  the e s s e n t i a l  
s t r u c t u r e  H (D e f in i t i o n  7.3)  in the achievement o f  mathematics,  whether 
t h i s  abandonment was planned o r  no t .  As f a r  as I know, t h i s  abandonment 
in Kuwait was a c t u a l l y  planned on the b as i s  of  the growing complaints  by 
teachers  and s tu d e n t s  o f  those H - ins tances  t h a t  co inc ided  with S- 
i n s tances (D e f in i t i o n  7.1)  in the f i r s t  ve rs ion  o f  the textbooks  of  
modern mathematics o f  the UNESCO P r o j e c t  f o r  Arab S t a t e s  in 1970. But 
i t  i s  f a i r  to note t h a t  implementat ion of  such H- ins tances  did n o t ,  to 
my knowledge, r e s t  on any s y s tem a t ic  s tudy  bes ides  abandoning them.
8 . 1 . 0 .  I d e n t i f i c a t i o n  Of U
In an a t tempt  to i d e n t i f y  and employ such a ' U ' ,  I indeed drew on
in t r o s p e c t i o n  on r e l e v a n t  knowledge. For example,  i f  i n s ta n ces  in S
such as2x  + 1 = 5 ,  3x -  2 = 4 are to be employed f o r  a c e r t a i n
behavioural  o b j e c t i v e ,  then the in q u i ry  about U would range through
d i s c u s s in g  r e l a t e d  i n s ta n c e s  in  H. These could be in  in s t a n c e s  such 
2as :  a x + b = c ,  a x -  b = ex.  And as a m a t t e r  o f  f a c t ,  t h e re  might  be 
no genuine reasons a g a i n s t  t h i s  cho ice .  But here we w i l l  a l so  
encounte r  the  same dilemma of  the  unsystematic  p r e s e n t a t i o n  o f  H - 
i n s t a n c e s .  I then found t h a t  p o s s ib le  search  f o r  such a s y s t e m a t i c  
p r e s e n t a t i o n  could be d i r e c t e d  towards the number o f  cons tan t s  o f  the 
i m p l i c i t  form in H - in s ta n c e s ,  so t h a t  we might main ta in  a c e r t a i n  leve l  
o f  a b s t r a c t i o n  found in H through them. Would th e re  be only one,  two, 
th ree?  A sm a l l e r  number o f  co n s tan t s  could avoid such 'b lo c k s '  and
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make the task  more l e a r n a b le .
According to t h i s  argument,  I proposed a U -s t ru c tu re  as fol lows
8 . 1 , 0 . 0 .  P ropos i t ion  8.1
‘U* i s  the s e t  o f  a l l  i n s ta n ces  in 'H ' which each con ta in  one 
and only one c o n s ta n t  o f  i m p l i c i t  form, o th e r  than the 
v a r i a b l e ( s )  i f  one o r  more v a r i a b l e  e x i s t s .
Accordingly ,  a U - in s tance i s  an H-ins tance  t h a t  con ta in s  only one 
c o n s t a n t ,  say ' a ' .  I t  i s  e v id e n t  t h a t  S H 0 = ({> ( the  nu ll  s e t )  in the 
sense o f  remark 1 in 7 . 1 . 2 . 4 .
Here a re  some i l l u s t r a t i v e  examples.
( i )  Solve f o r  x: x + a = 1, a being co n s ta n t  •
( i i )  Solve f o r  x: x + 2 = 1.
( i i i )  Solve f o r  x: /ax  + 2 = a^ -  a ,  a being co n s ta n t  a > 0
( iv )  Solve f o r  x: ax + b = 1, a ,  b being cons tan t s  ,
(v) f (x )  = s in  (ax) + exp (ax ) ,  a being c o n s ta n t  ,
( v i )  Describe a l l o c a t i o n  o f  (2 ,y )  ,
( v i i )  Describe a l l o c a t i o n  o f  ( 2 , a) where a i s  a nega t ive
c o n s ta n t  •
; U - ins tance 
: S - i n s tance 
:U - in s tance 
:H - in s t a n c e , 
b u t  not  U- 
i n s ta nce ,
: U - in s tance 
: S - i n s tance
:U -ins tance
I t  can be noted t h a t  a l l o c a t i o n  in (v i )  produces the l i n e  x = 2,  while
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the a l l o c a t i o n  in ( v i i )  produces a f i x e d  p o in t  on t h i s  l i n e  below the 
x - a x i s .
8 . 1 . 1 .  Towards L e a r n a b i l i t y  in U
In d i s cu s s in g  an adequate l e a rn in g  approach in U - as a concomitant  
space of  knowledge to S -  which could be employed in m o d i f i c a t i o n s ,  I 
viewed t h a t  t h i s  approach should  avoid any po s s ib le  ' b lo c k s '  t h a t  might  
d i s t r a c t  from a proper  behaviour  in S. In o th e r  words, i f  we choose 
an S - i n s ta n c e ,  then the choice o f  a corresponding U - ins tance should be 
manipulated such t h a t  a proper  behav iour in the f i r s t  i n s t a n c e  could 
main ta in  cons is tency  in i t s  a s s o c i a t e  the U- ins ta nce .  Hence, i f  s .  i s  
an S - i n s ta n c e ,  then i t s  a s s o c i a t e  u  ^ in U i s  supposed to p rese rve  
behaviour  c o n s i s t e n t  with t h a t  in  s ^ , so t h a t  u  ^ could be l e a rn a b le  as s^ i s
2For example,  l e t  s ^ , so lve  f o r  x: x -  4 = 0 be an S - i n s t a n c e ,  then a 
r e l e v a n t  ques t ion  i s :  How can we choose a l e a rn a b le  a s s o c ia t e  u  ^ (o f  
s ^ ) in U,so t h a t  behaviour could be c o n s i s t e n t  in both s^ and u .?  
Furthermore,  could the re  be an a lgo r i thm ,  i . e .  a s e t  o f  r u l e s ,  t h a t  
could genera te  a le a rn in g  a s s o c i a t e  u  ^ f o r  s ^ ?
In connection with these  q u e s t i o n s ,  I viewed then t h a t  both s .  and u^  
should mainta in  a c e r t a i n  homogeneity in form so t h a t  both could induce 
i d e n t i c a l  form in t h e i r  r e s u l t s . For me th i s  meant t h a t :
( i )  s .  and u  ^ should stem from the same general mathematical  form and 
serve  the same purpose of  a w e l l -d e f in e d  behavioural  o b j e c t i v e ,  e .g .  
both could be expressed  by one general  form of  a f u n c t i o n .
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( i i )  the behavioural  demands in  u  ^ should y i e l d  i d e n t i c a l  r e s u l t s  as 
t h a t  in s^., e . g .  i f  the r e s u l t s  in s^do no t  conta in  i r r a t i o n a l s ,  then 
i t  i s  lo g i c a l  t h a t  r e s u l t s  in  u  ^ should no t  conta in  an extended form of 
i r r a t i o n a l s  in U, e . g .  / â ;  and
( i i i )  the r e s u l t s  in u  ^ should main ta in  the c o n s t a n t ,  i f  p o s s i b l e , in 
orde r  to p rese rve  the a b s t r a c t i o n  in U conceived to be found in the use 
of c o n s t a n t s ,  in the r e s u l t s .
Hence, the fo l lowing  propos i t i o n  o f  l e a r n a b i l i t y  in U:
8 . 1 . 1 . 0  P ropos i t ion  8.2
I f  s^ i s  an i n s t a n c e ,  chosen in S to s a t i s f y  a w e l l -d e f in e d  
behavioura l  o b j e c t i v e  Bj then the gene ra t ion  o f  a ( l e a rn in g )  
a s s o c i a t e  u  ^ ( o f  s ^ ) in U could be based on :
( i )  Any f ixed  number in s^ i s  r ep laced  by a s u i t a b l e  
fu n c t io n a l  form of a c o n s ta n t ,  'a* say ,  e . g .  F ( a ) .
( i i )  This rep lacement should s a t i s f y :
(a) u  ^ should stem as s^ from the same genera l  mathematical
form, so t h a t  u  ^ - p r e c i s e l y  as s^ s a t i s f i e s  B .^
(b) u  ^ gives an id en t ica l  form o f  r e s u l t s  to t h a t  o f  s .  
under .
(c) The r e s u l t s  in u  ^ co n ta in ,  i f  p o s s i b l e ,  some func t iona l  
form o f  the same co n s ta n t  ' a '  e . g .  g ( a ) .
I t  i s  to be noted t h a t  ' any '  in  ( i )  r e f e r s  to 'one '  a t  l e a s t ,  while ' i f  
p o s s i b l e '  needs to be i n s e r t e d  in (c) s ince  i t  i s  no t  p o s s ib le  in some
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cases to preserve  the func t iona l  form of the c o n s tan t  in r e s u l t s ,  as 
w i l l  be found in example (4) o f  the fo l lowing  i l l u s t r a t i v e  examples:
2(1) Let  s^ be: so lve  f o r  x : x - 4 = 0 .
2 2Then "solve f o r  x : x - a = 0" i s  a va l id  choice fo r  u^ .
2 2 ? ?Others may be: a x  -  4 = 0, o r  x -  4a = 0 .
2But u^ :" so lve  f o r  x: x -  a = 0" i s  no t  v a l id  s ince  x = +2 in s :  b u t
X = +/a (prov ided  a > o) d i f f e r s  in  form as a r e s u l t  from s^ s in ce  i t  
con ta in s  an i r r a t i o n a l  form / a  . Hence u. i s  an a s s o c i a t e  to s ^ , bu t  
u  ^ i s  n o t ,  in the sense o f  P ro p o s i t io n  8 .2 .
(2) Let s .  = "x^ - 2 = 0 "
2 2Then u  ^ s "x - a = 0" i s  no t  v a l i d ,  because th e re  i s  an i r r a t i o n a l  
form of  numbers in the r e s u l t s  o f  s ^ , i . e .  v^, bu t / a^  = | a| does no t  
denote an i r r a t i o n a l  form e x p l i c i t l y  as / a  would do.
Therefore ,  i t  i s  r easonab le  t h a t  the corresponding a s s o c i a t e  i s :  
u. : x^ -  a = 0 (with a > 0)
Hence u^ i s  no t  an a s s o c i a t e ,  b u t  u^ i s .
(3) Let s .  H " 4  (x^ + 1)"
Then Ui H (x^ + a)" i s  n o t  v a l i d ,  s ince  a f unc t iona l  formg(a)  i s  no t
preserved  in the r e s u l t s  while :  
Ui = (ax^ + 1)" i s  v a l i d .
(4) Let  s .  = (2)" ,
then u^ 5 " ^ ( a ) "  i s  v a l i d ,  s ince  i t  i s  no t  p o s s ib le  to ob ta in  a fu n c t io n a l  
form in the r e s u l t s  by us ing s e n s ib ly  the p ro p o s i t i o n  o f  l e a r n a b i l i t y  8.2 
in any o th e r  a p p ro p r i a t e  way. Hence the term i f  p o s s i b l e  was in t roduced  
in  (c)  in the P ro p o s i t io n .
F i n a l l y ,  the U-space ( s t r u c t u r e )  under the p ro p o s i t i o n  of  l e a r n a b i l i t y  
8.2 was preconceived to be in t roduced  as a l e a rn a b le  s t r u c t u r e  
c o n t r i b u t i n g  to a s u i t a b l e  m o d i f ica t io n .
8 .2 .  I I .  Theory In M odif ica t ion
The fundamental research  p ro p o s i t i o n s  6 . 2 ,  6 .3  and 6 .4  in  Chapter  6 
proposed the e s s e n t i a l  r o l e  o f  theory  in any m o d i f i c a t io n ,  and p r e d ic te d  
(as shown in P ro p o s i t io n  6 .3 )  t h a t  i f  a development i s  l e a rn a b le  and r e s t s  
on a t h e o r e t i c a l  framework, then i t  can be exper im en ta l ly  suppor ted .  
F u r the r  on P ropos i t ion  6 .4  desc r ibed  how theory could be employed by 
main ta in ing  a c e r t a i n  d i s c r i m in a t io n  o f  e f f i c i e n t  knowledge gained  in 
d i f f e r e n t  spaces o f  knowledge. In th i s  connec t ion ,  the development of  
a t h e o r e t i c a l  framework t h a t  b e n e f i t e d  from s tu d i e s  in  Chapters  6 and 
7, was in t roduced  on the b a s i s  o f  a conceptual  s t r u c t u r e  c a l l e d  space of  
knowledge (Chapter  5) .  The theory  in Chapter 5 sugges ted  th a t ,  on the 
ba s i s  o f  e f f i c i e n c y  in  p ro p o s i t i o n  5 .1 ,  i f  S i s  a l e a rn in g  space o f  
knowledge and U ano ther  space of  knowledge manipula ted  to be l e a r n a b l e ,  
then U could be proposed as c o n t r i b u t i n g ,  with the in d i sp e n sa b le  space 
S viewed in 7 .2 .2 .1  , to a m od i f ica t ion  i f  the e f f i c i e n c y  in  U, regard ing  
a c e r t a i n  problem P, su rpasse s  t h a t  in S. But ,  the e f f i c i e n c y  in 
D e f in i t io n  5 .7  was based on those uniform o p e r a t i o n a l s  which are  p r e ­
conceived to be i d e a l ;  and no t  e a s i l y  i d e n t i f i e d  in r e a l i t y .  One might  
sugges t  t h a t  a uniform o p e ra t io n a l  could be accep ted as the one t h a t  
can p roper ly  perform in a c e r t a i n  s e t  o f  ke rne l s  f o r  P. The q u es t i o n  
would be: how many ke rne l s  could th e re  be;  one,  two, t h r e e ,  . . . ?
The problem would be as t h a t  o f  m as te ry ,  the l a r g e r  the  number, the 
h ighe r  might be the r e l i a b i l i t y  in r e a l i z i n g  them. But t h i s  could be
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ted ious  to the p a r t i c i p a n t s  in experiments as well as time consuming,  
even i f  such time could be a v a i l a b l e .  Hence, I looked f o r  s o lu t io n s  
to t h i s  problem in the fo l lowing.
8 . 2 .0 .  Pseudo-Reali ty
Based on the previous  argument o f  the  d i f f i c u l t y ,  i f  not  i m p o s s i b i l i t y  
o f  i d e n t i f y i n g  in  r e a l i t y  uniform o p e r a t io n s ,  I t h e re fo r e  t r i e d  to 
remove such d i f f i c u l t y  by implementing the s tudy in a s o - c a l l e d  pseudo- 
f é â l i t y , where the fo l lowing holds .
8 . 2 . 0 . 0 .  D e f in i t io n  8.1
I f  i s  a kernel  f o r  'P '  in  a space o f  knowledge ' W ,  then an 
in d iv id u a l  who i s  Capable o f  a l l  the elements o f  t h i s  kernel  
w i l l  be cons idered  to be a uniform o p e ra t io n a l  f o r  P in  the 
pséi ido-réal  i t y .
The d e f i n i t i o n ,  on the one hand weakens the p roper ty  of  'uniform 
o p e r a t i o n a l ' , but  i t  i s  convenient  f o r  t h i s  s tudy to use such a space 
o f  p s e u d o - r e a l i t y ,  where r e s u l t s  from the p se u d o - r e a l i ty  could be 
expected  to  be e x t r a p o la t e d  i n t o  r e a l i t y .  This d e f i n i t i o n  sp r ings  
from p u t t in g  the  fundamental assumption o f  the law o f  determinism to  work 
in  p s e u d o - r e a l i t y .  Thus, the  f a c t  o f  the behaviour of  an organism being 
lawful and p r e d i c t a b l e  i s  r e f l e c t e d  by a success fu l  behaviour  in a kernel  
Wg in  W being cons idered  to  be c o n s i s t e n t  f o r  a l l  o th e r  ke rne ls  o f  P in 
W.
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8 . 2 . 0 . 1 .  Tes t ing  Model For The E f f i c i e n c y  In Pseudo-Rea li ty
Based on s tudy o f  e f f i c i e n c y  in Chapter  5 ( P . 5 -24) ,  the four  
fundamental phases in c o n s t ru c t io n  o f  the t e s t s  in  7 . 2 .1 . 0  ( P . 7-20)
and the concept  o f  the p s e u d o - r e a l i t y ,  I sugges ted the fo l lowing s i x  
s teps  f o r  a t e s t i n g  model f o r  e f f i c i e n c y ,  based on open-ended t e s t s
(El)  Choose S and U to  be two spaces o f  mathematical  knowledge f o r  
mathematical  t a s k s .
(E2) Choose a w e l l -d e f in e d  problem P which i s  r e l e v a n t  to  what the 
i n d i v id u a l s  in the s tudy  a re  to l e a r n ,  bu t  which i s  not  r e l a t e d  
to any p a s t  exper ience  o f  those  i n d i v i d u a l s ,  so t h a t  a t  l e a s t  
P, or  any s i m i l a r  t a s k ,  i s  no t  to be found in the textbooks of  
the i n d i v i d u a l s .
(E3) Let a panel s tudy P c a r e f u l l y  f o r  p resen t ing  a w e l l -d e f in e d  B in 
the problem-space (D, B, X) o f  P (see  D ef in i t ion  5 . 3 ) .
(E4) Let the panel choose a kernel  in S f o r  P.
(E5) Let  the panel choose an a s s o c i a t e  kernel  in  U f o r  P. This 
kernel  comprises the a s s o c i a t e s  o f  S in  U under p ro p o s i t i o n  of
l e a r n a b i l i t y  in U, i . e .  P ro p o s i t io n  8 .2 .
(E6) Administer  a t e s t  t h a t  comprises S^,  and P as + P to
a r e p r e s e n t a t i v e  sample f o r  the popula t ion  t h a t  i s  under s tudy .
I t  i s  to  be noted t h a t  r e s t r i c t i o n  o f  the c o n s t ru c t io n  from S
y e i l d s  a d i f f e r e n t  kernel  from the  c o n s t ru c t io n  o f  in th e  t e s t s  of
the second i n d i c a t o r  T-j in  7 . 2 . 1 .  The c o n s t ru c t io n  o f  was based 
only on general  c o n s id e r a t i o n  invo lved  on r e l e v a n t  behavioura l  o b j e c t i v e s ,  
while co n s t ru c t io n  o f  i s  more p r e c i s e ,  which i s  d e s i r a b l e  f o r  the 
development o f  the  s tudy .
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In t h i s  way, i t  i s  expec ted  t h a t  the e f f i c i e n c y  w i l l  be manipula ted  on 
the b a s i s  of  the uniform o p e r a t i o n a l s  in  the p s e u d o - r e a l i t y  space .  I t  
i s  to be noted t h a t  the e f f i c i e n c y  as a measure helps to minimize,  o r  even 
exclude the in f lu en ce  o f  f a c t o r s  which depend on memory, knowledge 
and s k i l l s  t h a t  a f f e c t  the a b i l i t y  in  prob lem -so lv ing ,  s ince  such 
f a c t o r s  a re  almost  main ta ined  in  the pre-de termined  a b i l i t y  in  or
as the e f f i c i e n c y  measure demands. Accordingly ,  the e f f i c i e n c y  in  the 
p s e u d o - r e a l i t y  can be i d e n t i f i e d  as the p r o b a b i l i t y  t h a t  the c o nd i t iona l  
s t a t em en t :  x i s  ab le  in a kernel  => x i s  ab le  in  P i s  t r u e ,  provided the 
f i r s t  s ta tem en t  i s  t r u e .  I t  i s  a l so  to be noted t h a t  the in v a lu ab le  
help  o f  the panel ( see  i i  o f  2 .4 )  i s  found in ma in ta in ing  the  con ten t  
v a l i d i t y  of  the t e s t .
8 .3 .  I I I .  An Empirical Study: A S e t  Of Three Tests  Based On The
Test-Form + P0 0
The aims behind the s tudy  o f  the th ree  t e s t s  in T^ (Appendix F) were to 
observe how e f f i c i e n c y  could change r e l a t i v e l y  in S and U, so t h a t  the 
p ro p o s i t i o n  f o r  m o d i f ica t io n  based on P ropos i t ion  5.1 would have some 
roo ts  in exper imenta t ion
8 .3 .0  D escr ip t ion  Of Method
Tg c o n s i s t s  of  th ree  t e s t s  t p  tg  and tg where each of  them was cons t ruc ted  
on the bas is  of  the previous s i x  s tag es  proposed f o r  t e s t i n n  of  e f f i c i e n c y  in 
the p s e u d o - r e a l i t y  in 8 . 2 . 0 . 1 .  The method w i l l  be p resen ted  as usual by 
d i s c u s s in g : ( a )  the m a t e r i a l s ,  (b) the s u b je c t s  and s e t t i n g ,  and (c)  the 
procedure.  And in o rde r  t h a t  the s i t u a t i o n  may be c l e a r e r  to the r e a d e r .
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I s h a l l  p r e s e n t  a and b f o r  each t e s t  d i r e c t l y  while  the  procedure f o r
a l l  the t e s t s  w i l l  be p re s en te d  a f te rw ard s .
The Mater ia l  And The S ub jec t s  And S e t t i n g .
(a-j): t-j c o n s i s t e d  o f  11 q u e s t i o n - i  tems, where i tem 11 was the
problem P.
P: A p a r t i c l e  begins p e n e t r a t i n g  a sandy s o i l  a t  t  = 0.
I f  the v e l o c i t y  V(cm/sec) o f  the p a r t i c l e  a f t e r  t  seconds
2i s  given by V = 16 -  t  , f ind  the d i s t a n c e  t r a v e l l e d  by
th i s  p a r t i c l e  u n t i l  i t  s t o p s ,  provided t h a t  the whole motion
was in  a s t r a i g h t  l i n e .
S o l u t i o n : ^  = v = 16 -  t^  (1)
=> X = 1 6 t  -  j t ^  + c  (2)
zero c o nd i t ions  : V = 16 - t^ = 0 (3)
=> t  = 4
X = | t 6 t - | t 3 ] j  - I f  (4) and (5)
Hence the b a s ic  behavioura l  o b j e c t i v e s  accepted by the panel were f i v e .
B-j : To i d e n t i f y  and apply the knowledge o f  the p o s i t i o n  x ( t )  o f  a
p a r t i c l e  moving in  a s t r a i g h t  l i n e  with a given v e l o c i ty  V ( t ) ,
i . e .  —  = V . . .  (1)
d t
Bg: To i d e n t i f y  and apply the knowledge o f  f ind ing  the i n t e g r a l  of
a func t ion  of  the second degree .  . . .  ( 2 ) .
Bg: To i d e n t i f y  and apply the knowledge o f  the zero cond i t ions  of  a
p a r t i c l e  moving in a s t r a i g h t  l i n e .  . . .  ( 3 ) .
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To i d e n t i f y  and apply the knowledge o f  f ind ing  the numerical 
value of  a d e f i n i t e  i n t e g r a l  o f  a func t ion  of  the second 
degree .  . . .  ( 4 ) .
Bg: To i d e n t i f y  and apply the knowledge of  f ind ing  the d i s ta nce
t r a v e l l e d  by a p a r t i c l e  moving in a s t r a i g h t  l i n e  between two 
in s ta n ces  t.  ^ and t g ,  provided t h a t  the p a r t i c l e  does no t  change 
d i r e c t i o n  o f  motion in t h i s  period  of  t ime.  . . .  ( 5 ) .
Hence,each o f  the two k e rn e l s  and conta ins  f i v e  e lem en ts ,  al though 
elements of  a re  co n s tn  
b a s i s  of  P ropos i t ion  8 .2 .
ru c t e d  as a s s o c i a t e s  of  r e l e v a n t  ones in S on the
con ta ins  items 1,  2,  3, 4 and 5 while conta ins  6 ,  7, 8,  9 and 10 
o f  t - j . Here are some elements from both and U^.
For B-j : s^ = i tem 1: A p a r t i c l e  moves in a s t r a i g h t  l i n e  with
V = t^  -  4 t  + 2. Find i t s  p o s i t i o n  a t  ' t ' .
u-j = item 6: A p a r t i c l e  moves in  a s t r a i g h t  l i n e  with
2V = a t  - 4 t  + 2 . Find the  p o s i t i o n  of  t h i s  p a r t i c l e  a t  t ,
(a i s  a c o n s t a n t ) .
For Bg: s_ = item 3: A p a r t i c l e  moves in a s t r a i g h t  l i n e  where,  a f t e r  
t  sec V = ( t  - 4) ( t  + 3 ) .  When does t h i s  p a r t i c l e  s top?
Ug = i tem 8: Let V = ( t  + 3) ( t  - b) with b > 0; de f ine
the  v e l o c i t y  o f  a p a r t i c l e  moving in a s t r a i g h t  l i n e  a f t e r  ' t '  
sec.  When does t h i s  p a r t i c l e  s top?
8 - 1 4
For Byj : = item 4: Find g/^ (4x - 3x^) dx
â 9= item 9: Find (ax - 3x ) dx (a being cons tan t )
(b l )  The s u b je c t s  of  the f i r s t  t e s t  ( t ^ )  were 144 s tuden ts  (male and 
female) in Kuwait U n iv e r s i t y ,  who were s tudying f o r  a degree in 
eng ineer ing  or  o th e r  s c ie n c e s ,  but  none o f  them majoring in mathematics 
All o f  them were a t t e n d in g  a course  c a l l e d  101 in i n t ro d u c to ry  ca l c u lu s  
in t h e i r  f i r s t  semes ter .  The t o t a l  number in t h i s  course  in the f i r s t  
semes te r  in the  academic y e a r  1979/1980 was 266 s tu d e n t s .
(a2) tg  c o n s i s t s  o f  9 i tems where i tem 9 i s  the  problem P.
P: Two p a r t i c l e s  M-j and Mg s t a r t  moving t o g e th e r  in the  same
s t r a i g h t  l i n e .  The p o s i t i o n  of  M^ a t  ' t*  i s  given by 
x-| = t  - 4 t .  The second p a r t i c l e  Mg moves with a c o n s ta n t  
v e l o c i ty  8 (cm/sec)  s t a r t i n g  from Xg = a.  Determine ' a '  so t h a t  
both M-j and Mg have the  same v e l o c i t y  when they meet.
S o lu t ion : V(M^) = = 3t^ - 4. (1)
M-j and Mg meet at  x^(t)  = Xg(t) (2) 
Xg = V^t + a = 8t  + a (3)
3 tf  - 4 = 8 => t  = 2 
Hence x^(2) = Xg(2) (4)
=> 8 - 8 = 16 + a ,  or a = -16
Here, the panel proposed the  fo l lowing b as ic  behavioura l  o b j e c t i v e s  f o r  P
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B p To i d e n t i f y  and apply the knowledge of  the v e l o c i t y  of  a
p a r t i c l e  moving in  a s t r a i g h t  l i n e ;  provided t h a t  the  p o s i t i o n
d Xfunc t ion  i s  g iven ,  i . e .  V = - • • • ( ! )
Bg: To i d e n t i f y  and apply the knowledge t h a t  two p a r t i c l e s  with
t h e  p o s i t i o n - f u n c t i o n s  x ^ ( t )  and X g ( t )  m e e t  when x ^ ( t )  = X g { t ) .
. . .  ( 2 )
^3: To i d e n t i f y  and apply the  knowledge t h a t  x = V^t + x i s  the
p o s i t i o n - f u n c t i o n  o f  a p a r t i c l e  s t a r t i n g  moving from 'x^ '  in a 
s t r a i g h t  l i n e  with a co n s ta n t  v e l o c i ty  'V ^ ' .  . . .  (3)
B^: To i d e n t i f y  a n d  a p p l y  t h e  k n o w l e d g e  t h a t  i f  t w o  p a r t i c l e s  m ov e
i n  a s t r a i g h t  l i n e  w i t h  p o s i  t i o n - f u n c t i o n s  x-|( t )  a nd  X g ( t ) ,  t h e n  
t h e y  m e e t  a t  t ^  i f  x^( tg )  = X g ( t ^ ) .  . . .  (4)
Hence,each o f  and con ta in  fou r  i tems:  = i tems 1, 2, 3 and 4
and Uq = items 5, 6,  7 and 8.
Here are  some i tems o f  5^ and U^.
For Bg : Sg = item 2: Let x, = t ^  + 10 and Xg = t^  + t^  + 1,
def ine  f o r  t  > 0 the  p o s i t i o n s  o f  two p a r t i c l e s  moving in  a
s t r a i g h t  l i n e .  When do the two p a r t i c l e s  meet?
Ug = item 6: I f  x-j = t ^  + 7a^ and Xg = t^  + t ^  - 2a^
d e f ine  f o r  t  > 0 the p o s i t i o n s  o f  two p a r t i c l e s  moving in a
s t r a i g h t  l i n e .  When do they meet? (a i s  a c o n s t a n t ) '
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For B^; 5 ^ = item 4: Let x-j = t^  + 4t^ and Xg = 3 t  + 1 ,
d e f i n e  a t  ' t ' the p o s i t i o n s  of  two p a r t i c l e s  moving in a
s t r a i g h t  l i n e .  Do they meet a t  t  = 2 ?
3 ? 2 3= item 8: Let x-j = t  + c t  and Xg = c t  + c ,
def ine  the p o s i t i o n s  a t  t  o f  two p a r t i c l e s  moving in a s t r a i g h t
l i n e .  Do they meet a t  t  s= c? (c > 0)
(b2) The s u b je c t s  o f  the  second t e s t  ( tg )  were 52 s tuden t s  (male and
female)  in Kuwait U n iv e r s i ty  who d id  not  major in mathematics and a t t ended  
a more advanced course c a l l e d  102 in c a lcu lu s  t h a t  normally fo l lows the 
f i r s t  course 101 o f  the s u b je c t s  o f  t y  Those s tu d en t s  were a t te n d in g  
t h i s  course (102) in t h e i r  second semes te r  in the  U n ive rs i ty  in the 
academic y ea r  1979/1980. The t o t a l  a t tendance  a t  t h i s  course t h a t  y e a r  
was 218 s tu d e n t s .
(a3) tg c o n s i s t s  o f  9 i tems a r ranged  in the same way an in tg  where 
i tem 9 i s  the problem P.
P: Two p a r t i c l e s  moving in a s t r a i g h t  l i n e  have a t  ' t ' the
3 3displacements  x-j = 2 t  + 3 t  and Xg = 3 t  + a (a being c o n s t a n t ) .
Find ' a '  i f  the two p a r t i c l e s  have the same v e l o c i t y  when they
meet.
Sol u t io n : V-| = 6t^ + 3
Vg = 9 t ^  . . .  ( 1 )  & ( 2 )
9 t ^  = 6t^ + 3 
= > t  =  1
X| ( l )  = Xg(l )  . . .  (3) & (4)
5 = 3 + a or a = 2
The bas ic  behavioural  o b j e c t i v e s  were i d e n t i f i e d  by the  panel as fo l low s :
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B p  To i d e n t i f y  and apply the knowldge o f  the d e r iv a t i v e  o f  a
polynomial o f  the t h i r d  degree . . .  (1)
Bg: To i d e n t i f y  and apply the knowledge of  the v e l o c i t y  o f  a p a r t i c l e
moving in  a s t r a i g h t  l i n e  when the disp lacement ( p o s i t i o n )  - 
f unc t ion  i s  given ,  and t h i s  func t ion  i s  a polynomial o f  the 
t h i r d  degree .  . . .  (2)
Bg: To i d e n t i f y  a n d  a p p l y  t h e  k n o w l e d g e  t h a t  i f  t w o  p a r t i c l e s  w i t h
x - j ( t )  an d  X g ( t )  m o v e  i n  a s t r a i g h t  l i n e ,  t h e n  t h e y  m e e t  a t
x - | ( t )  = X g ( t ) .  . . .  (3)
B^: To i d e n t i f y  a n d  a p p l y  t h e  k n o w l e d g e  t h a t  i f  tw o  p a r t i c l e s  w i t h
x-[(t) a n d  X g ( t )  m o ve  i n  a s t r a i g h t  l i n e ,  t h e n  t h e y  m e e t  a t
tg  i f  X i( to )  = XgCtg). . . .  (4)
The kernel  c o n s i s t s  o f  i tems 1 , 2  3 and 4 and c o n s i s t s  o f  t h e i r  
a s s o c i a t e s  (under P ro p o s i t io n  8 .2 )  5, 6,  7 and 8 r e s p e c t i v e l y .
Here are  some i tems o f  and U^.
For B-J : = item 1: Find i f  y = 2x^ + 5x -3
u.| = item 5: Find i f  y -  2ax^ + 5x - 3 (a being a cons tan t )
For Bg: s^ = item 3: The di sp lacements  x-j and Xg with r e s p e c t  to an
o r i g i n , o f  two p a r t i c l e s  moving in a s t r a i g h t  l i n e  a re  given by:
? ? x-| = t  + 2 t  and Xg = t  + 8 .  When do the two p a r t i c l e s  meet?
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u 2 = item 7: The p o s i t i o n s  of  two p a r t i c l e s  moving in a
2s t r a i g h t  l i n e  are  def ined  a t  ' t '  by = t  + 2at  and 
2= t  + a ,  ' a ' b e in g  a c o n s tan t   ^ o. When do they meet?
(b3) The s u b je c t s  o f  ( t ^ )  were 274 s tuden t s  (boys and g i r l s )  in the 
f i n a l  yea r  of  s ix  secondary schools  in Kuwait. The t o t a l  number o f  
s tu d en t s  in t h i s  grade was 3500 approximate ly.
(c)  The Procedure
The design of  the t e s t s  was such t h a t  the s tuden t s  should r ep ly  on the 
same shee t  as the q u e s t i o n .  All the s u b je c t s  were t o l d  the d u ra t i o n  o f  
the th r e e  t e s t s  was not  f i x e d .  N eve r the le s s ,  a l l  o f  them gave the 
t e s t  shee t s  back w i th in  60 minutes .
( c l )  Both t-j and tg  were adm in is te red  to  the r e l e v a n t  s tuden t s  by t h e i r  
l e c t u r e r s  on two d i f f e r e n t  days.
(c2) t ^  was adm in is te red  to  the r e l e v a n t  s tu d e n t s  by t h e i r  t e a c h e r s  on 
th r e e  d i f f e r e n t  days.
(d) Scoring
An i tem was given '+1'  f o r  a c o r r e c t  procedure even with simple 
m i s c a l c u l a t i o n s ,  and 'O' o the rw ise .  I p e r s o n a l ly  marked a l l  the shee ts
 ^ j!o f  t-| and t g ,  but  was helped in marking tg  by the s e n io r  t e ach e r s  and
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te achers  o f  mathematics o f  the c l a s s e s  who p a r t i c i p a t e d  in the experiment
L a s t ly ,  a po in t  to be noted i s  t h a t  in the whole study I w i l l  not 
d i scuss  any d i f f e r e n c e s  In sex ,  s ince  g i r l s  in Kuwait have proved to be 
no l e s s  competent in  mathematics than boys,  i f  no t  more competent .
1.3.1. The T^ - Cons truc ts
The T^ - C o n s t ru c t s  were taken  to  be:
(1) The performance in an element s^ in S would be s u p e r io r  to  
performance in the a s s o c i a t e  u  ^ in U^.
(2) The number o f  s tu d e n t s  who are  completely capable o f  a l l  the  items 
in Sq w i l l  be l a r g e r  than the number o f  s tu d en t s  who a re  completely 
capable in a l l  i tems in U^.
(3) The e f f i c i e n c y  ' r ' in S i s  l e s s  than ‘r ‘ in U regard ing  the same 
problem P, i . e .  r (S )  < r (U) .
(4) The e f f i c i e n c y  r(U) f o r  a sample of  u n i v e r s i t y  s tuden t s  would be 
h ighe r  than t h a t  o f  a sample o f  school c h i ld r e n .
8 . 3 . 2 .  Discussion Of Result s
(1) Tables : The fo l lowing  t a b l e s  i l l u s t r a t e  a spec t s  o f  the r e s u l t s
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Table 8.1 demonstrates the numbers o f  c o r r e c t  responses and r e l e v a n t  
percentages  f o r  each i tem s^ in kernel  and in kernel  as well 
as in the problem P.
Problem
Test Item
140 101120 126 104 115
0.89 0.97 0.70 0.80 0.62 0.83 0.88 0.72 0.80 0.33 0.31
0.92 0.81 0.50 0.21 0.540.75 0.23 0.67
221 194 102266 192 243 253 169270
0.81 0.87 0.92 0.710.99 0.97 0.70 0.62 0.37
Table 8.1
Numbers And Percen tages  Of Correc t  Responses In P, S and 
For A11 Tests  •
Table 8.2 provides the e f f i c i e n c e s  in S and U f o r  P. I t  i s  to  be noted 
t h a t  i f  N(S^) and N(S^ + P) a re  the numbers of  uniform o p e r a t io n a l s  and 
the number of  uniform operationals capable of  P r e s p e c t i v e l y  in the 
r e p r e s e n t a t i v e  sample,  then the e f f i c i e n c y  ' r ' in S f o r  P i s  
r (S)  = *^(^0 , and t h a t  in U f o r  P i s  r(U) = ^^^o ^
(5 .2 .2 .2 1 .
N(U„)
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Test No.of 
Students N(S^ ) N(%o+P) N(U^ ) N(Uo+P)
144 60 35 41 39 0.58 0.98
52 9 5 10 7 0.56 0.70
*3 274 156 85 128 85 0.53 0.66
Table 8.2
E f f i c i e n c e s  In The Two Spaces of  Knowledge S 
And U Regarding A Problem P.
Furthermore,one might  l i k e  to  know the number o f  those  s tu d en t s  who 
were uniform o p e r a t i o n a l s  in both S and U f o r  P, i . e .  the number 
N(Sg + Uq) o f  those who were capable o f  a l l  items + U^.* This
number demonstrates those  who could p rese rve  c o n s tan t  behav iour  in
both Sj and i t s  a s s o c i a t e  u ^ , f o r  a l l  s^ in and u^ in U^'Moraoverj
i f  N($Q + Uq + P) denotes the  number of  those who were ab le  in S^,
and P, and i f  we extend the e f f i c i e n c y  ' r* in the space S + U to  be
r(S+U) = , then t a b l e  8.3  i l l u s t r a t e s  the  extended e f f i c i e n c y"N(So+Uo)
in S + U.
* I f  X and Y are two d i s j o i n t  s e t s  then X + Y denotes the union o f  the 
two s e t s  i . e .  XUY.
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Test No. of  
Students N(%o + Uo) N(So + "o + P) r(S + U)
144 30 29 0.97
52 8 5 0.63
^3 274 101 72 0.71
Table 8 .3
E f f i c i e n c y  In The Space S + U Regarding A
Problem P And S.  + U*0 0
(2) Analys is  Of Result s
The a n a l y s i s  o f  r e s u l t s  w i l l  be as usual d iscussed  on the  b a s i s  
of  the  T g -c o n s t ru c t s .  But,  i t  i s  f i r s t l y  worthwhile to note t h a t  the 
e f f i c i e n c y  measure would gain some r e l i a b i l i t y  in t h a t  i t  demonstrated 
c o m p a t ib i l i t y  with the second i n d i c a t o r  T^ in  7.2.1 which indeed 
c o n s t i t u t e d  the  b a s i s  f o r  the  second c o n s t r u c t  o f  Tg which w i l l  be 
d iscussed  in  what fo l lows .
( i )  Students  a re  expec ted ,  in g e n e r a l ,  to perform in S b e t t e r  than in U, 
s ince  they  have behavioural  f a m i l i a r i t y  p r im a r i ly  with S, which i s  a l so  
suppor ted by means o f  S and in t a b l e  7 .4 .  Table 8.1 i l l u s t r a t e s  
the expec ted  c o n s t r u c t  (1) in  8 . 3 . 1 .  Consequent ly, the s u b je c t s  a re  
expec ted  in general  to  be more capable o f  the kernel  S than o f  the 
kernel  as shown in  t a b l e  8 .2  ( c o n s t r u c t  2) .
( i i )  The second i n d i c a t o r  in 7 .2 .1  has demonstrated t h a t  performance in 
H (which in c ludes  U) in a s e t  as a kernel  to  a problem P c o r r e l a t e s
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with the performance In P h igher  than t h a t  of  in  S and P. Hence 
i t  was expec ted in c o n s t r u c t  3 t h a t  r(S)  would be demonstrated to be 
l e s s  than r(U) regard ing  the same problem P. Table 8.2 agrees  with 
t h i s  c o n s t r u c t  and a l s o  suppor ts  the r e l i a n c e  on the e f f i c i e n c y -  
measure by agree ing  wi th the conc lus ion  7.2 ( P . 7 -26) .  Thus the 
ext remely  im por tan t  c o n s t r u c t  3 might provide on o p t im is a t io n  on the b as i s  
o f  the p ro p o s i t i o n  of  m od i f i c a t io n  5 . 1 ,  in proposing a m od i f ica t ion  in 
the methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s .
( i i i )  As f o r  the f i n a l  c o n s t r u c t  ( 4 ) ,  i t  was a l s o  expected t h a t  s tu d en t s  
in the U n iv e r s i ty  -  who have a g r e a t e r  oppo r tun i ty  o f  working in H, 
which inc ludes  U, than school s tu d e n t s  - would demonstrate r(U) h ighe r  
than the school s t u d e n t s .  Table 8 .2  indeed demonstrates r(U) f o r  
University" s t u d e n t s ,  i . e .  0 .98  and 0.70  to be h ighe r  than r ( U ) f o r  the 
school s t u d e n t s ,  i . e .  0.66 .  This indeed support s  t h a t  the more the 
s tu d en t s  a re  f a m i l i a r  with a c e r t a i n  space o f  knowledge,the b e t t e r  the 
e f f i c i e n c y ,  which seems q u i t e  l o g i c a l  in the case o f  those t e s t s  in T^ 
which inc lude  general  mathematical  concepts  in common.
( iv )  Table 8.3 demonstrates  how success fu l  behaviour in both and U^  
could induce h ighe r  e f f i c i e n c y  in S + U than in S (shown in t a b l e  8 . 2 ) .
And such an i n d i c a t i o n  may sugges t  t h a t  a l e a rn in g  space S + U, tak ing  
in t o  c o n s id e r a t io n  P ro p o s i t io n  8 . 2 ,  would po s s ib ly  be s u p e r io r  to  the 
l e a rn in g  space S.
F i n a l l y ,  a p o in t  worthy o f  note  i s  t h a t ,  d e s p i t e  the  poor performance 
in tg  observed in t a b l e s  8 . 1 ,  8 .2  and 8 . 3 ,  and whatever the  reasons f o r  
t h i s  may be ,  the two e f f i c i e n c i e s  r (S )  and r(U) a re  in l i n e  with the 
most impor tan t  c o n s t r u c t  ( i . e .  c o n s t r u c t  3) .
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8 . 3 . 3 .  Conclusion 8.1
I f  U i s  accepted to  be an adequate le a rn in g  space under the 
p ro p o s i t io n  o f  l e a r n a b i l i t y  8 .2 ,  then U could be promising fo r  
c o n t r i b u t i n g  to  the  in d i sp e n sa b le  l e a rn in g  space S in the sense o f  
general  conclusion  7.3 and thus in t roduce  a m od i f ica t ion  in the 
methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s  on the ba s i s  o f  
p ro p o s i t io n  5 .1 .
8 . 3 .4 .  Summary Of Tg
TITLE A s e t  o f  th r e e  t e s t s  based on the t e s t - fo r m  S^ + U^  + P. 
(App.F).
THE TESTS 'h ^2
PURPOSE A study of  e f f i c i e n c y  in S and U f o r  proposing a
m o d i f i c a t io n .
MATERIAL An open-ended t e s t  o f An open-ended t e s t Design very
11 ques t ion  i tems. o f  9 ques t ion  items s i m i l a r  to  &
Item 11 = Problem P Item 9 = Problem P
Kernel S^ = Items 1, Kernel S^ = Items 1
2 ,3 ,4  and 5 in S. 2,3 and 4 in S.
Kernel U^  = Items 6, Kernel U^  = Items 5.
7 ,8 ,9  and 10 in U. 6 ,7  and 8 in U.
SUBJECTS 144 s tu d en t s  in 52 s tuden t s  in 274 s tu d e n t s  in the
AND
SETTING Kuwait U n iv e r s i t y  not Kuwait U n ive rs i ty f in a l  y e a r  o f  school
majoring in Maths and not  majoring in in  Kuwait t a k ing  an
tak ing  an i n t r o ­ Maths tak ing  a more i n t r o d u c to r y  course
ductory  course  101 in advanced course 102 in c a l c u lu s .
c a lcu lu s  in  t h e i r in  ca l c u lu s  which
f i r s t  semes ter  a t succeeds 101. They
U n iv e r s i t y . were in second seme;; t e r
a t  U n ive rs i ty .
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PROCEDURE The t e s t  was admin­
i s t e r e d  by the 
s tu d e n t s '  l e c t u r e r s  
f o r  course 101. 
Durat ion was not  
f ix e d ;  bu t  a l l  gave 
the shee t s  back w i th ­
in  60 minutes .
The same as in t rhe Same as in t
CONTENT
VALIDITY I t  was determined by a panel o f  6 people who helped in t e s t  
c o n s t r u c t io n  (see  i i  o f  2 .4 ,  Chapter  2) .
CONSTRUCT
VALIDITY
The T g-cons t ruc t s  were:
(1) performance in  an s -  in would be b e t t e r  than in an
a s s o c i a t e  u  ^ in U^ -,
(2) performance in would be h ighe r  than t h a t  in U^,
(3) r (S)  < r (U ) ,
(4) r(U) in U n iv e r s i ty  would be h ighe r  than t h a t  in 
s c h o o l .
RELIABILITY This was s a t i s f i e d  by i n t e r - r a t e r  r e l i a b i l i t y  d iscussed  in 
2 . 4 .2 . 1 .1  of  Chapter  2.
EFFICIENCY r(S)  = 0.58  and 
R(U) = 0.98
r (S )  = 0.56 and 
r(U) = 0.70
r(S) = 0.53  and 
r(U) = 0.66
CONCLUSION U could be promising under the p r o p o s i t i o n  o f  l e a r n a b i l i t y
8 .2  in c o n t r i b u t i n g  wi th towards s a t i s f y i n g  a m o d i f ica t io n  
in the methodology o f  mathematics t e a c h in g - l e a r n in g  
s i t u a t i o n s ,  based on p ro p o s i t i o n  5 .1 .
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8 . 3 . 5 .  Contingent  Im p l ica t ions  Of the Test-Form + P:
A Set  Of Six Tes ts
The fo l lowing em pric ia l  s tudy in T^ was conducted mainly to  d iscover
any con t ingen t  im p l ic a t io n s  of  competency in P and hence o f  the
e f f i c i e n c y  t h a t  could be a f f e c t e d  by the t e s t - fo r m  in T^, i . e .  in the
form Sg+Ug + P. Could P be in f luenced  by S^ or  before  P, given
t h a t  necessary  behavioural  o b j e c t i v e s  f o r  P are  a l s o  necessary  f o r  each
of  Sq and U^. Hence, i t  was found t h a t  i t  i s  e s s e n t i a l  to s tudy
competency in P o f  S^ + + P a g a i n s t  t h a t  o f  P only .  In the con tex t
o f  the s tu dy ,  I extended the second t e s t  concerning P in t o  the form
P + Sg + Ug with the purpose o f  s tudying  the cons i s te ncy  o f  behaviour
in both Sq and before  and a f t e r  P ,as  well as s tudying  i f  competency
in Uq could be a f f e c t e d  by behaviour in P through f o r  U^, i . e .  the
behaviour  in in P +0 0 0 .
In a t tem pt ing  to s a t i s f y  such aims,  I implemented a s e t  T^ of
der ived  from s p l i t t i n g  a s e t  t h a t  comprises a problem P as well as two
kerne ls  and f o r  P, i . e .  {P,  S^,  U^}. T^ was consequen t ly  put
in to  ope ra t ion  on the b a s i s  o f  the  fo l lowing  forms.
(1) + P v s .  (2) P + S^. (3) + P v s .  (4) P + U^.
(5) + P v s . (6) P + So + U^.
I supposed t h a t  the f i r s t  fo u r  t e s t s  would provide some useful  i n d i c a t i o n s  
sugges t ing  c e r t a i n  c o n s t r u c t s  t h a t  could monitor  c e r t a i n  hypotheses t h a t  
would in c re ase  unders tanding  about  the  e f f e c t s  o f  the  t e s t - f o r m  on P and
about p o s s ib le  events  involved  in the t r a n s f e r a b i l i t y  from in t o  U^.
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. 3 . 5 . 0 .  Cons t ruc t ion  Of P, and
F i r s t :  The Problem
P: Let f (x )  = X + 4x and l e t  M be the region def ined  by the curve 
f ,  the x -ax is  and the two l i n e s  x = -3 and x = 1. Find the 
area  o f  M.
S o lu t io n :
A s t u d e n t ,  in s o lv in g  such a problem, i s  always advised  to fo l low the 
fo l lowing s t e p s :
( i )  To f in d  the p o in t s  common to both f  and the x - a x i s .
( i i )  To ske tch  a rough curve o f  f  and to i d e n t i f y  what p a r t s  o f  f
l i e  under o r  above the x - a x i s .
( i i i )  To s t a t e  the r e l e v a n t  a rea  in  d e f i n i t e  i n t e g r a l s  o f  f .
( iv )  To use the previous  s t e p s  to work ou t  the s o l u t i o n .
Accordingly ,  the panel proposed the fo l lowing s o l u t i o n :
f (x )  = 0 => f  cu ts  the x -ax is  a t  x = -4  and x = 0.
f  i s  below the x -a x i s  between x = -4 and x = 0 and above i t  
el sewhere (F igure  8 . 1 ) .
The region  M i s  the  shaded one in  Figure 8 .1 .  The area  :P3 :
P4 :
A(M) = -  / ^ f  + / V  o r  I / ^ f |  + I / V |
-3 0 -3  0
A(M) = + 2x^J^2 + [-jX^ + 2 x ^ j ^ Q  = 2 9  j  (Area Units )
2
* - 2
-4
Figure 8.1 : Curve Of f : x  x^ + 4x
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Hence a s e t  IB o f  b a s i c  behavioural  o b je c t iv e s  were i d e n t i f i e d  f o r  P 
as fo l lows:
' 1 *
‘ 2 *
'3*
84:
To i d e n t i f y  and apply the knowledge of  the common po in t s  between 
a curve and the x - a x i s .
To i d e n t i f y  and apply the knowledge o f  ske tch ing  a rough curve 
o f  the second degree ( th e  bel  1 -curve) .
To i d e n t i f y  and apply the knowledge o f  the a rea  o f  a region in
genera l  terms o f  d e f i n i t e  i n t e g r a l s  such t h a t  the region l i e s  
under and above the x - a x i s .
To i d e n t i f y  and apply the knowledge of  f in d in g  a d e f i n i t e  i n t e g r a l
to a func t ion  o f  the second degree .
Second: C ons t ruc t ion  o f  two k e rn e l s  and U 0 0
So S Uo in  U
s-j : l e t  f (x )  = x^ -  2x -3 f in d  
the common p o in t s  between f  and the 
x - a x i s .
u-j : Let  f (x )  = (x + 1) (x - 3 h ) ,  
h being c o n s t a n t ,  f i n d  the common 
p o in t s  between f  and the x - a x i s .
Sg: ske tch a rough graph o f
2f (x )  = X -  X.
Ug: sketch  a rough graph o f
2f(x)=x  -  ax,  a > 0.
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Sg: l e t  M be the shaded region
in the f i g u r e  A, then the a rea  of  
M i s  the sum of  the fo l lowing 
d e f i n i t e  i n t e g r a l s :
V
/
j i
f
( f i l l  in spaces)
1 2
( A )
Ug: l e t  M be the shaded region in
the f i g u r e  B, then the area  of  M i s  
the sum of the two of the d e f i n i t e  
i n t e g r a l s  :
f
1
2 3
( f i l l  in spaces) ( B )
| s^:  Find (3x^-2x)dx 4* Find g/G (3x^-2ax)dx,
8 . 3 . 5 . 1 .  The Scoring Of The Tes t
An e s s e n t i a l  p a r t  o f  sco r ing  the s o lu t i o n  to P should be to score  
according to  the s t e p s  t h a t  a s t u d e n t  ought  to  i d e n t i f y  in P. This 
sco r ing  would then serve  the purpose o f  implementing t h i s  t e s t i n g  so 
t h a t  one could match performance in  S^ or  and the r e l a t e d  performance 
in the s t e p s . o f  P. In the fo l lowing  I p r e s e n t  such a s t e p - s c o r i n g :
( i )  A s tu d e n t  was given '+1'  f o r  P-j i f  he wrote f (x )  = 0 ,  or
oX + 4x = 0.  No a t t e n t i o n  was paid  to i n c o r r e c t  m a n ipu la t ions .  
Otherwise he was given zero .
( i i )  A s tu d e n t  was given ‘+1* f o r  Pg i f  he ske tched  the b e l l - c u r v e  
such t h a t  the p o r t io n  o f  the curve between the two roo ts  of
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f (x )  = 0  i s  under the  x - a x i s ,  otherwise he was given zero .
( i i i )  A s tu d e n t  was given '+ ! '  f o r  i f  he could i d e n t i f y  t h a t  
A(M) = + Q p f  o r  | _ 2/ ^ f |  + o therwise
he was given zero .
( iv )  A s tu d e n t  was given '+1'  in the f i n a l  s t e p  P^ i f  he could
i d e n t i f y  both / f  = F and . /  f  = F(Xg) -  F(x-j). No a t t e n t i o n  
was paid  to mere numerical  c a l c u l a t i o n s .  A s tu d e n t  was given 
'+1'  i f  he made an e r r o r  in the numerical .’ c o e f f i c i e n t s  in 
f f  = F. Otherwise he was given zero.
A score  was given f o r  any s t e p  i f  i t  i m p l i c i t l y  embodied o r  led to the
nex t  one. Scoring in and was based on the prev ious  ru l e s  o f
s c o r in g .
F i n a l l y ,  i t  should be s a i d  t h a t  th e re  had been con t rove rsy  amongst 
the members o f  the pane l ,  as to whether  th e re  should be a b a s ic
beha/ ioural  o b j e c t i v e  t h a t  i d e n t i f i e s  the competency o f  s tu d en t s  in
manipu la t ion  o f  an i n t e g r a l  o f  a polynomial of  the second degree .  There 
was a m a jo r i t y  opinion t h a t  t h i s  b a s i c  behav ioural  o b j e c t i v e  i s  t r i v i a l  
s in c e  s tu d e n t s  have been s u c c e s s f u l l y  working wi th more d i f f i c u l t  forms 
o f  i n t e g r a l s ,  and s ince  t h i s  was involved in and u^ o f  the two ke rne l s  
$0 and Uq r e s p e c t i v e l y .
8 . 3 . 5 . 2 .  D escr ip t ion  o f  Method
a) The m a te r ia l
The previous  s e t  P, and was a r ranged in th ree  d i f f e r e n t  sh e e t s  and
8 - 3 1
was ca t e g o r iz e d  in s i x  forms: (S^ + P )vs . (P  + S^),(U^ + P) vs.( P + U^ ) 
and (Sq + Uq + P) vs . (P +
b . Sub jec ts  and s e t t i n g
Six groups o f  s tu d e n t s  (g^ ,  . g^)  were chosen from the f i n a l  grade 
in  th ree  d i f f e r e n t  secondary schools  according to what fo l lows:
(b^) g-j (24 s tu d e n t s )  and (22 s tu d e n t s )  from the same school f o r
boys,  a l l  having the same te a c h e r  of  maths.
(bg) g^ (22 s tu d e n t s )  and g^ (19 s tu d en t s )  from the same school f o r
g i r l s  and a l l  having the same te ach e r  of  maths.
(bg) gg (23 s tu d e n t s )  and g^ (20 s tu d e n t s )  from ano the r  school fo r  boys
and a l l  having the same t e a c h e r  o f  maths.
I t  i s  to be noted t h a t  i t  was im poss ib le  to choose a r e p r e s e n t a t i v e  
sample o f  two c l a s s e s  f o r  each t e s t  s in c e  in Kuwait the re  was no te a c h e r  
who teaches  fou r  c l a s s e s  in  the same grade of  secondary  school .
c.  The Procedure
(c^) Each s tu d e n t  in  g^ was t e s t e d  by f i r s t  and then given P on
handing back i . e .  + P. Each s t u d e n t  in gg was t e s t e d  by 
P f i r s t  and then given on handing back P, i . e .  P + S^.
(Cg) S i m i l a r l y ,  g^ was t e s t e d  f i r s t  by and then by P, i . e .  + P,
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was t e s t e d  f i r s t  by P, then by U^, i . e .  P + U^.
(C3) gg was t e s t e d  f i r s t  by then by and f i n a l l y  by P,
i . e .  Sq + Uq + P. gg was t e s t e d  f i r s t  by P, then by and 
f i n a l l y  by U^, i . e .  Ug + + P.
Table 8.4 i l l u s t r a t e s  the numbers o f  s tuden t s  in the s i x  groups and the 
corresponding t e s t  forms.
1 s t  school 2nd school 3rd school
Group 9l 92 93 94 95 96
No.of s tu d en t s 24 22 22 19 23 20
Tes t S^ + P P + S^ + P P + S„+U„+P P+S^+U0 0 0 0 0 0 0 0
Table 8 .4
Number Of S tuden ts  In The Six Groups And 
Corresponding Test-Forms*
(c^) An a t tem p t  was made to  exclude f a c t o r s  depending on s t u d e n t s '  
memory and p a s t  s k i l l s  and r e l e v a n t  a b i l i t i e s  in problem so lv ing  by 
b r in g in g  these  to t h e i r  a t t e n t i o n  when t e s t i n g  t h e i r  achievements in  both 
So and U^. All the s tu d e n t s  were g e n e ra l ly  a c t i v a t e d  in the general  
mathematical  knowledge t h a t  u n d e r l i e s  the s e t  B o f  b a s i c  behavioural  
o b j e c t i v e s  f o r  S^,  and P. For example, they were a c t i v a t e d  by 
drawing a curve o f  f i r s t  and second degree ,  r e l a t i n g  the area  to the 
i n t e g r a l ,  and c a l c u l a t i n g  a d e f i n i t e  i n t e g r a l .  I m yse l f ,  as an in s p e c t o r  
o f  mathematics,  v i s i t e d  a l l  the s i x  c l a s s e s  on th ree  d i f f e r e n t  days and 
ach ieved  such a c t i v a t i o n  w i th o u t  r e v ea l in g  any of  my purposes.
8-33
N ev er th e le s s ,  i t  i s  worthwhile to note t h a t  a l l  a t tempts  to f ind  
mathematics s i t u a t i o n s  which would be determined by a b i l i t y  - o f  which 
achievement i s  p a r t  -  and which would no t  depend a t  a l l  on the a v a i l a b l e  
knowledge, s k i l l s  and h a b i t s  a re  doomed to f a i l u r e ,  as K ru t i t s k i  (1976) 
s t a t e s .  This means t h a t  we can only weaken and minimise o th e r  
in f lu en ces  in o rd e r  to e q u a l i s e  a l l  examinees in t h i s  r e s p e c t ,  bu t  we 
cannot  comple te ly remove these  i n f l u e n c e s .
(Cg) The t e s t s  were run in th re e  d i f f e r e n t  days;  one day f o r  each 
schoo l .  In t h i s  I was helped by the s e n io r  t e ach e r s  o f  mathematics in 
the s choo ls ,  as well  as the mathematics t eachers  of  r e l e v a n t  c l a s s e s .  
S tudents  were t o l d  t h a t  d u ra t io n  o f  the t e s t s  was no t  f i x e d ,  bu t  
a l l  o f  them gave the s h ee ts  back w i th in  45 minutes .
(Cg) The te ache rs  and s e n i o r  t e ache rs  who were involved  in the exper iment  
helped  me in marking the  t e s t s .
8 . 3 . 5 . 3 .  Construct s  Of The Test-Form : Three Hypotheses
In t h i s  s tu d y ,  I viewed t h a t  I had b e s t  p r e s e n t  the c o n s t ru c t s  as 
hypotheses to be t e s t e d  in o r d e r  to p r e s e n t  s t a t i s t i c a l  suppor t  f o r  them.
I t h e r e f o r e ,  as s t a t e d  be fo re  ( P . 8 -26) ,  b e l iev ed  t h a t  I should i n v e s t i g a t e  
such hypotheses through obse rv a t io n  of  the r e s u l t s  o f  g  ^ versus gg and 
gg versus g^. And al though the groups were under d i f f e r e n t  c o n d i t i o n s ,  
n e v e r t h e l e s s ,  they could be cons ide red  to behave approximate ly  the same 
in  as f o r  r e l e v a n t  behav iour  in  U^. I take these  views s i n c e :
( i )  s tu d en t s  a re  u su a l ly  randomly d i s t r i b u t e d  in  t h e i r  c l a s s e s ;
( i i )  a l l  o f  them fo llow the same t e x t  as well as the same plan o f  task  
achievement;  and,
( i i i )  a l l  the te ache rs  o f  mathematics in the secondary  s t a g e s ,  e s p e c i a l l y
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the f i n a l  grade ,  have approximate ly  the same q u a l i f i c a t i o n s .
The fo l lowing t a b l e  8.5 i l l u s t r a t e s  the competency as the percentages  
o f  consecu t ive  c o r r e c t  responses in Es. and e u . , as well  as Ep. where a 
consecu t ive  c o r r e c t  response in E s .means a c o r r e c t  response to s , Sg , 
. . . ,  s j , e t c «
9 r  
So + P
92*
P + So
93 :
"o + P
9 4 :  
P + 9*
9 r 92- 93 : 9 4 :
j
J J
f i
J
EU.  
1 ^
J
E u . 
1 ^
J 
1 ^
J
E p .  
1 ^
J 
1 ^
J
%Pi1 ^
1 79 I82 82 100 79 82 91 84
2 71 82 68 79 67 68 91 74
3 67 77 55 53 42 45 55 47
4 67 77 50 47 38 45 55 47
Table 8.5
Percentages  Of Consecutive C or rec t  Responses In S^,
And The Steps  Of P For The F i r s t  Four Groups Of The Six 
Groups In The Experiment •
Hence, on the b a s i s  o f  the th ree  p revious  su g g e s t io n s ,  I draw from 
ta b l e  8.5 the fo l lowing  p o in t s  o f  i n t e r e s t .
( i )  Comparing column 5 with  column 6 might  sugges t  t h a t  competency in P 
i s  e v e n t u a l l y  b e t t e r  i f  P i s  given be fo re  S^, while comparing column 7
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with column 8 might  sugges t  the c o n t ra ry .  Does t h i s  mean a s tu d e n t  
does no t  learn  from anyth ing more f o r  P? And does i t  mean t h a t  
a s t u d e n t  does le a rn  from something f o r  P? Or does t h i s  mean 
t h a t  Uq might  e f f e c t  p rocesses  f o r  P b e t t e r  than S^? F u r th e r ,  could 
P have e f f e c t s  in U^?
( i i )  Comparing column 3 with  column 4 might sugges t  t h a t  competency in 
Uq i s  no t  a f f e c t e d  by P.
( i i i )  Comparing columns 1 and 2 a g a i n s t  3 and 4 might sugges t  t h a t  
competency in does no t  p rese rve  cons is tency  in U^.
Hence the fo l lowing  hypotheses  were sugges ted  to be s t a t i s t i c a l l y  t e s t e d  
f o r  groups g^ (S^ + + P)and g^ (P + + U^).
• Competency in P a f t e r  i s  s i g n i f i c a n t l y  d i f f e r e n t  from
competency in P o n l y .
Hg: Competency in f o r  + P i s  s i g n i f i c a n t l y  d i f f e r e n t
from copetency in in P + S + U^.
Hg: Competency in i s  s i g n i f i c a n t l y  h ighe r  than competency in
8 . 3 . 5 . 4 .  Discussion Of Resu l t s
1. Tables
F i r s t l y ,  I w i l l  p r e s e n t  two t a b l e s ,  8.6 and 8 .7 .  The f i r s t  i l l u s t r a t e s  
the whole s e t  o f  r e s u l t s ,  while  the s e c o n d (8 .7 ) throws l i g h t  on the v a l i d i t y  
o f  the aforement ioned hypotheses  H^, Hg and H^.
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95 : S0 + "o P
^0 Uo P ^0 Uo P •
Si S.J S3 S^ Ui Ug U3 U4 Pi Pg P3 ^1 Xp ^3
1 1 1 1 1 1 1 1 1 1 1 1 4 4 4
2 1 1 1 1 1 1 0 1 1 0 0 4 3 2
3 1 1 1 1 0 1 0 1 1 1 1 4 2 4
4 0 1 1 1 0 1 0 1 1 0 0 3 2 2
5 1 1 1 1 1 1 1 1 1 1 1 4 4 4
6 1 1 1 1 1 1 0 1 1 1 1 4 3 4
7 0 0 1 0 0 0 0 0 0 0 0 1 0 0
8 1 1 1 1 0 1 1 1 1 1 1 4 3 4
9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
10 1 0 1 1 0 1 0 1 0 0 0 3 2 1
11 1 1 1 1 0 0 0 1 1 0 0 4 1 2
12 1 1 1 1 0 1 1 1 1 1 1 4 3 4
13 1 0 1 1 1 0 0 1 0 0 0 3 2 1
14 1 1 1 1 1 1 1 1 1 1 1 4 4 4
15 1 1 1 1 0 1 0 1 1 0 0 4 2 2
16 1 0 0 1 0 1 0 1 1 0 0 2 2 2
17 0 1 1 1 1 0 1 1 0 0 0 3 3 1
18 1 1 1 1 1 1 1 1 1 1 1 4 4 4
19 1 0 1 1 1 0 1 1 0 0 0 3 3 1
20 1 1 1 1 1 1 1 1 1 1 1 4 4 4
21 0 1 1 1 0 1 1 1 1 0 0 3 3 2
22 1 1 1 1 1 1 1 1 1 1 1 4 4 4
23 1 1 1 1 1 1 1 ■ 1 1 1 1 4 4 4
18 21 17 21 21 12 17 12 21 17 11 11
PART I o f  
Table 8.6
(PART I I  o v e r l e a f )
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96 P + ^0 + Uq
^0 Uo P ^0 Uo P
^1 ^2 S3 S^ Ul U2 U3 U4 Pi Pp P3 P4 "1 Xp ^3
1 1 1 1 1 1 0 1 0 1 0 0 0 4 2 1
2 1 1 1 1 1 1 1 1 1 1 1 1 4 4 4
3 1 1 0 1 1 0 1 0 1 0 0 0 3 2 1
4 1 1 1 1 1 1 1 0 1 1 0 0 4 3 2
5 1 1 0 1 1 1 1 0 1 1 1 1 3 3 4
6 1 1 0 0 1 1 1 0 0 0 0 2 3 0
7 1 1 1 1 1 0 1 0 1 1 1 1 4 2 4
8 1 1 1 1 1 1 1 1 1 1 1 1 4 4 4
9 1 1 1 1 0 1 1 0 0 0 3 3 0
10 1 1 1 1 1 1 1 1 1 1 1 1 4 4 4
11 1 1 1 1 1 1 1 0 1 0 0 0 4 3 1
12 1 1 1 1 1 1 1 0 1 0 0 0 4 3 1
13 0 1 1 1 1 1 1 1 1 1 1 1 3 4 4
14 1 1 1 1 1 0 1 0 1 1 0 0 4 2 2
15 1 1 1 1 1 1 1 1 1 1 1 1 4 4 4
16 1 1 1 1 1 0 1 0 1 1 0 0 4 2 2
17 0 1 1 0 1 0 1 0 0 0 0 2 2 0
18 1 1 1 1 1 1 0 1 1 1 0 0 4 3 2
19 0 1 1 0 1 0 0 0 1 0 0 0 2 1 1
20 1 1 1 1 1 1 1 1 1 1 1 1 4 4 4
17 19 17 17 20 12 18 8 17 12 8 8
PART I I  o f  
Table 8.6
I l l u s t r a t i v e  Table Of Competency Of Each Studen t  
In The Items of  Î 
Groups 9g And
S^ And And The Steps Of P For
The t a b l e  demonst rates  the performances o f  s tu d e n t s  in  each s t e p .
X p  Xg and Xg i n d i c a t e  the t o t a l  sco re  f o r  each s tu d e n t  in S^,  and
s te p s  o f  P r e s p e c t i v e l y .  I t  could be no t i ced  t h a t  P^ i n d i c a t e s  s tuden t s  
capable of  P. Hence 11 s tu d e n t s  in g^ could so lve  P, while  8 in g^
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could so lve  P.
The fo l lowing t a b l e  8.7 i s  e x t r a c t e d  from ta b l e  8 .6 .  I t  i l l u s t r a t e s
in each c e l l  the competency o f  the group as the percentages  o f  c o r r e c t
j  j  j  j  j  j
r e s p o n s e s  i n  E s . E u . , E p . , E s -  + p . ,  Eu .  +  p . ,  E s -  + u . p r o v i d e d  t h a t-, 1. 1 1 1 1 T 1 1 ] T 1 1 1 1
the necessary  behaviour  f o r  s ^ , u  ^ and P^  i s  the same f o r  a l l ,  
i = 1, 2,  3 and 4.
95 : ^0  ^ Uq + P % : P + S0 + "o
j 1 2 3 4 1 2 3 4
1
j
78 78 61 61 85 80 65 65
2
j
91 52 39 30 1 .0 0 60 55 30
3
j
f i 91 74 48 48 85 60 40 40
4
jZ(s.  -f p.) 
1  ^ ^
78 65 48 48 75 55 30 30
5
j
E(U. + p.)
1 '  V
91 39 35 30 85 45 35 30
6
j
E ( S .  + U.)  
1  ^ 1
78 48 39 30 85 40 25
7
j
E(Si+Ui+Pj) 78 39 35 30 75 40 25
_ i
25
Table 8.7
Percentages  Of Consecut ive  C or rec t  Responses In S^, U^,
P, As Well As In + P. + P, And + P.V u 0 * 0  0 0
8 -3 9
The fo l low ing  diagram i l l u s t r a t e s  the pe rce n tages  o f  c o r r e c t  re sponses  
j  j  jin ZS-,  zu.  and z P . .
1 ’ 1 ’ 1 ’
100
1 2 3 4 1 2 3 L
S1 S1+-S2 S1+S2+S3 S o 51 SI + 52 51+ 52+53 So
Ul U1 + U2 U1 + U2+U3 Uo in U1. + U2 U1 + U2 + U3 Uo
PI Ph P2 M + P2 + P3 Po PI PI +P2 P1+P2 + P3 po
Group: g 5 Group : g 5
Figure 8 .2 :  I l l u s t r a t i v e  Comparison Of the  Consecut ive Competencies
As Percen tages  Of C o r r e c t  Responses In S^,  And Steps Of P"
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2. Analys is  Of Resul t s
Before t e s t i n g  the th ree  hypotheses H-j, Hg and Hg in 8 . 3 . 5 . 3 ,  I 
would f i r s t l y  l i k e  to  no te  t h a t  t a b l e  8.7 seems to i n d i c a t e  t h a t  the 
behaviour  of  both groups g^ and g^ ev e n tu a l ly  becomes c o n s i s t e n t  in 
access to s s^ .  This could s u ppor t  the equiva lence  o f  the two groups,  
remembering t h a t  t h i s  equ iva lence  was considered  beforehand,  s in c e  the 
s tu d e n t s  in both c l a s s e s  g^ and g^ a t tended  mathematics c l a s s e s  with 
the same te a c h e r  f o r  the whole o f  the academic y e a r  1979/1980 a t  the 
end o f  which the t e s t  was run.  Moreover, the behaviour  o f  the fou r  
groups g p  g^,  g^ and g^ in  access to zs^ a l so  show some cons i s te ncy  
e s p e c i a l l y  f o r  g ^ , g^ and g^. This in tu rn  throws l i g h t  on how a 
dominant space of  knowledge,  e . g .  S> could d i f f u s e  almos t  the same 
'amount'  o f  knowledge in d i f f e r e n t  groups.
In the fo l l o w in g ,  I s h a l l  p r e s e n t  the c a l c u l a t i o n s  I employed f o r  t e s t i n g  
the hypotheses .
( i )  For t e s t i n g  H-j and H2 , I t e s t e d  the d i f f e r e n c e  between two means 
M-j and Mg o f  the two p opu la t ions  o f  g^ and g^ on b a s i s  o f  the ' t '  
d i s t r i b u t i o n ,  provided  t h a t  the samples a re  independen t  and small (n < 30) 
and we can assume t h a t  the va r ia nces  in both popu la t ions  a re  approximate ly  
equal  as well  as being approximate ly  normal.
Let  us cons ide r  g^ and g^ as random samples,  one from each popu la t ion  
o f  sizesntj and n^ r e s p e c t i v e l y .  Then, i f  we compute the two r e l e v a n t
means ÿ-j and ÿ2 , a s  well  as the two r e l e v a n t  s t an d a rd  d e v ia t io n s  and
2Dg, then the common v a r ia n ce  o f  the two popula t ions  i s  e s t im a ted  by D 
where :
And
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D
t  = (Ÿ1 -  ÿ , )  -  d.
n.+n? «I
' (Walpole, 1968, P . 228)
n 1 . Og
i s  a value o f  the random v a r i a b l e  T having the t  d i s t r i b u t i o n  with 
degrees o f  freedom df = n^ + ng -  2 and d^ some s p e c i f i e d  value equal 
to the d i f f e r e n c e  o f  the means of  the two p o p u la t io n s ,  i . e .  - Mg = d^,
Here,  I s h a l l  r e s t a t e  the f i r s t  two hypotheses and r e l e v a n t  c a l c u l a t i o n s  
in t a b l e  8.8  t h a t  i s  based on the ni 
t h a t  correspond to M^ -  Mg = 0 = d^
u l l  s e t  f o r  the means in both cases
H p
Hg:
Competency in P a f t e r  i s  s i g n i f i c a n t l y  d i f f e r e n t  from
competency in P o n l y .
Competency in o f  + P i s  s i g n i f i c a n t l y  d i f f e r e n t  from
competency in in P + + U^.
P(9s)  <-■ -> P(96) "0 ( 95) < ->Uo(96)
n 23 20 23 20
Mean 2.6087 2.25 2.6957 2.9000
S.D 1.4690 1.5853 1.2223 0.9119
(n_1) ( S . 0)2 47.4751 47.7503 32.8696 15.8000
2Common va r iance  D 2.3226 1.1871
/ " l  "2 p2 0.4660 0.3331
/  . ng
t 0.7697 0.6133
Table 8 .8
Table Showing The S p e c i f i c  C a lc u la t io n s  Tes t ing  D i f fe rences  Between 
The Means Related  To The Independent  Samples Concerned In Hypotheses 
H-j And Hg*
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Now l e t  a = 0.05 be a level  o f  s i g n i f i c a n c e ,  then the c r i t i c a l  reg ion 
in t a b le s  o f  the percentage  p o in t s  o f  the t  d i s t r i b u t i o n  with df  =
23 + 2 0 - 2  = 41 cor responds  to T < - t g  gg^ = -1 .960  and T > 1.960
(Walpole,  1968, P . 333).
This means t h a t  both and Hg must be r e j e c t e d  a g a i n s t  the nu l l  s e t  H^  
corresponding to  each o f  them. However, in the fo l lowing  s e c t io n
8 . 3 . 5 . 5 .  o f  genera l  d i s c u s s io n ,  I s h a l l  d iscuss  and modify them.
( i i )  Here we t e s t  Hg which I r e s t a t e :
Hg: Competency in i s  s i g n i f i c a n t l y  h ighe r  than competency in  U^.
I employed the t - t e s t  f o r  p a i r e d  measures taken o f  the same sample.
Hence, i f  d p  dg .d^,  r e p r e s e n t  the d i f f e r e n c e s  of  n r e l a t e d  p a i r s
o f  measurements then t  = -  -■•••-■a  / n ,  (Walpole,  1968, P . 237) ,  where t
^d
i s  a value o f  the random v a r i a b l e  T having the t  d i s t r i b u t i o n  with 
d f  = n -1 ,  with d and s ^ , t h e  mean and s tan d a rd  d ev ia t io n  o f  the d p  and 
d^ i s  a s p e c i f i c  va lue f o r  the mean o f  d i f f e r e n c e s  f o r  the r e l e v a n t  
p o pu la t ion .
The fo l lowing  t a b l e  8.9 p r e s e n t s  the r e l e v a n t  c a l c u l a t i o n s  f o r  the nul l  
hypotheses H^ o f  Hg t h a t  correspond to d^= 0 f o r  both groups g^, and g^.
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SofOsi^+Uo/gg) So(g6)^Uo(gg)
n 23 20
/n 4.7958 4.4721
a 0.6520 0.6000
Sd 0.8317 0.9403
t 3.7596 2.8536
Table 8.9
Table Of S p e c i f i c  C a lc u la t io n s  For Tes t ing  
Dif ferences  In Rela ted P a i r s  Of Measurement 
Concerning Hypothesis  H^.
In ciioosing a = 0.05 as a level  o f  s i g n i f i c a n c e ,  then the c r i t i c a l  regions
f o r  a one fcai led  t e s t  which cor responds to d^> 0 and df= n -  1, a re  found
from ta b le s  to be:
For gg: T > T« = 1.717
For gg: T > Ta = 1.729 (Walpole,  1968 , P . 333).
Thus the nu ll  s e t  (H^ : d^ = 0) i s  s i g n i f i c a n t l y  r e j e c t e d  and Hg i s  
accepted .
8 . 3 . 5 . 5 .  General Discussion
According to t e s t i n g  o f  the th re e  hypotheses , Hg and Hg, I w i l l  s t a t e  
them in t h e i r  f i n a l  form , Hg and Hj-by modifying and in t o
and Hg while Hg = Hg.
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H-] : Competency in P i s  no t  a f f e c t e d  by the t e s t - fo rm  + P .
Hg: Competency in i s  no t  a f f e c t e d  by P.
H3 : Competency in i s  s i g n i f i c a n t l y  h ighe r  than competency in
(a)  Hypothesis  H-j i n d i c a t e s  t h a t  th e re  i s  no s t a t i s t i c a l  s i g n i f i c a n c e
in the competency f o r  P t h a t  could be a f f e c t e d  by the t e s t - fo rm  +
P, which means t h a t  competency f o r  P i s  i n h e r i t e d  through le a rn ing
mathematics and t h a t , i n  p r o b a b a l i s t i c  t e r m s , i t  i s  no t  a f f e c t e d  by p o s s ib le
spontaneous d i r e c t i o n  found in or  U^. But t a b l e s  8.5 and 8.7 could
p o s s ib ly  i n d i c a t e  t h a t  competency in zp.  i s  comparat ively  h ighe r  when P
1 ^
i s  preceded by Lf^  as in groups g^ and g^.  I t  seems t h a t  the processes  
f o r  P could p r o f i t  from which means t h a t  s tuden t s  can le arn  something 
from of use in P which i s  mo s t l y  d e s i r a b l e . In ad d i t io n  i t  was found 
t h a t :
For gg (Sq + + P) : Cor (U^, P) = 0,766.
and f o r  g^ (P + + U^) : Cor (U^, P) = 0.379.
This means t h a t  the r e l a t i o n s h i p  between and P i s  s t r o n g e r  when the re  
i s  a n a tu ra l  sequence accord ing  to behav iour  i . e .  from s im pler  to more 
d i f f i c u l t .  T h i s , i n  t u r n , c o u ld  a l s o  mean t h a t  e i t h e r  processes f o r  P 
have p r o f i t e d  from UQ,or p roces ses  in  were r e t a r d e d  when exposed by 
a complex s t a t e  as in P, a l though i t  must be s a i d  t h a t  Hg does no t  
confirm s t a t i s t i c a l l y  s i g n i f i c a n t  d i f f e r e n c e s  o f  competencies in 
f o r  gg and g^.  The p rocesses  might  n o t  have been r e t a r d e d  in 
because o f  the dominancy o f  S as a l e a rn in g  space.
The preceding idea was indeed i m p l i c i t l y  behind implementing the f i n a l  
t e s t - fo r m  P + + U^. This was because I wanted to r e a s s u re  a
8-45
sequence o f  l e a rn ing  in S and U which agrees with a remarkable idea
of  P i a g e t ' s  (1964) ,who argues t h a t  l e a rn ing  i s  p o s s ib le  i f  we base
the more complex s t r u c t u r e  on s im pler  ones which would y i e l d  a na tu ra l
r e l a t i o n s h i p  and development o f  s t r u c t u r e .  (Figure 8.2 might a l so
j  jr e f e r  to b e t t e r  cons i s te ncy  in (Zu. ,  z P . ) i n  i o f  g^ than t h a t  in l t1 1 1 1 b
of  9g . )
Furthermore,  Cor (U^, P) = 0.766 regard ing  the form + P i s
h ighe r  than c o r r e l a t i o n s  of  (H^, P) regard ing  the forms + P in
Table 7 .4 .  This means t h a t  i s  r e l a t e d  more s t r o n g ly  to P than i s .  
Uq i s  indeed more s p e c i f i c ,  l i m i t e d  and le s s  d i f f i c u l t  -  under the 
p ro p o s i t i o n  o f . l e a r n a b i l i t y  8.2 - than H^, and f u r t h e r  l e a r n a b i l i t y  in U 
could p o ss ib ly  be governed by the algori thm in p ro p o s i t i o n  8.2 which i s  
a l so  d e s i r a b l e .
(b) Hypothe.S'5 ( = Hg) goes in  l i n e  o f  the f i r s t  i n d i c a t o r  T^  in
7 . 2 .0 .  I t  confirms t h a t  competency in  S i s  not  n e c e s s a r i l y  t r a n s f e r r e d  
i n t o  U which i s  p a r t  of  H. This may a l so  i n d i c a t e  t h a t , g e n e r a l l y  
speak ing ,  the l i m i t a t i o n s  o f  a s t u d e n t ' s  mathematical knowledge, 
e s p e c i a l l y  in non-mathematical f i e l d s  such as p h y s ic s ,  may be r e l a t e d  to
the f a c t  t h a t  processes  a re  more o r  l e s s  r e s t r i c t e d  to S . In a d d i t i o n ,
the fo l lowing c o r r e l a t i o n s  might  be n o t i c e a b le :
( i )  For Qg: Cor (S^,  U^) = 0.745 and f o r  g^: Cor (S^,  U^) = 0.601.
( i i )  Cor (Sg, Hq) = 0 .58 ,  0.52  and 0 .58  in t- j , tg and tg r e s p e c t i v e l y
of  t a b l e  7 .4  ( P . 7-25) .
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This could ,  in genera l  mean t h a t  sk ipp ing  from S in to  U i s  more 
p o s s ib le  than from S in t o  H. This may r e in f o r c e  conclusion 8.1 
sugges t ing  U as p o s s ib ly  being ab le  to c o n t r ib u te  to a des i r ed  
m o d i f i c a t io n ,  s ince  U has s t r o n g e r  r e l a t i o n s h i p s  with both S and P 
than H, remembering t h a t  i t  was viewed in 7 . 2 . 2 . 0  t h a t  l e a r n a b i l i t y  
in H as a whole might  c r e a t e  such ' b lo c k s '  as might  h inde r  progress  
in l e a rn in g .
(c)  Taking in t o  c o n s id e r a t i o n  t h a t  competency in a f t e r  P could be 
r e t a rd e d  as Cor(U^, P) = 0.379 f o r  g^ might sugges t  t h a t  a s tudy  o f  case 
gg in Table 8.7 could be more c o n s i s t e n t ,  s ince  gg was t e s t e d  in a more 
n a tu ra l  procedure than gg. Hence, l e t  us compare the competency o f  gg 
in the fo l lowing rows in Table 8 .7 .
row 1 compared with row 4 row 2 compared with row 5
row 6 compared with row 7.
We might  n o t i c e  t h a t  su ccess fu l  p e n e t r a t i o n  in s teps  o f  P i s  more s t a b l e  in 
the case o f  success fu l  p e n e t r a t i o n  through (rows 6 and 7 ) , than the
o th e r  two cases .
This would mean t h a t  l e a rn in g  in  S + U may p o s s i b ly  be more e f f i c i e n t  than 
mere l e a rn in g  in  S o r  JJ. And achievement in  S + U could have b e t t e r  
s t a b i l i t y  as well as o t h e r  advantages i f  i t  i s  compared to c u r r e n t  
advantages o f  S,  provided t h a t  S i s  supposed to be in d i s p e n s a b le .  So we 
f in d  t h a t  t h i s  l e a rn in g  space i s  in l i n e  with (3) in General Conclusion
7.3 ( P . 7-32) .
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8 . 3 . 5 . 5 . 0 .  Conclusion 8.2
( i )  Competency in a problem P in a t e s t - fo rm  + P i s  no t
s i g n i f i c a n t l y  a f f e c t e d  s t a t i s t i c a l l y  by th i s  form. The e f f i c i e n c y  
regard ing  th i s  form could be r e l i a b l e .
( i i )  A le a rn in g  space S + U may provide an op t im is a t io n  f o r  a 
m od i f ica t ion  in the methodology of  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s  
y i e l d i n g  an improvement in the achievement of  s tuden t s  in mathematics.
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8 . 3 , 5 . 6 .  Summary of
TITLE
PURPOSE
MATERIAL
SUBJECTS AND
SETTING
PROCEDURE
Contingent  im p l ic a t io n s  of  the t e s t - fo rm :  At s e t
T^ o f  6 t e s t s .
The main purpose was to d i scover  i f  competency in P - 
hence the e f f i c i e n c y  -  might have c on t ingen t  im p l ic a t io n s  
because o f  the t e s t - fo rm  in $0 + + P s tu d ie d  in T^.
A problem P was chosen and two kerne ls  S^ and U^  were 
c o n s t ru c t e d  in S and U r e s p e c t i v e l y .  The s e t  P, S^
and U^  was s p l i t  i n t o  6 t e s t s :  S^ + P, P + S^,  U^  + P,
P + " o '  So + Uo + P ""d P + So + Up. I t  was viewed 
t h a t  the  f i r s t  fo u r  t e s t s  would help in b u i ld in g  up 
c o n s t r u c t s  to be p resen ted  as hypotheses to be t e s t ed ,  
concerning both the main purpose and o th e r  co n t in g e n t  
ones, through the l a s t  two t e s t s .
Three p a i r s  o f  c l a s s e s  (g^,  gg ) ,  (g^,  9^) and (gg,  gg) 
from t h r e e  d i f f e r e n t  schools in  the f i n a l  grade of  the 
secondary  schools in Kuwait,  were chosen f o r  running 
th i s  exper imenta l  s tu dy .  Each p a i r  o f  c l a s s e s  had the 
same mathematics te ach e r  and came from the same school .  
The fo l low ing  i l l u s t r a t e s  the experimental  s tudy .
Group
No. o f  s tu d e n t s  
Tes t
9l
24
So+P
22
P+S
22
94
19
%
23 20
0 "o+P P+"o So+Uo+P P+So^ Jo
All the c l a s s e s  were a c t i v a t e d  be fo re  the t e s t s  with 
the  n ecessa ry  knowledge f o r  P. S tuden ts  in the  t e s t  
were given a f i r s t  s h e e t ,  e . g .  3^ ,  then the su cces s iv e  
s h e e t  was only  given when the s t u d e n t  gave back the 
p rev ious  s h e e t .
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SCORING
CONTENT VALIDITY
RELIABILITY
HYPOTHESES
CONCLUSION
Duration o f  t e s t  was not  f ix e d .
Scoring in  P was i d e n t i f i e d  by s teps  o f  P and '+1'  
was given to each c o r r e c t  s t e p  in P whether t h i s  
appeared e x p l i c i t l y  o r  i m p l i c i t l y  in  the procedure of  
the s tu d e n t :  '0  was given o the rw ise .  Scoring o f  S
and Uq was the same as the c o r r e c t io n  of  e x p l i c i t  s teps  
in P.
This was achieved by the panel who helped in c o n s t ru c t io n  
o f  T^ ( see  i i  o f  2 . 4 ) .
This was s a t i s f i e d  by i n t e r - r a t e r  r e l i a b i l i t y  d iscussed  
in  2 . 4 .2 . 1 .1  o f  Chapter  2.
Three hypotheses were found to be v a l i d  under t e s t i n g :
(1) P i s  no t  a f f e c t e d  by the t e s t - fo rm  S^ + U^  + P.
(2) Competency in  U^  i s  not  a f f e c t e d  by P.
(3) Competency in S^ i s  s i g n i f i c a n l y  h ighe r  than 
competency in U^.
Competency in P i s  no t  a f f e c t e d  by the  t e s t - fo r m  and a 
l e a rn in g  space S + U i s  optimised  to  provide a m od i f i ­
c a t io n  in  the methodology f o r  improving the achievement 
o f  s tu d e n t s  in  mathematics.
8 .4 .  Summary
The c h a p te r  begins by summarising what would be e s s e n t i a l  f o r  fo l lowing 
up the  s tudy  in  t h i s  c h a p t e r .  I t  i n d i c a t e d  t h a t  the  r esearch  problem i s  
based on looking f o r  a f e a s i b l e  development in methodology o f  t e ach in g -  
l e a rn in g  s i t u a t i o n s  in o rd e r  to improve the  achievement o f  s tu d en t s  in 
mathematics.  I t  was a l s o  noted t h a t  th e re  i s  a s t r u c t u r e  S t h a t  u n d e r l i e s  
the c u r r e n t  p r e s e n t a t i o n  o f  mathemat ics;  however a p a r t ,  U o f  H, was
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supposed to take p a r t  in m o d i f ica t io n  in the methodology o f  mathematics 
t e a c h in g - l e a rn in g  s i t u a t i o n s  i . e .  a m od i f ica t ion  could be expected to 
be based on both S and U. Furthermore ,  i t  was viewed t h a t :
( i )  mathematics educa tion  could b e n e f i t  from a m od i f ica t ion  based on an
a lg d r i  thm;
( i i )  m o d i f ica t io n  i s  based on a t h e o r e t i c a l  framework t h a t  r i s e s  mainly 
from ex per ience ,  reviewed l i t e r a t u r e  and i n t r o s p e c t i o n ;
( i i i )  such m od i f ica t io n  could l i nk theory  and p r a c t i c e .
Hence the s tudy  in t h i s  ch ap te r  was expected to ach ieve  th r e e  main
o b je c t iv e s  :
( I )  proposing both the i d e n t i f i c a t i o n  of  U and an approach ( l e a r n a b i l ­
i t y )  in U;
( I I )  d i s c u s s io n  o f  the employment o f  theory  in Chapter  5 in  sea rch ing  fo r  
a m od i f ica t ion ;  and
( I I I )  implementing em pir ica l  s t u d i e s  on the b a s i s  o f  I and I I .
( I )  In proposing U, i t  was viewed t h a t  such a U would no t  cause ' b lo c k s '
in l e a rn in g  i f  i t  con ta ined  the l e a s t  number o f  c ons tan t s  in  i n s t a n c e s ,  
i . e .  i f  i t  con ta ined  only one c o n s ta n t  o f  i m p l i c i t  form in each H- 
i n s t a n c e .  Hence U was proposed to be the  s e t  o f  a l l  H - in s tances  t h a t  
con ta in  only one c o n s ta n t  in each.  The approach f o r  l e a r n a b i l i t y  in U 
was based on a p re-de termined  cho ice o f  s.j in S, such t h a t  an a s s o c i a t e  
u^ in U i s  chosen by rep la c in g  any f ix e d  number in s.  ^ by a s u i t a b l e  
fu n c t io n a l  r e l a t i o n  F(a)  f o r  a cons tan t ,  ' a '  say.  This i s  on 
c o n d i t io n  t h a t  such a rep lacement s a t i s f i e s  the  fo l low ing :
( i )  u. stems from the genera l  mathematical form o f  s^ so t h a t  u..
s a t i s f i e s  the same behavioura l  o b j e c t i v e  as s . .
( i i )  u.j gives i d e n t i c a l  form o f  r e s u l t s  as
( i i i )  the r e s u l t s  in u- e v e n t u a l l y  c o n t a in ,  i f  p o s s ib le ,  a fu n c t io n a l  form 
o f  the c o n s ta n t  a .  This was s a t i s f i e d  in P ro p o s i t io n  8 .2 .
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( I I )  For employing theory  in m o d i f i c a t io n ,  i t  was supposed t h a t  t h i s  
could be achieved through the s o - c a l l e d  p s e u d o - r e a l i t y .  A uniform 
o p e ra t io n a l  f o r  a problem P in p s e u d o - r e a l i t y  i s  def ined  to be an 
in d iv id u a l  who is  ab le  in one kernel  f o r  P. Hence the e f f i c i e n c y  
d iscussed  in  Chapter  5 was sugges ted  to  be c a l c u l a t e d  on the  b a s i s  of  
such uniform o p e r a t i o n a l s  in the p s e u d o - r e a l i t y .  Furthermore,  i t  was 
sugges ted  t h a t  the t e s t i n g  o f  the e f f i c i e n c y  should be based on open- 
ended t e s t s  t h a t  were e s t a b l i s h e d  on the s ix  s t e p s  E l ,  E2, . . . ,  and E6.
( I I I )  An empir ica l  s tudy  in a s e t  Tg o f  th re e  t e s t s  was c a r r i e d  ou t .
The aim- behind Tg was the s tudy  o f  the e f f i c i e n c e s  in S and U f o r
proposing a m od i f ica t io n  in the  methodology.  Each t e s t  was based on the
choice o f  a problem P as well as c o n s t ru c t in g  two ke rne ls  and f o r  P 
in  S and U re s p e c t iv e ly ,w h e re  i s  co n s t ru c ted  on b a s i s  o f  P ro p o s i t io n
8 .2 .  I t  was found t h a t  the e f f i c i e n c y  r(S)  in S i s  always sm a l le r  than 
the  e f f i c i e n c y  r(U) in U f o r  each t e s t .  Each t e s t  was arranged in the 
form Sq + Uq + P.
Furthermore ,  i t  was sugges ted  t h a t  i t  would be worthwhile to s tudy  how 
the  t e s t - fo r m  + P could a f f e c t  a b i l i t y  in P and hence in the
e f f i c i e n c y .  Accord ingly ,  a s e t  P, S^,  was s p l i t  i n to  s i x  t e s t s .
So + P. P + Sq , Uq + P, P + Uq , Sq + Uq + P and P + Sq + U^, and 
adm in is te red  r e s p e c t i v e l y  to the  s i x  groups o f  s t u d e n t s ,  g-j, . . . ,  g^. 
g-j and g^ came from the f i n a l  grade in one secondary school and had the 
same mathematics t e a c h e r .  The same app l ied  f o r  g^ and g^ and f o r  g^ and
9 g . The f i r s t  fo u r  t e s t s  were expec ted  to  p r e s e n t  c o n s t ru c t s  f o r  the
f i n a l  two t e s t s .  Those c o n s t r u c t s  were e s t a b l i s h e d  on the b a s i s  of  
t e s t i n g  hypotheses .  The s tudy  i n d i c a t e d  t h a t :
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( i )  Competency in P i s  not  a f f e c t e d  by the t e s t - fo r m ,
( i i )  Competency in in genera l  i s  not  a f f e c t e d  by P.
However, i t  was argued t h a t  competency in could be r e t a rd e d  by P being 
before  U^,which r e a s s u re s  us t h a t  le a rn in g  should proceed from the 
s im pler  s t r u c t u r e  to the more complex one I and
( i i i )  competency in the space S i s  h igher  than r e l e v a n t  competency in 
U,which means t h a t  competency in S i s  no t  n e c e s s a r i l y  t r a n s f e r r e d  in to  
U.
F i n a l l y ,  i t  was concluded t h a t  the l e a rn ing  space S + U could provide 
an o p t im is a t io n  to  promote the achievement of  s tu d en t s  in mathematics.
CHAPTER NINE
TOWARDS MODIFICATION IN METHODOLOGY: S + U, 
A LEARNING SPACE
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9. TOWARDS MODIFICATION IN METHODOLOGY: S + U, A LEARNING SPACE
9 . 0 .  I n t ro d u c t io n
In studying the research  problem which seeks a m od i f ica t ion  in 
methodology o f  t e a c h in g - l e a r n in g  s i t u a t i o n s  which would imply improvement 
in the achievement o f  s tu d e n t s  in mathematics,  i t  was argued t h a t  i f  'A' 
i s  a number ass igned  to  the achievement o f  a mathematical t a sk  ' k ' ,  
then A =g(R) where R i s  the p r e s e n t a t i o n  (see Appendix A) o f  k. Simply ,
R c o n s t i t u t e s  a l l  in s t a n c e s  such as examples,  e x e r c i s e s  and simple problems
t h a t  a re  u su a l ly  in t ro d u c e d , so  t h a t  each o f  them i s  designed to  serve 
one behavioural  o b j e c t i v e  in  the s e t  B o f  behavioural  o b j e c t i v e s  necessary  
f o r  k.
Furthermore,  i t  was viewed t h a t  a d e s i r e d  m od i f ica t ion  y i e l d i n g  an 
improvement o f  s tu d en t s  in  mathematics could n a t u r a l l y  r e s u l t  in  r a i s i n g  
A in t o  A.
In o t h e r  words,  i t  was viewed t h a t  i f :
( i )  G-J arid Gg are  two e q u i v a l e n t  groups ,
( i i )  G-j achieves a t a sk  k under p r e s e n t a t i o n  R, i . e .  A = g(R),
( i i i )  Gg ach ieves  the  same t a s k  k under a m o d i f ica t io n  t h a t  y i e l d s  a 
p r e s e n ta t i o n  R, i . e .  A = g(R) .
and i f  A and A r e p r e s e n t  the  average scores  o f  achievements o f  G-j and
Gg r e s p e c t i v e l y ,  then A < A.
In t h i s  connec t ion ,  i t  was argued in 6 . 2 .2  ( P . 6-37) t h a t  R = R(S)
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i . e .  R i s  dependent on a s t r u c t u r e  S t h a t  u n d e r l i e s  c u r r e n t  p r e s e n t a t i o n .  
However, i t  was a l s o  argued t h a t  a t r u e  change in R should be based on a
s c r u t i n y  o f  S as well as a no the r  s t r u c t u r e  H, po s s ib ly  c o n t r i b u t i n g  to  a
m o d i f ica t io n  in the  methodology under c e r t a i n  c o n s id e ra t io n s  (P ro p o s i t io n  
6 . 4 ) .  S and H were i d e n t i f i e d  in 7.1 and i t  was argued in 7 . 2 . 2 . 0
( P . 7-29) t h a t  S i s  in d i sp e n sa b le  whereas H might c o n t r i b u t e  through a p a r t
U o f  H provided t h a t  t h i s  U i s  p resen ted  as ' d o c i l e '  f o r  l e a r n a b i l i t y ,  
s a t i s f y i n g  P ropos i t ion  6 . 3 .  In a d d i t i o n ,  i t  was be l ieved  (see 
P .6-5) t h a t  such a m o d i f i c a t io n  should r e s t  on a t h e o r e t i c a l  frame­
work, s ince  theory  i s  in v a lu a b le  in any m o d i f i c a t io n .  This i s  in  the 
sense t h a t  i t  provides a sy s tem a t ic  s tudy f o r  modification as well as 
p rovid ing  help in  rep e a t in g  the  s tudy  in the same o r  o th e r  f i e l d s  o f  
knowledge. A s tudy ,  t h e r e f o r e ,  was p resen ted  in Chapter  5 ,  which was 
a t h e o r e t i c a l  s tudy a r i s i n g  from an i n i t i a l  d i s cuss ion  about  m od i f ica t ion  
in  7.3 ( P . 7 -33) .  The s tudy  was based on the e f f i c i e n c y  (see Appendix A) 
as a measure o f  the e f f i c i e n t  knowledge o f  what has been achieved in a 
space o f  knowledge, when t h i s  i s  ap p l ied  in a r e l e v a n t  s i t u a t i o n ,  e . g .  
so lv ing  a problem. Accordingly a P ropos i t ion  5,1 ( P . 5-27) o f  m od i f ica t ion  
in the methodology o f  t e a c h in g - l e a r n in g  s i t u a t i o n s  was in t roduced  which 
I r e s t a t e  again h e r e ,  because o f  i t s  importance:
(P ro p o s i t io n  5 . 1 ) :  I f  'O' i s  a c e r t a i n  normal popula t ion  and each o f  W and
W i s  a s t r u c t u r e d  knowledge in the sense o f  D e f in i t ion  5 . 1 , and i f :
( i )  (D, B, X) i s  a problem-space f o r  a problem P,
( i i )  r  and r  are the two e f f i c i e n c i e s  in W and W r e s p e c t i v e l y  
f o r  0 and P,
( i i i )  r  < r  1,
then W could c o n t r i b u t e  in whole o r  in  p a r t  to m od i f ica t ion  in 
the methodology o f  t e a c h in g - l e a r n in g  s i t u a t i o n s ,  provided t h a t  
the p a r t  o r  whole o f  W i s  a p p l i c a b l e  in the sense of  
P ropos i t ion  6 .3 .
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In t h i s  connec tion ,  i t  was viewed in genera l  conc lusion 7.3 ( P . 7-32) 
t h a t  U, a p a r t  o f  H,could p o s s ib ly  c o n t r i b u t e  to  a m od i f ica t ion  in the 
methodology. F u r th e r , P ro p o s i t i o n  8.1 proposed U as the subse t  of  H 
t h a t  con ta in s  H - in s tan ce s ,  invo lv ing  only one c ons tan t  o f  i m p l i c i t  form.
Propos i t ion  8.2 was then in t roduced  to monitor  an approach to 
l e a r n a b i l i t y  in U„ The em pir ica l  s tudy  in 8.3 could then d i s c r i m in a t e  
between the  e f f i c i e n c e s  in  S and U s tu d ie d  on the  b as i s  o f  the  t e s t - fo r m  
$0 + Uo + P, where and are  two kernels  f o r  P in S and U r e s p e c t ­
i v e ly .  A f u r t h e r  s tudy  in 8 . 3 .5  could suppor t  t h i s  d i s c r im in a t io n  by 
i n d i c a t i n g  t h a t  competency in P i s  not  a f f e c t e d  by the t e s t - fo r m .  This 
indeed f u l f i l l e d  P ro p o s i t io n s  6 .3  and 6 .4  and i t  was accord ing ly  viewed 
t h a t  these  r e s u l t s  might f a c i l i t a t e  the  use o f  P ropos i t ion  5.1 f o r  the 
requ i re d  m o d i f i c a t io n ,  as in conclusion  8 .2  (P .8 -47 ) .  N ever the les s ,  
i t  i s  worthwhile i n d i c a t i n g  t h a t  the  su b je c t s  o f  the  fou r  s e t s  of  
ins truments  T-j and Tg (Chapter  7) as well as Tg and T^ (Chapter 8) were 
e i t h e r  s tuden t s  in the  f i n a l  grade o f  schoo l ,  or  s tu d en t s  in t h e i r  f i r s t  
y e a r  a t  Kuwait U n iv e r s i t y ,  who were s t i l l  under the  in f luence  o f  the  
mathematics t a ugh t  a t  school .  This procedure took over s ince  these  
s u b je c t s  a re  more acqua in ted  with H (o r  U) than those in the  f i r s t  t h r e e  
grades o f  Kuwait secondary s choo ls , th rough  non-mathematical f i e l d s ,  e . g .  
phys ics .  I in f a c t ,  be l ieved  t h a t  the  e f f i c i e n c i e s  in  S and U would be 
more r e l i a b l e  f o r  those  s u b j e c t s .  Despite  t h i s ,  i t  i s  to  be noted t h a t  
a l l  those  in s t ru m e n ts ,  e s p e c i a l l y  Tg ( repo r te d  in  8 . 3 ) , were implemented 
in o rde r  to  draw in d i c a t i o n s  to  help propose a m od i f ica t ion  in the  
methodology in the  r e l e v a n t  a rea  o f  t h i s  s tudy ,  i . e .  the  secondary s tage  
o f  school in Kuwait. Hence, a m od i f ica t ion  in the  methodology was 
proposed and r e l e v a n t  exper im en ta t ions  were c a r r i e d  out  in  the  main area  
proposed by the s tudy .
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I t  was na tu ra l  then  to  d i s cu s s  the  fo l lowing two main o b je c t iv e s  in  
t h i s  ch a p te r  to  p r e s e n t  a p ro s p ec t iv e  m od i f ica t ion  to  fu l f i l l  the  aims 
o f  t h i s  s tudy .
I :  To propose the  modified p r e s e n t a t i o n  R in the methodology.
ir !  To j u s t i f y  t h i s  m od i f i c a t io n  by ev idence based on exper imenta t ion ,
9 .1 .  I .  A Proposed Model For M odif ica t ion
A ta sk  ' k '  i s  u sua l ly  achieved in the  methodology o f  t e a c h in g - l e a r n in g  
s i t u a t i o n s  on the  ba s i s  o f  the  fo l lowing  s t e p s :
k-j : k i s  analysed in t o  a c e r t a i n  s e t  B o f  bas ic  behavioural  o b j e c t i v e s
t h a t  a re  cons idered  to  be necessary  f o r  k. 
kg: A t h e o r e t i c a l  p a r t  may be i d e n t i f i e d  and in t roduced ,  e . g .  the proof  of
a theorem or an argument f o r  a conc lus ion ,  
kg: A s e t  R, c a l l e d  the  p r e s e n t a t i o n  o f  k, i s  in t roduced  as a s e t  of
in s ta n c e s  in the  form o f  examples,  e x e rc i s e s  and simple problems,  
so t h a t  each i s  designed to  serve f o r  a in B f o r  a l l  B^  in B. 
k^: An achievement t e s t  i s  designed on the  b as i s  o f  a c e r t a i n  c r i t e r i o n
t h a t  a s ses se s  the  mastery f o r  each o b je c t iv e  o f  k. The competency 
i s  judged on the  b a s i s  o f  performance under t h i s  c r i t e r i o n .
Furthermore,  the c r i t e r i o n  might ,  as i s  the case in Kuwait, provide 
r u le s  f o r  grading  the achievement,  in t h a t  i t  he lps  a s s ign  a number 
'A' to  i n d i c a t e  f o r  the  achievement o f  k (see ( a ) ,  P. 6 -8 ) .
I t  could be no ti ced  t h a t  'R'  in s t e p  kg i s  the core o f  the achievement
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under B, s ince  the t h e o r e t i c a l  p a r t  in s tep  kg may be i n v a r i a n t  under 
d i f f e r e n t  methodologies of  t e a c h in g - l e a r n in g  s i t u a t i o n s  r e l e v a n t  to  k. 
This i s  e s p e c i a l l y  t r u e  o f  the  t h e o r e t i c a l  p a r t  in the school mathematics 
which i s  almost  s t a b l e  and hence i n v a r i a n t .
I t  was found t h a t  c u r r e n t  p r e s e n t a t i o n  R mainly depends on S (see  7.1.1 
and Appendix C).
The c u r r e n t  p r e s e n t a t i o n  R in S could be expressed  in a model i d e n t i f i e d  
in the fo l lowing m atr ix :
B, B, ®1 ■ ■ ■
*11
*12
’21
= R(S)
For each B- the s e t  i s  a s e t  o f  in s ta nces  such as examples,
e x e r c i s e s  and simple problems,  i . e .  novel i n s t a n c e s ,  supposed to  serve 
f o r  a B^. o f  k in  S. This R w i l l  be c a l l e d  the  convent iona l  p r e s e n t a t i o n ,
But conclusions 8,1 and 8.2 der ived  from the empir ica l  s tu d ie s  in  8 .3  and 
8 . 3 .5  based on the  e f f i c i e n c y  in p s e u d o - r e a l i t y , a s  well on on both 
P ropos i t ion  5.1 and P ro p o s i t io n  8 .2  o f  l e a r n a b i l i t y  in  U, would encourage 
p u t t i n g  forward the  l e a rn in g  space S + U. This would provide a model in 
m od i f ica t ion  in the  methodology,  based on a modified p r e s e n t a t i o n  R f o r  a 
mathematical  t e a c h in g - l e a r n in g  t a s k .  I t  was proposed t h a t  t h i s  model R 
i s  more p r a c t i c a l  i f  i t  i s  based on an a lgo r i thm ic  approach.  This would
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be der ived from a t a s k - a n a l y s i s  in terms o f  behavioural  o b je c t iv e s  and 
employ these  in S as well as in U under P ropos i t ion  8.2 of  l e a r n a b i l i t y .  
The fo l lowing p ro p o s i t i o n  was put  forward to  s a t i s f y  such an a lgor i thm 
supposed to provide a c e r t a i n  model f o r  m od i f ica t ion  in the methodology of  
mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s .
9 . 1 , 0 .  P ropos i t ion  9.1
I f  B i s  a s e t  o f  b a s ic  behavioural  o b j e c t i v e s  necessary  f o r  a 
t e a c h in g - l e a r n in g  t a s k  k,  then  the  achievement o f  k i s  p o s s ib ly  
improved under the  fo l lowing p r e s e n ta t io n :
R
■ ■ B. . . .  Bp 
(®11’ ; (®i1» “ ikl)
(«Ü. “iki)
r''{s +u)
Where the  m a t r ix ,  excep t  in the f i r s t  row, i s  made up o f  ordered  
p a i r s  ( s ^ j , u^ ) ,  and u . i s  an a s s o c i a t e  element in  U o f  some 
^ in S governed (as s . j ) by 8^ , under P ropos i t ion  8 .2  o f  
l e a r n a b i l i t y .
R w i l l  be c a l l e d  the  modified p r e s e n t a t i o n , o r  a modified model in the 
methodology,  and S + U w i l l  be c a l l e d  the modified le a rn in g  space.
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This R demonstrates t h a t  dea l ing  with each should be based on both
S and U. In o th e r  words,  coping with  in s tances  f o r  each B^  should be i
in p a i r s  in both S and U under P ro p o s i t io n  8.2 in a l l  examples, e x e rc i s e s  
and simple problems. Furthermore,  i t  i s  to  be noted t h a t  the choice o f  i
the ordered  p a i r  ( s . j ,  u^^j )  was in tended  in t h a t  a change in form o f  the j
a s s o c i a t e  i s  d e s i r ed  in o rde r  to  avoid te d ious  d i r e c t  r e p e t i t i o n s  o f  
i n s t a n c e s .  N ev e r th e le s s ,  can be chosen as the a s s o c i a t e  in U f o r  
s — in S. Hence an in s ta n c e  concerning  a behavioural  o b j e c t iv e  B^  in 
the  proposed l e a rn in g  space i s  an ordered  p a i r  (x ,y )  with x as a s imple 
in s ta n ce  in S and y as  a s imple in s t a n c e  in U ,in troduced  under c e r t a i n  
cond i t ions  t h a t  s a t i s f y  P ro p o s i t io n  9.1 provided t h a t  both x and y are 
governed by B^.
I t  i s  to  be noted t h a t  the  achievement A = g(R) with R = R(S) i s  expected  
to  be e m p i r i c a l ly  s tu d ie d  a g a i n s t  A = g(R) with R = R(S + U) in  the 
fol lowing  s e c t i o n .
9 .2 .  I I ;  Empirical Evidence:  Mathematics Achievement In S Against  S+U
Here I sh a l l  p r e s e n t  the  fo l lowing  em pir ica l  ev idence ,  based on two 
experiments .  The f i r s t  w i l l  be based on s tudying  i n d i c a t i o n s  o f  the 
achievement o f  s tu d en t s  on the  b a s i s  o f  the conventional  p r e s e n t a t i o n  R(S) 
a g a i n s t  the  modified p r e s e n t a t i o n  R(S + U). The second experiment w i l l  
be concerned with  achievment under R(S) a g a i n s t  R(S + Li) on the  b a s i s  o f  
h y p o t h e s i s - t e s t i n g .
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9 . 2 . 0 .  Experiment I
The procedure in t h i s  exper iment  was based on the fo l lowing s t e p s :
( i )  choice o f  a c e r t a i n  grade in secondary school ;
( i i )  choice o f  two r e p r e s e n t a t i v e  samples,  and Gg,of the
popula t ion  o f  the  grade
( i i i )  cho ice o f  two mathematical ta sks ,  k-j and kg, r e l e v a n t  to  the
grade
( iv )  p r e p a ra t io n  o f  two t r e a tm e n t s ,  one conventional  and one
modif ied ,  f o r  each t a s k :  R-j(S) and R^(S + U) r e s p e c t i v e l y  f o r  
k-j,and Rg(S) and Rg(S + U) r e s p e c t i v e l y  f o r  kg;
(v) planning and conducting work on the b as i s  t h a t  one group i s
exper imental  (Exp.) and the  o th e r  i s  con t ro l  (Con.) f o r  the
f i r s t  t a sk  k p  and v ic e -v e r s a  f o r  kg;
(v i )  a d m in i s t r a t i o n  o f  two achievement t e s t s ,  T(k^) and T (k g ) , to  both
groups,  G-J and G g ,a f t e r  complet ion o f  the r e l e v a n t  ta sks  k-j and 
kg r e s p e c t i v e l y .  The t e s t  was c ons t ruc ted  in  S + U under 
p r o p o s i t i o n  8 .2  in  o rd e r  to  s tudy  how the achievement o f  the 
two groups would be demonstrated in both s t r u c t u r e s  S and U.
Table 9.1 i l l u s t r a t e s  how those s teps  were put  to  work.
Task: k-j Task: kg
Group Type Treatment Achievement
Test
Type Treatment Achievement
Test
^1 Exp. T(k^) Con. «2 Tfkg)
G2 Con. T(k , ) Exp. R, TCkg)
Table 9.1
I l l u s t r a t i o n  o f  Procedure In The F i r s t  Experiment .
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In t h i s  connec t ion ,  the  two t a sks  k-j and kg were chosen from the 
mathematics of  the second grade o f  secondary school in Kuwait (ages 
15-16) .  This choice was due to  the  f a c t  t h a t  t h i s  grade i s  c ru c i a l  in 
the  secondary s t a g e , s i n c e  s tu d en t s  who s u c c e s s fu l ly  f i n i s h  t h i s  grade are 
given the  choice to  fo l low Arts or  Sciences in the  l a s t  two grades o f  
secondary s c h o o l .
Although th e re  i s  a formal p o l i cy  towards a t t r a c t i n g  more s tu d en t s  to 
sc iences  r a t h e r  than a r t s ,  a s tudy has revea led  t h a t  a t  l e a s t  one t h i r d  
o f  s tu d en t s  in t h i s  grade fo l low a r t s  mainly because they fee l  t h a t  they  
cannot  do b e t t e r  in  mathematics.  In a d d i t i o n ,  kg d i r e c t l y  succeeds k-j 
in the t e x t , s o  t h a t  the exper iment  proceeded from k-j in to  kg wi thou t  any 
detachment.
9 . 2 . 0 . 1 .  D esc r ip t ion  Of Method
(a)  The m a te r ia l  : two t rea tm en ts  and two achievement t e s t s
( a l )  Task k-j : some r e l a t i o n s  in l i n e  and c i r c l e  (Appendix G)
( a l l )  The s e t  B(k-[) o f  behav ioural  o b j e c t iv e s  f o r  k-j was i d e n t i f i e d
as f i v e  e l e m e n t s :
B p  To i d e n t i f y  and apply knowledge about  the  equat ion  o f  a
l i n e  with a given s lope  pass ing  through a given p o in t .  
(This i s  a re  view.element to  r e l a t e  the s t u d e n t s '  p a s t  
knowledge to  the  new one).
Bg: To i n d e n t i f y  and apply knowledge about  the  ce n t r e  o f  a
given c i r c l e  with  a given equa t ion .
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Bg: To i d e n t i f y  and apply knowledge about  the slope  o f  a 
c e r t a i n  rad iu s  in a given c i r c l e .
B„: To i d e n t i f y  and apply knowledge about the  s lope  o f  a l i n e  
p e rp en d icu la r  to a l i n e  i d e n t i f i e d . b y  two po in t s  on i t .
5^ * To i d e n t i f y  and apply knowledge about  the slope o f  a tangen t
to  a given c i r c l e  a t  a given p o in t .
Accordingly ,  two t r e a tm e n t s ,  convent ional  R = R^(S) and modified 
R-] = R-](S + U) (Appendix G) were prepared  f o r  the  c on t ro l  group Gg and the  
experimental  group G-j r e s p e c t i v e l y .  Here are some examples from the two 
t rea tm en ts  concerning  B^  and Bg.
Conventional R-j = R^(S): Group Gg Modified R-j = R^(S + U): Group G-j
For B-j*. Find the  equa t ion  o f  the  l i n e  t h a t  has the slope 'm‘ and passes 
through the  p o in t  N in  each o f  the fo l lowing ca se s :
( i )  m = 2, N = (3 ,4 )
( i i )  m
( i i i )  m
- f ,  N = (1 , - 2 )
- | ,  N = ( 2 . - 2 )
( iv )  m = 3, N = (2 ,3 )
( i )  m = 2,  N = (3 ,4 )
( i i )  m = - A, (1 , - 2)
( i i i )  m = -  N = ( 2 , -a )  (a being a
co n s tan t )
(1v) m = 3,  N = ( 2 b , 3 ) (b being a
co n s tan t )
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For Bg: Find the s lope  o f  the rad iu s  which passes through M in each
o f  the fo l lowing c i r c l e s .
( i )  A: x^+y^-2x-f4y*“4 = 0,  M = (1 ,1 )
( i i )  B: x^+yZ+Zx-l = 0, M = ( - 2 , - 1 )
( i i i )  C: x^+y^-8y-4 = 0,  M = (2 ,8 )
( iv )  D: x^+y^+6x-y-2 = 0,  M = ( -6 ,2 )
( i )  A: x^+y^-2x+4y-4 = 0 ,  M = (1 ,1 )
( i i )  B: x W + 2 x - l  = 0,  M = ( - 2 , - 1 )
( i i i )  C: x V - 2 b y - 4  = 0,  M = (2 ,2b)
( iv )  D: x^+y^+6ax-y-2 = 0,  M =( -6 a ,2 )
(a l2 )  The achievement t e s t  T(k-j) (Appendix G) was designed to  t e s t  
a t t a in m e n t  o f  knowledge in the le a rn in g  space S + U  denoted in  (v i )  o f
9 . 2 . 0 .  The t e s t  c o n s i s t e d  of  10 items such t h a t  two i t em s ,  one in S and 
the  o th e r  i t s  a s s o c ia te  i n  U - under P ropos i t ion  8 .2  - were designed to 
a s s e s s  the a t ta in m en t  o f  mathematical  knowledge t h a t  i s  r e l e v a n t  to  each 
behavioura l  o b j e c t i v e  B^  in B(k-j), Items 1, 2,  3,  4 and 5 were in S; 
while 6 ,  7, 8,  9 and 10 were t h e i r  a s s o c i a t e s  under P ropos i t ion  8 .2  
r e s p e c t i v e l y  in U,
Here a re  some examples:
(1) For B,
Sg ( i tem 2) :  Find the cen t r e  o f  the c i r c l e :
A : x^ + y^ + x  -4y -  1 = 0
The a s s o c i a t e  item Ug (o f  Sg) in U i s :
Ug ( i t em 7) :  Find the c e n t r e  of  the c i r c l e :
p pA = X + y + SX - 4y -  2a = 0 ( ' a ' being a
c o n s t a n t ) .
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(11) For Bg
Sg (i tem 5) :  Let E = (3,  7} be the c e n t r e  o f  a c i r c l e  A and
M = (5 ,  8) belongs to A. Find the s lope o f  the
ta n g en t  to A a t  M.
The a s s o c i a t e  Ug ( o f  Sg) in U i s :
Ug ( i t em 10):  Let M = (5 ,  8a) belong to  a c i r c l e  with ce n t r e  I
(3 ,  7a ) .  Find the slope  o f  the  tangen t  to  t h i s
c i r c l e  a t  M. ( ' a '  being a co n s ta n t  f  0) .
(a2) Task kg : Some r e l a t i o n s  in  t rans fo rm a t ion  geometry (Appendix G).
(a21) The s e t  B(kg) o f  behav ioural  o b j e c t i v e s  was i d e n t i f i e d  by f iv e
elements as in k-j.
B-j : To i d e n t i f y  and apply  knowledge o f  how to  f in d  the image o f
a p o in t  under a t r a n s fo rm a t io n .
Bg: To i d e n t i f y  and apply knowledge o f  how to  f in d  the pre-image
o f  an image under a t r a n s fo rm a t io n .
Bg: To i d e n t i f y  and apply knowledge o f  how to  f in d  the pre-image
o f  the image (x ,  y) under a t r a n s fo rm a t io n .
B^: To i d e n t i f y  and apply knowledge o f  how to  desc r ibe  à l i n e  in
se t-1anguage .
Bg: To i d e n t i f y  and apply knowledge o f  how to  desc r ib e  the image
l i n e  o f  a given l i n e  under a t r a n s fo rm a t io n .
According ly ,  two t rea tm en ts  as in  k-j were prepared ,  conventiona l  Rg f o r  
the  new con t ro l  group G^, and a modified Rg f o r  the new experimental  
group Gg.
Here a re  some examples o f  the two t r e a tm e n t s :
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Conventional Rg = Rg(S): Group Gj Modified Rg = Rg(S + U): Group Gg
For Bg:
( i )  (
( i i )  (
( i i i )  (
( iv )  ( 
For Bg:
( i )  T;
( i i )  T:
( i i i )  T:
( iv )  T;
I f  the image o f  (x ,  y) under a c e r t a i n  t r ans fo rm a t ion  T i s
(4x,  - 2 y ) ,  then f i l l  in the  blanks to  show the po in t s  which have
been transformed under T.
T .X . T. ,  . ,  ) (8 , - 6 )
o, . .  ) ( - 4 ,  4)
. J o. ) ->■ (10 ,  6)
. 9 • .  ) ( - 8 ,  5)
( i )  ( ou9 . , ) - > ( 8 ,  -6)
( i i )  ( op, op) ->• ( - 4 ,  4)
( i i i )  ( . . ,  o .)  (10, 6a)
( iv )  ( . . ,  . . )  ( - 8 a ,  5)
Describe in s e t - l an g u ag e  the image-l ine  f o f  a l i n e  1 under the
t rans fo rm a t ion  T in  each of  the fo l lowing cases :
(x ,  y) ^  ( X ,  -y)  
(x ,  y) ^  ( | x ,  3y) 
( X ,  y) ( - X ,  2y) 
(x,  y) -5^ (2x, -3y)
( i )  T: ( X ,  y) (x ,  -y)
( i i )  T: (x ,  y) ( | x ,  3y)
( i i i )  T: (x ,  y) (ax ,  2y) ,  (a  ^ 0)
( iv )  T: (x,  y) (2x,  by) ,  (b + 0)
I l l u s t r a t i v e  s o lu t i o n s  a re
Ins tance  ( i i i )  o f  Bg in  Rg may be solved  as :  
( ^ .  _ | )  O'- ( | .  -3)  (.10, 6)
While in s ta n ce  ( i i i )  in Rg may be solved as :  
(“^9 ^ )  o*' ('1^ 9 -3a)  ">• (10 ,  6a)
Ins tance  ( iv )  o f  Bg in  Rg may be solved  as :
1 = { (x ,  y j  : (x ,  y)  i s  the  image o f  (|-, j ^ )  on 1}
“ {(X; y ) : ( X, y) on l<=>(-g-9 —^ )  on 1}
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(a22) The achievement t e s t  T(kg) (Appendix G) was designed in the same 
way as T(k-j). I t  c o n s i s t e d  o f  10 i tems in S + U such t h a t  elements in 
S and t h e i r  a s s o c i a t e s  in  U were desinged to  a s s e s s  mathematical knowledge 
a t t a i n e d  f o r  each in B(kg).  Items 1, 2, 3, 4 and 5 were in S; while 
tiems 6,  7, 8,  9 and 10 were r e s p e c t i v e l y  t h e i r  a s s o c i a t e s  in U under 
P ropos i t ion  8 .2 .
Here are some examples:
For Bg:
Sg ( i tem 3) :  I f  T i s  the  t r a n s fo rm a t io n  : (x ,  y) (3x, 2y) ,
then f in d  the  pre-image o f  (x ,  y ) .
Ug ( i tem 8 ) :  Let T be the t r a n s fo rm a t io n  (x ,  y) ->■ (3ax,  2 a y ) .
Find the  pre-image o f  (x ,  y ) .
For B/| :
s^ ( i t em 4 ) :  Use se t - l a n g u a g e  to  desc r ibe  a l i n e  which passes  through
the  p o in t  (2 ,  0) with a s lope  m = -2 .  
u^ ( i tem 9 ) :  A l i n e  1 with s lope  2a passes  through M = (2a ,  0).,
Use s e t - n o t a t i o n  to  d e s c r ib e  1.
I t  i s  to  be noted t h a t  a l i n e ,  in  t h i s  case 1, i s  desc r ibed  in s e t -  
language as :
1 = {(x,  y) : y -  y^ = m(x - x^)}
(b) Sub jec ts  And S e t t i n g
The two groups G-j and Gg wi th 87 boys and g i r l s  in each were chosen from 
t h r e e  d i f f e r e n t  schools  accord ing  to the fo l lowing  r u l e s :
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(1) Two c l a s s e s  x-j and y-j o f  26 and 28 s tuden t s  r e s p e c t i v e l y ,  were
chosen from a school f o r  boys.  Both c l a s s e s  had the same
mathematics t e a c h e r .  Two s tuden t s  were randomly e l im in a ted  from 
y^ so t h a t  the c l a s s e s  had equal  numbers. This was done to 
f a c i l i t a t e  d i r e c t  o b s e rv a t io n s .
(2) Two c l a s s e s  Xg and yg were chosen from a school f o r  g i r l s
according to  the  same c r i t e r i a  as in (1 ) .  Each c l a s s  con ta ined
28 s tu d e n t s .
(3) Two c l a s s e s  x^ and y^ ,  o f  33 and 34 s tuden t s  r e s p e c t i v e l y ,  were 
chosen from a t h i r d  secondary school f o r  g i r l s  under the prev ious  
c o n d i t io n s .  One s tu d e n t  was randomly e l im in a ted  from yg so the 
c l a s s e s  had equal numbers.
Accordingly ,  group was made up o f  the pup i l s  from x ^ , Xg and Xg, 
while Gg from those  o f  y-j, y^ and y^ .
i . e .  G-j = {x-j,  Xg* Xg } and Gg = {y^? ^2* ^ 3 ^
Each group could be cons idered  as a r e p r e s e n t a t i v e  sample f o r  i t s  pa ren t  
p o p u la t io n ,  s ince  i t  con ta ined  two c l a s s e s  a t  l e a s t  (see G lo s sa ry ) ;  hence 
they were cons idered  to  be e q u i v a l e n t .
(c)  The Procedure
( c l )  The te a c h e r s  were given the  shee t s  of  t r ea tm e n ts  o f  the  two ta sk s  
s u c c e s s iv e l y  in o rd e r  to  guaran tee  t h a t  each c l a s s  would fo l low p r e c i s e l y
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the r e l e v a n t  ta sk  accord ing  to  the plan ( u s u a l l y ,  s tuden t s  in the same 
grade in d i f f e r e n t  c l a s s e s  exchange l e a f l e t s  given to them by t h e i r  
t e a c h e r s ) .  A te a c h e r  was asked to  d iscuss  with each c l a s s  the two 
in s ta n ces  ( i )  and ( i i i ) ,  i . e .  ( i t em i ,  item i i i )  in  each o f  the f iv e  s e t s  
o f  in s ta n ces  o f  r e l e v a n t  t r e a tm e n t  in both ta sks  k-j and kg. The t e a c h e r  
and the s e n io r  t e a c h e r  o f  mathematics observed and helped s tuden t s  to  
cope with in s ta n ces  ( i i )  and ( iv )  in each s e t  o f  in s t a n c e s  which were 
u su a l ly  in t roduced  by the  t e a c h e r  w r i t i n g  them on the b lackboard .  I 
p a r t i c i p a t e d  in t h i s  t e s t  by being in  the classroom a t  l e a s t  once f o r  each 
t a s k .  In a d d i t i o n ,  th e re  was an i n t e n s iv e  fo l low-up in  observ ing ,  
guiding and he lp ing  s tu d e n t s  in  a l l  o th e r  in s t a n c e s  given as e x e r c i s e s ,  
in o rd e r  to  make sure o f  the p r e c i se  complet ion o f  the ta sk  by a l l  the 
p a r t i c i p a n t s  in the exper iment.
(c2) Group G-| was experimenta l  and Gg was con t ro l  f o r  k-j. For kg the
the r o l e s  were v ice v e r s a .
(c3) Each ta sk  took an average o f  about  th r e e  per iods  o f  45 minutes 
each.  Indeed,  i t  took about  4 per iods  o f  some c l a s s e s  a f f e c t e d  by 
c o n t ingen t  s i t u a t i o n s .  All s tu d e n t s  were given new copy books to  w r i t e  
i n ,  and these  copy books were c o l l e c t e d  a f t e r  each s e s s io n  to  be given 
back in the fo l lowing s e s s i o n ,  in o rd e r  to  make sure t h a t  each class in 
the exper iment  i s  u t t e r l y  r e s t r i c t e d  to  i t s  t r e a tm e n t .
(c4) Each c l a s s  in the  same school was given the achievement t e s t , a s
they both completed the t a s k  o r  w i th in  one o r  two days.  The answers to 
the ques t ions  were to  be w r i t t e n  in spaces provided on the ques t ion  s h e e t .  
The d u ra t io n  o f  the  t e s t  was no t  f i x e d ,  but  a l l  s tu d e n t s  f i n i s h e d  the
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t e s t  in  the time o f  one p e r io d ,  i . e .  45 minutes.
(d) Marking
An item was given '+ 1 ‘ f o r  a complete ly c o r r e c t  procedure and 
answer,  and ‘O' o the rw ise .  The sh ee ts  were marked by the te ach e r s  and 
s e n io r  t e achers  who took p a r t  in the experiment in each schoo l ,  and 
mysel f .
9 . 2 . 0 . 2 .  The Tes t ing  Cons truc ts
Let A^and Ajbe the two achievements (scores)  o f  s tu d en t s  in a con t ro l  
c l a s s /g ro u p  and experimenta l  c l a s s /g ro u p  r e s p e c t i v e l y  f o r  items j  =
1, 2,  . . . ,  10. Also l e t  A and A r e f e r  to  the mean achievements o f  a 
con t ro l  c l a s s /g ro u p  and exper imental  c l a s s /g ro u p  r e s p e c t i v e l y ,  where the 
mean i s  taken as the sum o f  the  scores  o f  a c l a s s / g ro u p  d iv ided  by the  
number o f  s tu d en t s  in the c l a s s / g r o u p ,  then the t e s t i n g  c o n s t ru c t s  a r e :
(1) Aj might over lap  with Aj f o r  j  = 1, 2, . . . ,  10 in both c l a s s e s  x^ 
and y^ ( i  = 1, 2,  3 ) .
(2) A < A f o r  corresponding  c l a s s e s  x^ and y .  as well as f o r  the two 
groups G-j and Gg f o r  the same t a s k .
(3) The achievement o f  a con t ro l  group in kg would demonstrate progress  
i f  compared to  the achievement o f  the con t ro l  group in k^ .
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9 . 2 . 0 . 3 .  Discussion Of Results
1. Tables
Table 9.2 demonstrates the  number o f  c o r r e c t  answers f o r  each item in the 
f i r s t  achievement t e s t  T(k^) ,  and s ince  the numbers o f  s tu d en t s  o f  the 
two c l a s s e s  (Experimenta l)  and (Contro l)  a re  equal f o r  each school 
( i = 1, 2, 3 ) ,  and the se  numbers a re  comparat ively  sm a l l ,  the percentages  
are  no t  used,  w h i l s t  they a re  used in the t a b l e  with the  two groups G-j 
and Gg.
F i r s t  Achievement Tes t  T(k^)
Items in S Items in U
School Class No. o f  
S tudent
Type
5
1 2 3 4 5 6 7 8 9 10 Mean
Achievement
1 s t "1
26 Exp. 22 19 21 23 21 14 6 21 12 10 6.50
^1 26 Con. 16 19 18 22 10 17 11 16 18 8 5.96
2nd
Xg 28 Exp. 24 12 16 16 9 19 9 14 15 12 5.21
^2 28 Con. 9 5 11 18 4 3 3 9 8 4 2.64
3rd *3
33 Exp. 24 25 22 29 29 25 14 22 19 23 7.03
^3 33 Con. 15 19 11 20 13 11 6 9 5 5 3.45
Table 9 .2
Achievement In Items In S And U For Test  T(k^)
For Experimental  (Exp.)  Classes And Control (Con.) 
C la sse s .  F u r th e r ,  The Table In d ic a te s  The Mean 
Achievement For Each Experimental  And Control Class
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The fo l lowing  t a b l e  9 .3  i n d i c a t e s  the percentages  of  c o r r e c t  responses 
(achievements)  in each i tem of the t e s t  f o r  the two groups: the 
experimental  G-j = {x-j, Xg, Xg} a g a i n s t  the cont ro l  Gg = {y-j, yg ,  y ^ }  in
k-j.
T(Ki)
S U
Group No. of  
s tuden t s
Type 1 2 3 4 5 6 7 8 9 10 Mean
Achievement
87 Exp. 88 64 69 78 69 67 33 66 53 52 6.29
87 Con. 46 49 46 70 31 36 23 39 36 20 3.94
Table 9.3
Percentages  Of Correc t  Responses In Items Of Tes t  
T(k-j) For Experimental Group G-j And Control Group 
Gg. The Table Also Provides The Mean Achievement 
Of Each Group•
As f o r  kg,  the fo l lowing t a b l e s  9 .4  and 9.5 a re  s i m i l a r  to  those 
in  9.2  and 9 .3  r e s p e c t i v e l y .  In t h i s  case,G-j was the con t ro l  group 
in t h i s  t a s k ,  while Gg was the  exper imenta l  group.
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Second Achievement Test  T(kg)
S U
School Class No.of 
s tu .
Type 1 2 3 4 5 6 7 8 9 10 Mean
Achievement
1 s t
Xi 26 Con. 25 22 15 21 26 23 15 14 17 24 7.47
^1 26 Exp. 24 20 18 20 22 22 20 14 18 20 7.62
2nd
X2 28 Con. 24 16 11 9 17 20 9 10 9 17 5.07
28 Exp. 22 21 20 7 19 22 14 17 8 21 6.11
3rd
33 Con. 30 22 17 16 15 18 13 13 16 15 5.30
33 Exp. 27 23 18 23 23 23 26 19 25 20 6.88
Table 9.4
Achievement In Items In S And U For Tes t  T(kg) For 
Experimental And Control Classes Besides The Mean 
Achievement Of Each C la s s .
S U
Group No. of  
s tuden t s
Type 1 2 3 4 5 6 7 8 9 10 Mean
Achievement
^1 87 Con. 91 70 49 53 67 70 43 43 48 64 5.69
^2 87 Exp. 84 74 64 57 74 77 70 57 59 70 6.85
Table 9.5
Percen tages  Of Correc t  Responses In Items o f  Tes t  T(kg) For 
Control Group G.j And Experimental Group Gg, Besides The Mean 
Achievement Of Each Grouo .
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Figure  9 .1 ;  Any Diagram On The L e f t  I n d ic a te s  The Achievement Aj Of A 
Class  x^.(Exp) A gains t  Aj o f  Class y^ (Con) in T(k^) The
Contra ry  Holds For Tfkg) In The Opposite  Side For All 
i = 1 , 2  And 3 •
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Figure 9 .2 :  Achievement Of Experimental Group A gains t  Control
Group I n d ic a te d  In Percentages  In Items j  o f  T(k-j) 
And T f k g ) .
(a) G-J Experimental And G^  Control  : T(k-j)»
(b) G-J Control and Gg Experimental  : T (kg) .
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2. Analysis  o f  Result s
This a n a ly s i s  w i l l  as usual d iscuss  the t a b le s  on the  b a s i s  of  the 
t e s t i n g  c o n s t ru c t s  as well as any p o s s ib le  r e l e v a n t  in d i c a t io n s  t h a t  
might be involved .
( i )  Tables 9 .2  and 9 .4  and the corresponding diagrams o f  f ig u re  9.1 
i l l u s t r a t e  the over lap  between the achievement o f  s tuden ts  in c l a s s e s  
X-J and y-j and c l a s s e s  Xg and yg.  Such an over lap  does not  hold f o r  Xg
and yg except  in the case o f  item 1 o f  f ig u re  9 .3 .
My e xpec ta t ion  f o r  t h i s  c o r r e l a t i o n  was based to  d i f f e r i n g  deg rees ,  on 
the fo l lowing:
(a)  S tuden t s ,  as I have exper ienced  and i s  commonly acknowledged in 
Kuwait secondary schools a re  always aware o f  examinat ions ,  
e s p e c i a l l y  in mathematics.  And th e re f o r e  s tu d en t s  o f  one c l a s s  
who are  in the same grade and have the same te a c h e r  o f  mathematics 
u s u a l ly  t r y  to  t r a c e  what t h e i r  t e a c h e r  has s e t  t h e i r  peers in 
o th e r  c l a s s e s .  Some s tu d e n t s  in the exper imental  c l a s s e s  could
have re -cop ied  a l l  or  some o f  these  in s ta nces  in U f o r  t h e i r  own
b e n e f i t ,  as they th ough t ,  and f o r  t h e i r  co l leagues  in the  con t ro l  
c l a s s .  However, I have no a c c r e d i t e d  evidence f o r  t h i s  s i t u a t i o n ,
(b) Some s tu d e n t s  in  the  con t ro l  c l a s s e s ,  as I s t r o n g ly  su spe c ted ,  were 
ab le  in k-j to  sk ip  i n t o  U and they were as competent in U in some 
cases  as in the exper imenta l  c l a s s e s  who l e a r n t  in  U f o r  a s h o r t  
per iod  o f  t ime.  This i s  in l i n e  with the obse rva t ion  about  D- 
s tuden t s  in the Ehrenpreis and Scandura s tudy o f  1974 ( P . 4 -15) .
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(c) As f o r  the over lap  in T(kg) o f  f ig u re  9 .3 ,  I con jec tu re  t h a t  
cont ro l  s tuden t s  in kg b e n e f i t e d  from le a rn in g  in U in K-j, 
e s p e c i a l l y  where case (a) was not  involved.
All these  e x p e c t a t i o n s , and perhaps o t h e r s ,  go in l i n e  with the f i r s t  
c o n s t r u c t .
( i i )  Despite  such c o r r e l a t i o n  expec ted  from Cons truc t  1, t a b l e s  9 .2 ,
9 .3 ,  9 .4  and 9.5 demonstrate t h a t  the mean achievement A f o r  each 
con t ro l  c l a s s /g ro u p  was l e s s  than the mean achievement A f o r  the 
corresponding exper imental  c l a s s /g ro u p  in both t a sks  k-j and kg. Such a 
demonst rat ion o f  the achievement in  S + U may provide  a c c r e d i t a b l e  suppor t  
to P ropos i t ions  5 . 1 ,  8.2  and 9.1 as well as prov id ing a s o r t  o f  r e l i a n c e  
on the c o n s t r u c t  e f f i c i e n c y  and theory  d iscussed  in  Chapter  5 on the  b a s i s  
o f  the  space o f  knowledge as a conceptual  s t r u c t u r e .  Hence the r e s u l t s  
s tand  in l i n e  with the  second c o n s t r u c t . Diagrams o f  f i g u r e  9.2 
i l l u s t r a t e  t h a t  the achievement o f  the  experimental  group in  each i tem was, 
in a l l  items excep t  i tem 1 o f  T(kg) ,  s u p e r io r  to  the achievement o f  the 
con t ro l  group.
( i i i )  Furthermore,  i f  we s p e c u la te  about  the mean achievement o f  the 
r e p r e s e n t a t i v e  groups G-j and Gg demonstrated in  Tables 9 .3  and 9 . 4 ,  we 
observe t h a t :
k Mean .Ki Kg
G-J 6.29  (Exp.) 5.69 (Con.)
Gg 3.94 (Con.) 6.85 (Exp.)
a*nd t h i s  i n d i c a t e s  t h a t  (a)  the  con t ro l  group G-j in kg has b e n e f i t t e d
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from the modified t r ea tm e n t  rece ived  by G-j as experimental  in K-j 
compared to the mean achievement o f  cont ro l  group Gg in k-j which 
suppor ts  the t h i r d  c o n s t ru c t ;  and (b) the dec l ine  o f  the mean achievement 
o f  G-J from k-j to  kg ,as  well as the inc re ase  of  the mean achievement o f  
Gg from k-j to kg might sugges t  t h a t  t h i s  v a r i a t i o n  i s  in some way r e l a t e d  
to change in the methodology which in i t s  tu rn  i s  mainly r e l a t e d  to  the 
change in l e a rn in g  space in favour  o f  S + U.
9 . 2 . 0 . 4 .  Conclusion 9.1
( i )  There i s  an i n d i c a t i o n  t h a t  the modified treatment-model  
which group G-j r ece ived  in k-j improved i t s  performance in kg,  as 
i t  did not  have the modified t r e a tm e n t ,  i f  compared to  the 
achievement o f  Gg in k-j.
( i i )  The achievement o f  a c e r t a i n  mathematical  t e a c h in g - l e a r n in g  
ta sk  under S + U demonstrates i t s e l f  to  be s u p e r io r  to  the r e l e v a n t  
achievement o f  the  same ta sk  under S.
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9 . 2 . 0 . 5 .  Summary Of Experiment I .
TITLE
PURPOSE OF STUDY
PROCEDURE ( i )
( i i )
( i i i )
TESTING OF 
ACHIEVEMENT
CONTENT
VALIDITY
Experiment I
To s tudy  the achievement under the conventional
le a rn in g  space S a g a i n s t  the achievemeiit in the proposed
le a rn in g  space S + U.
Two s ucces s ive  le a rn in g  ta sks  k-j and kg were chosen from 
the tex tbook  o f  mathematics of  the second grade ,  and two 
t r e a tm e n t s :  one^R, convent ional  and the o th e r ,  R, 
modified were prepared  f o r  each t a s k .  (Appendix G).
Two r e p r e s e n t a t i v e  groups G-j and Gg o f  equal numbers of  
s tu d e n t s  aged 15-16 yea rs  from s ix  c l a s s e s  from th r e e
d i f f e r e n t  secondary schools  in Kuwait.
The s tudy  was run as fo l lows:
Task (Exper im en ta l , Treatment) ( C o n t r o l , Treatment)
( G-j * Rq ) ( Gg , R^  )
h ( Gg , Rg ) ( G-J , ^2 )
T(k-|) and T(kg) were two achievement t e s t s  (Appendix G) , 
each o f  ten  i tems with the  f i r s t  f i v e  in S and the o th e r  
f i v e  as t h e i r  a s s o c i a t e s  in U under P ro p o s i t io n  8 . 2 .  
T(k-j) and T(kg) were des igned and adm in is te red  to  the 
two groups a f t e r  complet ion o f  the t a s k .
This was judged by the panel t h a t  c o n t r ib u te d  in 
c o n s t r u c t io n  o f  the t e s t  demonstrated in ( i i )  o f  2.4 - 
Chapter  2.
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TESTING
CONSTRUCTS (1)
( 2 )
(3)
RELIABILITY
CONCLUSION ( i )
(11)
An over lap  in performances of  c l a s s e s  t h a t  c o n s t i t u t e  
the two groups G-j and Gg.
The mean achievement o f  a con t ro l  c l a s s / g ro u p  would be 
l e s s  than the mean achievement o f  the corresponding 
exper imental  c l a s s /g ro u p .
The achievement o f  a cont ro l  group in kg would demon­
s t r a t e  p rogress  i f  compared to  the  achievement o f  a 
con t ro l  group in  k-j.
This was s a t i s f i e d  on b a s i s  of  the i n t e r - r a t e r  
r e l i a b i l i t y  d iscussed  in  2 . 4 .2 .1 .1  o f  Chapter 2.
The modified t r ea tm e n t  R, which group G-j rece ived  in k-j, 
improved i t s  performance in kg, s i n c e  i t  did not  have 
the modified t r ea tm e n t  Rg i f  compared to  the achievement 
of  Gg in K-J.
The achievement o f  a c e r t a i n  mathematical  te ach ing -  
l e a rn in g  ta sk  under S + U demonstrates s u p e r i o r i t y  to 
achievement o f  the ta sk  under S.
9 .2 .T .  Experiment II
This experiment was concerned to  f ind  out  on the ba s i s  o f  a s t a t i s t i c a l  
hypothesi s*  how f a r  the l e a rn in g  space S + U could be b e n e f i c i a l  to 
o rd ina ry  s t u d e n t s ,  commonly sa id  to be in the m a jo r i t y .  I t  i s  t h e r e f o r e  
necessary  to  i d e n t i f y  a s e n s ib l e  d e f i n i t i o n  o f  an o rd ina ry  s tu d e n t  in the
* A s t a t i s t i c a l  hypothesi s  i s  an assumption or  s ta tement which may or  may 
not  be t r u e ,  concerning one or  more popula t ion  (Walpole, 1968, P . 209).
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area  of  t h i s  s tudy .  As a m a t t e r  of  f a c t  a
s tu d e n t  in Kuwait i s  cons idered  to be e x c e l l e n t  a t  mathematics i f  he 
(o r  s h e ) ,  over  a c o n s id e ra b le  per iod  o f  the academic y e a r ,  e . g .  5 or  
6 months,  o b ta in s  an average score  o f  not  l e s s  than 80%. The s tu d e n t  
i s  cons idered  to  be weak and hence f a i l s  i f  h i s / h e r  average score  was 
l e s s  than 40%. Accordingly ,  i t  was found adequate to  de f ine  an o rd ina ry  
s tu d e n t  to  be n e i t h e r  excel  l e n t  nor  weak. Hence the fo l lowing  d e f i n i t i o n ;
9 . 2 . 1 . 0 .  D e f in i t io n  9.1
A s tu d e n t  i s  s a id  to  be o rd ina ry  in the mathematics o f  the  
a rea  o f  t h i s  s tu d y ,  i f  in a cons ide rab le  per iod  of  the academic
y e a r ,  the s tu d e n t  could o b ta in  an average sco re (A.S .)  in  
mathematics which i s  l e s s  than 80% and g r e a t e r  than o r  equal 
to  40%.
For convenience,  a l l  t o t a l  marks o f  a l l  grades o f  secondary school in 
Kuwait w i l l  be cons idered  to  be 100 and hence the average sco re A.S. 
f o r  an o rd ina ry  s tu d e n t  w i l l  s a t i s f y :  40 A.S. < 80.
9 . 2 . 1 . 1 .  Purpose Of Study
The s tudy  was aimed to  demonst rate on the b a s i s  o f  h y p o t h e s i s - t e s t i n g  
t h a t  t e a c h in g - l e a r n in g  techn iques  based on the  le a rn in g  space S + U 
under P ro p o s i t io n  9.1 are  s u p e r i o r  f o r  o rd in a ry  s tu d e n t s  to  t h a t  technique  
c o n v en t io n a l ly  based on the  l e a rn in g  space S. In more p r e c i s e  terms 
t h i s  evidence  was d i r e c t e d  towards s tudying  the  fo l lowing hypothes i s  
regard ing  o rd in a ry  s tu d e n t s  in the  conventional  achievements in S. S 
was in t roduced  i n t o  the  s tudy  in  o rd e r  to  demonstrate  t h a t  the
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achievement in S + U, would be s u p e r io r  to the achievement o f  the S 
s tuden t s  in t h e i r  space o f  knowledge S fo r  a f u r t h e r  purpose d iscussed  
in 9 . 2 . 1 . 4 .
9 . 2 . 1 . 2 .  Hypothesis  9.1
The mathematics achievement in a t e a c h in g - l e a rn in g  ta sk  based 
on the le a rn in g  space S + U in the sense o f  P ro p o s i t io n  9.1 
i s  s u p e r i o r ,  f o r  o rd ina ry  s tu d en t s  in the a rea  o f  t h i s  s t u d y , 
to the achievement in the t e a c h in g - l e a r n in g  s i t u a t i o n  o f  the 
same ta sk  con v en t io n a l ly  based on the l e a rn in g  space S.
9 . 2 . 1 . 3 .  Two Tasks And The i r  Treatments
I chose two ta sks  k and k from the mathematics o f  the  fou r th  ( f i n a l )  
grade and second grade o f  the secondary school in Kuwait. The choice o f  
the  second secondary grade was d iscussed  in 9 . 2 . 0 ,  while  the choice
of  the f i n a l  grade o f  secondary school was r e l a t e d  to  the  f a c t  t h a t  the
s tu d e n t s  in t h i s  grade a re  recognised  to be mostly s e r io u s  and keen to
make a l l  p o s s ib le  e f f o r t s  in coping with mathematical  t a s k s .  This i s  due
to  the high competi t ion  f o r  p laces  a t  a co l le g e  o f  high r e p u te .  Th i s ,  
i t  was thought,would p r e s e n t  a more va luab le  dec i s ion  about  the hypothes i s .
Each o f  the ta sks  were p resen ted  in two t r e a tm e n t s ,  the  conventiona l  R, 
in S and the modif ied ,  R, in  S + U based on P ro p o s i t io n  9 . 1 ,  as in the 
prev ious  t a sk s  in  9 . 2 . 0 .  Here I p r e s e n t  both t a sk s  f u l l y .  Each ta sk  
was c o n s t ru c t ed  on the  b a s i s  o f  a unique b as ic  behav ioural  o b j e c t i v e  B f o r  
k and B f o r  k .
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T a s k  : k Grade: Final  grade o f  the secondary school in
Kuwait.
B: To i d e n t i f y  and apply the knowledge of  so lv ing  a simple
d i f f e r e n t i a l  equat ion  - o f  the  f i r s t  degree by using an 
i n t e g r a t i n g  f a c t o r .
The Conventional Treatment:  
R=R(S) o r  R(k)
The Modified Treatment:  
R = R (S + U) or  R(k)
i )  The fo l lowing examples were 
chosen as the same in the textbook.
(Ex-1): f  1
(S - In s tance )  
(Ex .2) :  ^  + y = eX
(S - Ins tance )
(Ex.3) :  ^  = y + 4 
(S - In s tance )  
(Ex .4 ) :  3 ^  + y + eE
(S - Ins tance )
i )  The fo l lowing examples a re  based 
on P ro p o s i t io n  9 . 1 , such t h a t  Ex.2 i s  
the  a s s o c i a t e  in U o f  Ex. 2 in R. 
S i m i l a r l y ,E x . 4 i s  the a s s o c i a t e  in U 
of  Ex.4 in R, while  Exs. 1 and 3 are 
the same as R.
(Ex-1): #  = 4  + 1
(S - In s tance )
(Ex .2 ) :  ^  + ay = e*
(a being a constant^O)
(U -Ins tance)
(Ex .3 ) :  ^  = y + 4 
(S - In s tan ce )
(Ex.4 ) :  3a - ^  + y + = 0
(a being a constantfO)
(U-Ins tance)
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( i i )  The fo l lowing e x e r c i s e s  were 
chosen from 10 e x e r c i s e s  in the 
textbook (see  the Arabic s h e e t  in 
Appendix G).
(1) ^  1
(S - In s tance )
(2)
(S - In s tance )
( 3 )
(S - In s tance )
( 4 ) 4 - y "
(S - In s tance )
( 5 ) dy xy = X
(S - Ins tance )
(6) + (1 + x)y = e ‘
(S - Ins tance )
Here i s  the s o lu t i o n  o f
( i i )  The fo l lowing e x e r c i s e s  were 
p resented  on the  b a s i s  o f  R.
(1) m  -  X + 1
(S - Ins tance )
(2) + -^y = 4 (a being cons tan tfO)
(U-Ins tance)
( 3 )
(S - In s tance )
( 4 ) 2-^  - ay = e2*(a being cons tant fO)
(U-Ins tance)
( 5 ) dy7E ■ xy = X
(S-Ins tance )
(6) + (1 + ax)y = e'
(U-Ins tance)
(a being 
constantj=0)
^  - ~ y  = 1 ;  the i n t e g r a t i n g  f a c t o r  : M = exp ( / - ^ x )  = exp( log .^2)=  ~Zx2) = 1,
Hence: dx (M.y) -  -> %2 'y  = - 1  + c
Then: y = cx - x (with x |= 0, i . e .  the po in t  (0 ,  0) i s  excluded) .
The t rea tm en t  o f  k was s i m i l a r  to  t h a t  o f  k as fo l lows:
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Task: k Grade: Second grade o f  the  secondary school in
Kuwait.
B: To i d e n t i f y  and apply  the  knowledge o f  f ind ing  the  s o lu t i o n  s e t  of
2 > 2 X + b x  + c % 0 where x + b x  + c = ( x - x ^ )  ( x - X g )  with x-j and Xg
in t e g e r s  ( c e r t a i n  c o n s id e r a t io n s  are given to  x-j and Xg in U).
The Conventional t r e a tm e n t :  
R = R(S) or  R(l<) The Modified t r e a tm e n t :  Ü = R(S + U) o r  R(k)
Examples
(1) -  X > 12
(S - In s tance)
(2) (x-1)  (x-4)  < 0
(S - Ins tance )
(3) x^ -  4 ÿ 0 
(S - In s tance)
(4) x^ + Sx + 2 0 
(S - Ins tance )
Find th e  s o lu t i o n  s e t  o f :  
.2( 1 )
( 2 )
( 3 )
( 4 )
X" -  X > 12 
(S - Ins tance )
(x-a)  (x-4)  < 0 ( ' a '  being cons tan t )  
(U-Instance)
x^ -  4 > 0
(S -Ins tance)
p pX + 3ax + 2a < 0 ( ' a '  being
(U-Instance) cons tan t )
Exerc ises Find the  s o lu t io n  s e t  of :
(1) x^ + 4x > 0 ( 1 ) X? + 4x > 0
(2) x^ - 5x > -4 (2) x^ - Sax > -4a^
( 3 ) (x -1 ) (x+2) < 0 ( 3 ) (x-1) (x+2) < 0
( 4 ) x^ > 9 ( 4 ) x ' > 9aZ
( 5 ) 5x - 6 <  x^ ( 5 ) 5x - 6 < -x^
( 6 ) X < 6 -  x^ ( 6 ) a x < 6a ^  - x ^
9-33
I t  i s  to  be noted t h a t  the  examples and e x e rc i s e s  of  the  t rea tem en t  R 
were chosen from the  textbook  f o r  the  second grade.  Here i s  an 
i l l u s t r a t i v e  example o f  the method o f  s o lu t io n  a l so  found in the textbook 
and consequently  t a u g h t  to  s tu d e n t s .
Ex. 1: x^ - X > 12 => (x-4) (x+3) > 0
X - 4 > 0 <=> X ^ 4 and x -  4 < 0 <=> x < 4,  s i m i l a r l y  x + 3 .
Accordingly,  the fo l lowing t a b l e  9.6 i s  c o n s t ru c t e d .  I t  a s s igns  the  
s o lu t i o n  s e t .
X ~3 4
x-4 - 0 + + +
x+3 — — — 0 + + + + + +
(x-4)(x+3) + + + 0 - -  0 + + +
Table 9.6
I l l u s t r a t i v e  Table Used For Finding The So lu t ion  
Set  Of ( x - x . j )  ( x - X g )  ^ 0.
Hence the s o l u t i o n  s e t  de r ived  from Table 9.6 i s  { x :  x < -3 or  x > 4}
9 . 2 . 1 . 4 .  D esc r ip t ion  Of Method
Each o f  the  two groups o f  s tu d e n t s  were given a r e l e v a n t  achievement t e s t  
which was in S, s in c e  I p r e f e r r e d  to  confirm on the  b a s i s  of  h y po the s i s -  
t e s t i n g  t h a t  the  achievement in R i s  s u p e r io r  in S to  the conventiona l  
achievement in R. By t h i s  I a l s o  in tended  to  demonstrate  t h a t  such
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r e s u l t s  might meet a convenient  con ten t ion  f o r  change in the educa tiona l  
system. This I wanted to presume on the bas is  o f  my exper ience t h a t  
t h i s  system i s  i n e r t i a l l y  r e l u c t a n t  to  r a d ic a l  changes in the  l e a rn in g  
space S. Here,most  people who work in t h i s  f i e l d  b e l ieve  t h a t  such a 
space i s  the  adequate one,  al though  a l l  o f  them, myself  inc luded ,  do not  
recogn ise  the  e x i s t e n c e  o f  such a space.
(a)  The Material
Here I p r e s e n t  the  two achievement t a sk s  T(k) and T(k) f o r  t a sk s  k and k 
r e s p e c t i v e l y
(a^)
(a?)
T ( k ) : A achievement t e s t  f o r  t a sk  k: f i n a l  grade.
Solve each o f  the  fo l lowing  d i f f e r e n t i a l  equa t ions  by
means o f  the  i n t e g r a t i n g  f a c t o r .
(1) + 2y = e*
(2) X 3^ -  xy -  x^
(3) 3 ^  + y = e 7
(4) (x+1) ^  = X - y
- i x
T ( k ) : An achievement t e s t  f o r  ta sk  k: second grade.
Find the  s o l u t i o n  s e t  o f  each o f  the  fo l lowing open 
sen tences  in x.
(1) XT - 4x - 5 > 0
( 2 )  x f  -  2x < 0
( 3 )  x^ -  1 < 0
(4) x f  + 3x + 2 »  0
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(b) Subjec ts  And S e t t i n g
(b-j) For k: Two c l a s s e s  x-j and y-j who had the same mathematics
te a c h e r  were chosen from one school f o r  g i r l s ,  and ano ther  two c l a s s e s  
Xg and yg ,  who had the  same mathematics t e a c h e r ,  were chosen from ano ther  
school f o r  boys.  The four  c l a s s e s  were in the  f i n a l  grade o f  secondary 
school in  Kuwait. This number o f  c l a s s e s  was chosen as any two c l a s s e s  
might t h e o r e t i c a l l y  c o n s t i t u t e  a r e p r e s e n t a t i v e  sample(see  Appendix A) of  
the  t o t a l  popula t ion  f o r  a g rade .  The average age was approximate ly 18 
y e a r s .
(bg) For k: The same procedure f o r  k was adopted f o r  k. Two c l a s s e s
x-j and y-j were chosen from one school f o r  g i r l s  and ano ther  two c l a s s e s  
Xg and yg were chosen from the  same school f o r  boys.  The two c l a s s e s  in 
each school had the  same t e a c h e r  o f  mathematics.
All c l a s s e s  were in the  second grade o f  secondary school in  Kuwait. The 
average age was approx imate ly  16 y e a r s .
(bg) Group G-J = { X-J, Xg} was s e t  as the exper imental  group,  and 
Gg = {y-j, yg} as the  con t ro l  f o r  k. Furthermore,  group G-j' = {x-j, Xg} 
was the  experimenta l  group and Gg = {y-j, yg} was the  con t ro l  f o r  k.
The fo l lowing t a b l e  9.7  i l l u s t r a t e s  the  number o f  s u b j e c t s  and s e t t i n g  
o f  them.
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Task Experimental
Class
No. o f  
subjects
Control
Class
No. of  
Subjects
Experimental
Group
Control
Group
k
23 y] 20 ^1 ~ } ^1 ’Kp} ^2
X2 25 H 24
k
28 yi 27 G^  = {X-j ,Xg} ^2 ~ 1-7] 5^2^
^2 22 y2 24
Table 9.7
C l a s s i f i c a t i o n  Of Classes/Groups By Control 
Or Experimental And Numbers Of S tudents  In 
C lasses .
( I t  i s  to  be noted t h a t  the  numbers o f  o rd ina ry  s tu d e n t s  in G-j, Gg, G-j 
and G re: 
and 9 . 9 ) .
s p e c t i v e l y  were 33,  28, 32 and 33 , as i n d i c a t e d  in Tables 9 .8
(c) The Procedure
(c-j) The R -sub jec t s  ( c o n t r o l )  l e a r n t  the  ta sk  fo l lowing t h e i r  textbooks  
accord ing to  the  plan f o r  the  t a s k ,  expla ined  in the  t r ea tm e n t  R = R(S),  
w h i le  the  R -sub jec t s  ( exper im en ta l )  were given the  elements o f  U, whether 
examples o r  e x e r c i s e s  by the  t e a c h e r  who wrote them up on the  b lackboard ,  
along with the elements  o f  S from the t e x t .
(Cg) The t e a c h e r  f i r s t l y  d i scussed  the  fo u r  examples planned in  the  ta sk  
to both the  con t ro l  and the  exper imental  c l a s s e s .  Then the  t e a c h e r ,  the  
s e n io r  t e a c h e r ,  o r  a t  l e a s t  once f o r  each c l a s s ,  I fo l lowed ,  guided and 
helped s tuden t s  as they worked through the e x e r c i s e s .  I t  took o.n average
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two per iods  f o r  the f i n a l  grade and th ree  per iods  f o r  the  second grade 
to  complete t h i s .  The s tu d e n t s  used t h e i r  own copy books,  and t h i s  was 
in tended  to  reduce the  'u n u su a l '  f a c t o r s  during the  exper iment .
(Cg) The achievement t e s t  T(k) or  T(k) was given to  the s tu d e n t s  on 
the  day a f t e r  complet ion o f  the  p rev ious ly  desc r ibed  t a s k .  The d u ra t io n  
o f  the  t e s t  was s e t  as one per iod  o f  45 minutes and a l l  s tuden t s  could 
work through most o f  the  e x e r c i s e s  in t h i s  t ime.  Thei r  answers were 
w r i t t e n  on the same s h e e t  as the  q u e s t io n s .
(d) In marking the t e s t ,  ' f l '  was given to  a complete c o r r e c t  procedure 
in any q u e s t i o n - i t e m ,  even wi th simple m i s c a l c u l a t i o n s ;  o th e rw is e ,  'O' 
was g iven.  The t e a c h e r s  o f  the  two c l a s s e s  and the  s e n io r  t e a c h e r  in 
the  same school helped me in c o r r e c t i o n  o f  the answering s h e e t s .
9 . 2 . 1 . 5 .  Discussion Of Result s
1. Tables
In the  fo l low ing ,  I p r e s e n t  t a b l e  9 .8  which i l l u s t r a t e s  the  average 
score  'A.S'  f o r  mathematics o f  each s tu d e n t  taken from the  school records  
in the  f i r s t  s i x  months o f  the  academic y e a r  1979/1980.  The 'A.S'  
p a r t i t i o n e d  each c l a s s  i n t o  e x c e l l e n t ,  o rd ina ry  and weak in the  sense o f  
D e f in i t i o n  9 .1 .  The t a b l e  a l s o  con ta ins  the t e s t i n g  sco re  'T .S '  o f  
each s tu d e n t  in th e  r e l e v a n t  achievement t e s t .
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Final  (4th Secondary) Grade
Exper i­
mental
Control Exper i­
mental
Control Exper i­
mental
Control Exper i­
mental
Control
Cl.. ^1 Cl. ^1 Cl. Xg Cl. ^2 Cl. Cl. ^1 Cl. ig Cl
AS TS AS TS AS TS AS TS AS TS AS TS AS TS AS TS
1 94 3 96 4 92 4 90 4 93 4 96 4 95 4 95 4
2 88 4 93 3 90 4 84 4 93 4 95 4 95 4 94 4
3 86 4 85 4 84 4 83 4 90 3 94 4 94 4 88 4
4 82 4 82 3 83 4 84 4 85 2 86 4 85 3
5 82 4 80 3 84 4 82 4 80 4
6 80 4
1 79 3 78 3 78 4 78 3 78 4 79 4 76 4 78 4
2 75 4 77 3 78 3 75 4 77 3 77 4 75 3 76 4
3 73 3 73 2 74 3 73 4 75 4 73 3 72 3 75 4
4 70 3 69 2 73 4 72 3 75 3 72 1 70 4 72 3
5 68 4 68 3 71 2 70 2 74 3 69 2 68 4 67 4
6 68 3 64 4 70 3 69 3 73 4 68 3 64 3 63 4
7 64 2 60 2 68 3 65 3 65 4 64 3 63 3 62 3
8 62 3 55 2 67 3 64 2 64 3 63 4 60 4 62 3
9 59 3 54 2 66 3 60 3 59 3 61 3 60 3 59 2
10 54 3 52 2 58 3 58 2 57 2- 58 2 52 3 55 1
11 53 3 48 1 56 2 57 1 56 2 58 1 51 3 53 2
12 50 3 48 2 55 3 50 2 55 3 54 2 50 2 53 1
13 50 2 40 1 54 3 48 1 55 2 52 3 46 1 49 1
14 46 1 51 3 46 2 49 2 50 1 45 2 48 1
15 44 2 50 3 40 1 47 2 49 1 42 1
16 43 2 48 2 46 1 48 1
17 48 1 44 2 45 1
18 40 0 45 1
1 34 0 35 1 30 0 38 0 38 1 36 1 35 2 38 1
2 28 0 30 0 28 0 35 1 38 1 35 0 35 0 36 1
3 24 1 25 1 23 0 31 1 30 0 32 1 32 1 30 0
4 22 0 25 0 28 1 28 1
5 20 0 24 1
2nd Secondary Grade
mXom
—1 
CO
om
CO
opoo
>
CO-i
3=»
CO
c:o
(/)
Table 9 .8
Average Scores (A.S) And T es t ing  Scores (T.S) For The Relevant  Tes t .
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The fo l lowing  t a b l e  9.9 der ived  from ta b l e  9 .8 ,  i l l u s t r a t e s  the number 
' n '  o f  o rd ina ry  s tu d en t s  in each c l a s s / g ro u p ,  as well as the mean o f  the 
'A.S* and 'T .S '  f o r  c l a s s e s /g r o u p s .
TASK k:
........................................  . . . .
Class/Group *1 ^1 *2 ^2 G-j -  { X-|, Xg} G% ={ y i , y g }
n 16 13 17 15 33 28
Type Exp. Con. Exp. Con. Exp. Con
Mean o f  AS 59.88 60.46 62.65 61.66 61.30 61.11
Mean of TS 2.75 2.23 2.82 2.4 , 2 . 7 9 2.32
TASK k:
Class/Group ^1 Xg ^2 G-| — { X-j ,Xg} ^2 " {^1*^2)
n 18 18. 14 15 32 33
Type Exp. Con. Exp. Con. Exp. Con.
Mean o f  AS 60.5 60.28 60.86 60.93 60.66 60.58
Mean o f  TS 2.72 2.22 3 2.53 2.78 2.36
Table 9.9
The Mean Of The Average Scores And The 
Mean Of T es t ing  Scores Of O rd inary .S tuden ts  
In Each Class/Group •
2. Analysis  Of Resul ts
( i )  Table 9.9 i n d i c a t e s  the  mean o f  the average sco res  o f  o rd ina ry  
s tu d e n t s  in d i f f e r e n t  c l a s s e s  o r  groups i s  almost  equa l .  The d i f f e r e n c e s  
a re  very s l i g h t  and t h i s  provides  a d d i t i o n a l  suppor t  to  the a s s e r t i o n  t h a t
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a l l  c l a s s e s  in the same grade in  the secondary schools in Kuwait are 
more or  l e s s  e q u i v a l e n t .  This could be due to  the  f a c t  t h a t :
a) a l l  s tu d e n t s  in any grade o f  secondary school a re  randomly
d i s t r i b u t e d  in t o  t h e i r  c l a s s e s ;
b) a l l  the mathematics t e a c h e r s  have s i m i l a r  q u a l i f i c a t i o n s  and
training*,  and
c) a l l  s tu d e n t s  in  the  same grade fol low the same textbook and the
same p e r io d i c a l  plan f o r  under tak ing  t a sks  in  the t e x t .
N ev e r th e le s s ,  the mean o f  the t e s t i n g  scores  (T.S) was shown to  be h ighe r  
in the case o f  the  exper imenta l  c l a s s /g ro u p  than in  the  cor responding 
con t ro l  c l a s s / g ro u p .  This  i n d i c a t i o n  i s  in  l i n e  with the r e s u l t s  in  
t a b l e s  9 .2 ,  9 . 3 ,  9 .4  and 9 . 5 ,  as well as with p a r t  ( i i )  o f  conc lus ion  
9.1 t h a t  can be found in the  prev ious  p iece  o f  experimental  ev idence .
( i i )  In t e s t i n g  the  hypothes i s  9 . 1 ,  i t  was cons idered  t h a t  t h i s  would 
be b e t t e r  only d iscussed  f o r  groups 6^ a g a i n s t  and G-j a g a i n s t  Gg.
This i s  f i r s t l y  because the  numbers in the  c l a s s e s  a re  com parat ively  smal l .  
Another reason i s  t h a t  the  groups s tu d ie d  should not  belong to  d i f f e r e n t  
t e a c h e r s ,  so t h a t  the r e s u l t s  under t h i s  change may confirm p r im a r i l y  
the r o l e  o f  the  concept ion o f  a space o f  knowledge in the  methodology.
This i s  in the  sense t h a t  a change o f  the l e a rn in g  space S to  S + U would 
induce a r e l a t e d  change in the  achievement.
The t e s t i n g  of  hypothes i s  9.1 w i l l  be s i m i l a r  to  the s tudy  o f  the 
hypotheses H-j and in  t a b l e  8 .8 .  The fo l lowing  t a b l e  9 .1 0 ,  der ived  from
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ta b l e  9 .8  i s  s i m i l a r  to  t a b l e  8.8  and r e l a t e d  to the groups , G^, G-j 
and Gg. I t  w i l l  be assumed t h a t  those groups are  r e p r e s e n t a t i v e  samples 
(see Appendix A) s ince  they are  drawn from two c l a s s e s  in the f i e l d .  This 
assumption i s  suppor ted  by assuming t h a t  the p a ren t  popula t ions  of  the 
groups are approximate ly  normal with e q u i v a le n t  v a r ia n ces .
G-| <■— > Gg Gl < - ' > Gg
n 33 28 32 33
Mean 2.79 2.32 2.78 2.36
S.D. 0.74 0.90 1.01 1.22
( n - l ) ( S . D . ) ^ 17.52 22.11 31.47 47.64
2Common var iance  D 0.57 1.26
+ "2 p2 0.21 0.28
V
t 2.24 1.5
Table 9.10
S p e c i f i c a t i o n  Table For Tes t ing  Of Hypothesis  9.1
Let M-j and Mg r e p r e s e n t  the  achievement o f  the exper iment  and con t ro l  
groups in achievement t e s t s  T(k) and T(k) r e s p e c t i v e l y ,  and l e t  hypotheses
Hq and H be:
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Hq : M-j = Mg i . e .  = 0 - the null  hypothesis*
H : M^ > Mg - a one-s ided  a l t e r n a t i v e *
Let a = 0 . 0 5  be a level  o f  s i g n i f i c a n c e .
Then the c r i t i c a l  reg ion  i s  i d e n t i f i e d  by the value of  the
random v a r i a b l e  T corresponding to  T > t^  f o r  the a l t e r n a t i v e
H (Walpole,  1968, P . 228).
Now, in t a b le s  o f  R. A. F i s h e r ,  f o r  the percentage po in t s  o f  the t  
d i s t r i b u t i o n  in (Walpole ,  1968, P . 333), we f ind :
t  = 1.645 f o r  G, and G. with d f  = 33 + 28 -  2 = 59a 1 2
as well as f o r  groups G^  and Gg with df  = 63.
A f te r  comparing the values  o f  t  in t a b l e  9.10 we might conclude t h a t :
Hq i s  s i g n i f i c a n t l y  r e j e c t e d  a g a i n s t  the a l t e r n a t i v e  H in 
hypothes is  9.1 concerning G^  and Gg; n e v e r t h e l e s s ,  i s  accepted 
f o r  G-J and Gg.
This could mean t h a t  the  m o d i f ica t io n  in  the methodology based on 
P ro p o s i t io n  9.1 i s  more adequate and s i g n i f i c a n t  f o r  s tu d en t s  in the 
h ig h e r  g rades ,  such as the f i n a l  g rade ,  r a t h e r  than those in the  lower 
g rade .  N ev e r th e le s s ,  t h i s  i n d i c a t i o n  may be r e l a t e d  to  the f a c t  t h a t  
s tu d e n t s  in the  f i n a l  grade are  more f a m i l i a r  with the  H - s t ru c tu r e  than 
s tu d e n t s  in the  second g rade ,  s ince  they are  used to  applying t h e i r  
mathematics in physics  o r  chem is t ry ,  which i s  r e l a t e d  with H. Hence, 
they  could have b e n e f i t e d  s i g n i f i c a n t l y  more from the  l e a rn in g  space 
S + U than s tuden t s  o f  the second grade .
However, i f  we choose a leve l  o f  s i g n i f i c a n c e  a = 0 .2 0 ,  then:
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tg  -jQ = 1.282,  which means t h a t  f o r  an approximate 80% confidence  
i n t e r v a l  f o r  M-j -  Mg f o r  Groups G-j and Gg in t a b l e  9.10 we have:
(2 .78 -  2.36) - 1.282 (0 .28)  < M-, -  Mg < (2 .78  - 2.36) + 1 .282(0 .28)  
o r :  0.06 < M^ -  Mg < 0 .78 ,  (Walpole,  1968, P . 187),
which means t h a t  we a re  80% c o n f id e n t  t h a t  the i n t e r v a l  from 0.06 to  0.78 
con ta in s  the t r u e  d i f f e r e n c e  o f  the average grades f o r  the two l e a rn ing  
spaces ,S  + U and S , f o r  the second grade.  And the f a c t  t h a t  both confidence 
l i m i t s  a re  p o s i t i v e  i n d i c a t e s  t h a t  the methodology o f  l e a rn in g  in S + U 
under P ro p o s i t io n  9.1 i s  s u p e r io r  to  the o the r  conventional  methodology 
and hypothes is  H i s  to  be accepted .
Never the less ,  d e s p i t e  the  confidence  i n t e r v a l  f o r  the  second grade not  
being as s i g n i f i c a n t  as f o r  those in the f in a l  g rade ,  we could optimise 
the  methodology r e l e v a n t  to  S + U in improving mathematics achievement 
in the  sense o f  conclusion  9.1 r e l a t e d  to  the f i r s t  experiment in 9.2 
f o r  the second grade ,  which demonstrated t h a t  the (S + U) group was 
s u p e r io r  to the (S) group in both t a sk s  k  ^ and kg under P ropos i t ion  9 .1 .
Hence, i t  was be l ieved  t h a t  a general  and bas ic  conclusion  may be 
drawn from the evidence  found in those two experiments in t h i s  Chapter .
This conclusion  may p re s e n t  a f e a s i b l e  reform in the methodology sought 
in t h i s  s tudy .  I b e l i e v e  a reform in t h i s  f i e l d  w i l l  remain p a r t i a l  
u n t i l  we ob ta in  a f a i r  amount of  knowledge concerning 
a p r i n c i p l e  o f  in v a r i an ce  (see Appendix A). This might then provide 
proper  cond i t ions  so t h a t  the law o f  un ive rs a l  determinism (see  Appendix A) 
may stand s t r o n g e r  in the behavioural  s c ience .
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9 . 2 . 1 . 6 .  Basic Conclusion 9.2
A methodology in mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s  
based on the l e a rn in g  space S + U,in the sense o f  the 
a lgor i thm sugges ted  in p ro p o s i t i o n  9.1, i s  s u p e r io r  f o r  
the mathematical achievement o f  s tuden ts  - in the a rea  o f  
t h i s  s tudy  -  to  the  c u r r e n t  methodology t h a t  i s  u l im a te ly  based 
on the l e a rn in g  space S.
(N.B. One might ask i f  the 'A .S . '  f o r  normal s tuden t s  could 
have any i n d i c a t i o n s  t h a t  may suppor t  p r e d i c t i o n  on such b a s i s .  Begle 
(1979) indeed r e p o r t s  t h a t  the sco re  o f  a s t u d e n t ' s  achievement in 
p re -a lg e b ra  school mathematics could be a p r e d i c t i o n  of  the l a t e r  
achievement o f  the  s tu d e n t  in a lg e b ra .  Moreover, and from ano ther  p o in t  
o f  view, Greeno (1972) t e l l s  us t h a t  s u b jec t s  whose a b i l i t i e s  were 
in t e r m e d i a t e ,  i . e .  o rd in a ry  s tu d en t s  as in the co n tex t  o f  t h i s  t h e s i s ,  
provided the r e s u l t s  o f  g r e a t e s t  i n t e r e s t .  He c o n t in u e s ,  t h a t  i f  these  
s u b je c t s  a re  i d e n t i f i e d  by the  scores  o f  MSAT (Mathematics S c h o la s t i c  
Apti tude Tes t )  then t h e i r  performance in di scovery  and ru le  l e a rn in g  i s  
p r a c t i c a l l y  i n d i s t i n g u i s h a b l e . However, as regards  the  scores  ob ta ined  
in t e s t s  o f  background concepts  and a r i t h m e t i c a l  s k i l l s ,  the two methods 
used makes q u i t e  a d i f f e r e n c e  to  s u b je c t s  with i n t e rm e d ia te  a b i l i t y  which 
in general  i s  in l i n e  with Begle.  The 'A.S'  in t a b l e  9 . 8 ,  which in d i c a t e  
normal s tu d e n t s ,  could be accepted  as an i n d i c a t o r  in the  sense o f  t h e i r  
performance under methodologies in both S and S + U.)
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9 . 2 . 1 . 7 .  Summary Of Experiment II
TITLE
PURPOSE OF 
STUDY
PROCEDURE
Experiment II
I f  an o rd ina ry  s tu d e n t  i s  def ined as in the f i e l d  o f  
t h i s  s tudy ,  t h i s  experiment was concerned in t e s t i n g  
the fo l lowing hypo thes i s :
The mathematics achievement in a t e a c h in g - l e a r n in g  
t a sk  based on the le a rn in g  space S + U in  the sense 
o f  P ropos i t ion  9.1 i s  s u p e r i o r ,  f o r  o rd ina ry  s tuden t s  
in  the area  o f  t h i s  s tudy ,  to  the  achievement in the 
t e a c h in g - l e a r n in g  s i t u a t i o n  o f  the ta sk  c o nven t iona l ly  
based on the l e a rn in g  space S.
In f u l f i l l i n g  such purposes ,  two le a rn in g  t a sks  k and k 
were chosen from the mathematics o f  the f i n a l  (4th)  and 
2nd grades o f  secondary school in Kuwait. Each ta sk  was 
produced in two d i f f e r e n t  t r e a tm e n t s ,  the conventional  
R in  S, and the modi fied R in S + U. Then two groups,
G-J and Gg ,of  o rd in a ry  s tuden t s  (o f  average age 18 yea rs  
in  each) were i d e n t i f i e d  in the f i n a l  grade,  while 
ano the r  two groups, G-j and Gg,of o rd in a ry  s tuden t s  (o f  
average age 16 y ea rs  in each) were i d e n t i f i e d  in the  2nd 
grade.  A f te r  complet ion o f  the t a sk s  under r e l e v a n t  
t r ea tm e n ts ,  two achievement t e s t s  T(k) and T(k) were 
designed f o r  k and k r e s p e c t i v e l y  and adm in is te red  to  
the s tu d e n t s  who p a r t i c i p a t e d  in the  exper iment .  The 
s tudy was run as fo l lows :
9-46
CONTENT VALIDITY
RELIABILITY
TEST OF 
HYPOTHESIS
BASIC
CONCLUSION
Task k : Final  Grade j. T - - -----------r - ----------
Group;Type «Treatment]Achieve- 
» Î I ment
I Test  .L____
lE xp . I  R(k) I T(k)
Gg I c o n . I  R(k) I T(k)
Task k : Second Grade
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This was judged by a panel which had c o n t r ib u te d  to  the 
c o n s t r u c t io n  o f  the t e s t s  (see P . 2-24)
I n t e r - r a t e r  ( 2 . 4 . 2 . 1 . 1 ) .
This demonstrated t h a t  the achivement o f  the (S + U) 
s tu d e n t s  in  the  f i n a l  grade was s i g n i f i c a n t l y  s u p e r io r  to 
the  achievement of  the (S) s tu d e n t s ,w h i l e  t h i s  was no t  
s i g n i f i c a n t l y  v a l id  f o r  the 2nd grade.  N ever the les s ,  the 
achievement o f  the (S + U) s tuden ts  in the 2nd grade was 
s u p e r i o r  to  the  achievment of  the (S) s tuden t s  under an 
acc ep tab le  leve l  o f  s i g n i f i c a n c e ,  as long as the hypothesi s  
was t e s t e d  w i th in  groups o f  o rd inary  s tu d e n t s .
In a d e l i b e r a t e  s tudy  of  the evidence in both experiments 
in  9 . 2 ,  i t  was concluded t h a t  a methodology in the 
mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s ,  based on the 
l e a rn in g  space S + U,in the sense o f  p r o p o s i t i o n  9 .1 ,  
i s  s u p e r io r  f o r  improving the mathematics achievement 
in the  area  o f  t h i s  s tudy  to the c u r r e n t  methodology,  t h a t  
i s  u l t i m a t e l y  based on the le a rn in g  space S.
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9 . 3 .  Summary
Chapter 9 p resen ts  a p ro spec t ive  m od i f ica t ion  in the methodology of  
t e a c h in g - l e a r n in g  s i t u a t i o n s  t h a t  might f u l f i l  the aims of  the study 
in t h i s  t h e s i s .  This was conducted on the b as i s  o f  the fo l lowing  two 
main o b j e c t i v e s .
I :  Proposing a modified p re s e n t a t i o n  R in the methodology. This was
f u l f i l l e d  on the b a s i s  o f  an a lgor i thm found in p r o p o s i t i o n  9 .1 .  This 
a lgor i thm i s  based on:
( i )  a t a s k - a n a l y s i s  which provides  a s e t  B o f  w e l l -d e f in ed
behavioural  o b j e c t iv e s  r e l e v a n t  to  the t a s k ;
( i i )  the l e a rn in g  space S + U; arid
( i i i )  employment o f  P ro p o s i t io n  8 .2  o f  l e a r n a b i l i t y  in U.
I t  proposes t h a t  the achievement o f  s tu d en t s  in each B^  in B should r e s t  
on in s ta n c e s  in S + U in t roduced  as o rde r  p a i r s  (x ,  y) with x as a 
s imple in s ta n ce  in S and y the a s s o c i a t e  o f  some simple in s ta n ce  x in S 
under P ro p o s i t io n  8.2 ,  provided t h a t  x,  x and y are  governed by B^ ., with 
X p o s s ib ly  equal to x.
I I .  Implementation o f  em pir ica l  s t u d i e s  in  suppor t  o f  the proposed 
m o d i f i c a t io n .  This was achieved through evidence based on two experiments 
on the b a s i s  o f  s tudying  achievement o f  s tuden t s  in the  conventional  
p r e s e n t a t i o n  R in  S a g a i n s t  the modi fied p r e s e n t a t i o n  R in  S + U in the 
sense o f  p r o p o s i t i o n  9 .1 .  The f i r s t  exper iment  was based on the choice 
o f  two succes s ive  t a sks  in the  mathematics o f  the 2nd grade o f  school in 
Kuwait. Each ta sk  was p resen ted  in two t r e a tm e n t s ,  one in 5 and one in
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S + U,as well as an achievement t e s t  t h a t  was c ons t ruc ted  fo r  d i scuss ing  
the achievement under both t r e a tm e n t s .  Furthermore,  two groups G-j and 
Gg o f  s tuden t s  were s e l e c t e d  such t h a t  in k-j, G-j was exper imenta l  and Gg 
was con t ro l  , while the c o n t ra ry  was followed f o r  kg. In both t a sks ,  
the experimental  group fol lowed the modified p r e s e n ta t io n  in S + U while 
the con t ro l  fol lowed t h a t  o f  S. The evidence demonstrated t h a t  the 
achievement o f  the (S + U) i . e .  the experimental  group, was s u p e r io r  to 
the achievement o f  the (S) group,  i . e .  the c o n t r o l .
As f o r  the second exper iment ,  a d e f i n i t i o n  o f  an o rd in a ry  s tu d en t  in the  
secondary school in Kuwait was in t roduced .  The exper iment  was based on 
t e s t i n g  a hypothesi s  which assumes t h a t  the achievement o f  o rd ina ry  
s tuden t s  in S + U under P ro p o s i t io n  9.1 i s  s u p e r io r  to  t h a t  in S. I t  
demonstrated t h a t  t h i s  could be s i g n i f i c a n t - f o r  s tu d e n t s  in  the f i n a l  
g rade ,  while the c o n f id e n t  i n t e r v a l  was 80% f o r  the s tu d e n t s  in the 
second grade o f  school in  Kuwait.
F i n a l l y ,  a ba s ic  conclus ion  was drawn from the evidence  in  both experiments 
in  t h a t :
A methodology in the  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s  
based on S + U in the  sense o f  P ropos i t ion  9.1 i s  s u p e r io r  to 
the convent iona l  one t h a t  i s  based on S.
CHAPTER TEN
SUMMARY AND FURTHER OUTLOOK
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10. SUMMARY AND FURTHER OUTLOOK
10.0.  In t ro d u c t io n
The problems in t h i s  re sea rch  emerge from the  p e r s i s t e n t  demand fo r  
any p o s s ib le  s o lu t i o n s  - a l b e i t  p a r t i a l  - to the problem of improving 
the  achievement of  s tu d e n t s  in mathematics.  The problem of  the low 
achievement of  s tuden t s  seems not  only to  p e r t a in  to  developing c o u n t r i e s ,  
Kuwait i s  one, but  a l so  to  some developed c o u n t r i e s ,  such as the United 
S t a t e s .  In t h i s  c o n t e x t ,  the  Times Educational  Supplement (11th 
September,  1981) t e l l s  how th e  Ford Foundation Report claims t h a t  th e re  
has been a s i g n i f i c a n t  d e c l in e  in  mathematics s ta ndards  over the  p a s t  
few years  and adds t h a t  the  United S t a t e s  in terms o f  mathematics and 
sc ience  t r a i n i n g  might  almost  be c a l l e d  under-developed.  And such 
a d e c l i n e ,  combined with f a l l i n g  school r o l l s ,  says the  Report ,  t h r e a t e n s  
to  produce a major s h o r t f a l l  in the number o f  g raduates  with a s t rong  
mathematical background.
The Times Educational  Supplement o f  11th September 1981, cont inues  t h a t  
the  National Council o f  Teachers o f  Mathematics s t a t e d  a t  i t s  annual 
conference in April t h a t  the  th r e e  major problems were:
"-  School maths f a i l i n g  to  keep pace with changing techno log ies  
-  Most p u p i l s  not  s tudy ing  maths to  the  leve l  r equ i red  f o r  
t h e i r  f u t u r e s .
A dramatic  i n c r e a s e  in the  p r e s e n t  sho r tage  o f  q u a l i f i e d  
maths t e a c h e r s "  ( P . 21).
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Despite d i f f e r e n t  c o u n t r i e s  having d i f f e r i n g  reasons f o r  such a d e c l in e ,  
the  f a c t  t h a t  s tands  ou t  and in which a l l  o f  them s h a re ,  i s  t h a t  a 
major p a r t  of  s tu d en t s  cannot  demonstrate s a t i s f a c t o r i l y  the  mathematics 
they a re  sa id  to  have achieved ,  e i t h e r  in mathematical  f i e l d s ,  o r  in 
non-mathematical f i e l d s  which demand adequate mathematical  knowledge, 
e . g .  phys ics .
In manipulat ing the  d i s cu s s io n  of  a w e l l -d e f in e d  r esearch  problem, 
s o lu t io n s  which might f u l f i l  - a l b e i t  p a r t i a l l y  - the  aims of  improv­
ing the  mathematics achievement o f  s t u d e n t s ,  I formulated  the  fo l lowing 
as the  re sea rch  problem t o  be s tu d i e d .
"To look f o r  a f e a s i b l e  development (m od i f ica t ion )  in the
methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s "
The study was conducted with r e fe ren c e  to secondary school mathematics 
in  Kuwait (see 1.1 o f  Chapter  1 ) .  In a d d i t i o n ,  s tu d e n t s  in  the  f i r s t  
y e a r  o f  Kuwait U n ive rs i ty  were p a r t i a l l y  involved .
I was, in f a c t ,  convinced t h a t  the  problem o f  b e t t e r  achievement would 
c e n t r e  in the  area  o f  'm ethodology ' ,  s ince  I agreed with Anthony (1963) 
and o th e rs  who assume t h a t  an ' approach '  i s  a ph i losoph ica l  p o in t  o f  
view a r i s i n g  as ax iomat ic .  To me, 'methodology' means a l l  po s s ib le  
observab le  f a c t o r s  ( t e a c h in g - l e a r n in g  s i t u a t i o n s )  supposed to  br ing  about  
mathematical  knowledge w i th in  s tu d e n t s  ( e . g .  curr icu lum ( g e n e r a l ) ,  t e x t ­
book, teach ing  methods»)and m o d i f ica t io n  f o r  improvement o f  s t u d e n t s '  
achievement in mathematics should be achieved in  such a methodology.
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As f o r  my l i n e  o f  thought in  conduct ing  t h i s  r e s e a r c h ,  I t r i e d  -  as 
in exper imental  s c iences  -  to  r e l a t e  'what i s  involved in aims'  to 
d e f i n i t e  'means'  , in the  sense  t h a t  I have t r i e d  to  r e l a t e  the  achievement 
(aims) ass igned  by a number 'A' to  an independent v a r i a b l e ,  say X j , 
i d e n t i f i e d  in the  methodology (means), i . e .  A = g ( X j ) .  Hence, in  t h i s  
l i n e ,  i t  was reasonab le  to  i d e n t i f y  a c e r t a i n  phenomenon in the  psycho- 
educa tiona l  f i e l d  t h a t  admits such a func t iona l  r e l a t i o n .
In the fo l low ing ,  I s h a l l  summarise and d is cuss  the  work and f ind ings  
involved in t h i s  t h e s i s ,  as well as what I be l iev e  i s  a f u r t h e r  outlook 
f o r  f u tu r e  development in  the  l i n e  o f  t h i s  t h e s i s .
10 .1 .  I .  General Summary
The study  in  t h i s  t h e s i s  was developed in th ree  s t a g e s ;  p r e - p r o p o s i t i o n , 
p ro p o s i t io n  and f i n a l  which inc ludes  the general  f ind ings  of  the  study .
10 .1 .0 .  A P re -P ro p o s i t io n  Stage
In t h i s  s t a g e ,  d iscussed  in 5 . 1 ,  I f i r s t l y  began by in t roduc ing  f iv e  
general  conv ic t ions  ( 6 .1 . 0 )  which I be l ieved  to  c o n s t i t u t e  general  
guidance f o r  the r e sea rch  procedure .  These c o n v i c t i o n s  r e f l e c t  a 
g e n e ra l ,  as well as a personal  b e l i e f .  They r e f l e c t  the  b e l i e f  in:
( i )  The u n s a t i s f a c t o r y  na tu re  of  c u r r e n t  t e a c h in g - l e a rn in g
s i t u a t i o n s  ;
( i i )  The po s s ib le  l i m i t i n g  ro le  of  t e ach e r s  in  development;
( i i i )  The e s s e n t i a l  r o l e  o f  theory  f o r  a f e a s i b l e  reform (modi f ica t ion) ;
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( iv )  The l i m i t a t i o n  in a reform due to  the absence o f  a c e r t a i n  
p r i n c i p l e  of  in v a r i an ce  in the  psycho-educat ion f i e l d ;  and
(v) My own personal  view o f  development t h a t  should be achieved 
by i d e n t i f y i n g  an e x i s t i n g  s t r u c t u r e  in c u r r e n t  s i t u a t i o n s ,
as well as i d e n t i f y i n g  ano the r  s t r u c t u r e  t h a t  might c o n t r i b u t e  
towards governing a new s i t u a t i o n  ( m o d i f i c a t io n ) .
In a d d i t i o n ,  based on th e se  c o n v i c t io n s ,  a review of l i t e r a t u r e  and 
personal  expe r i ence ,  I could c l e a r l y  fo rmula te  the  re sea rch  problem 
s t a t e d  in 10.0.  In t h i s  connec t ion ,  and f o r  p rese rv ing  a leve l  of  
accep tab le  c o n s i s t e n c y ,  I gave terminology a p r i o r  r o l e  in development 
through a p i l o t  i n v e s i t g a t i o n  f o r  the  p ro p o s i t i o n  s tage  in 6 . 1 . 2 .  This 
p i l o t  i n v e s t i g a t i o n  was in f luenced  by my general  concept ion o f  develop­
ment based on the f u n c t io n a l  r e l a t i o n  A = g(Xj) mentioned in 10.0 .
And, broad ly  speak ing ,  I foresaw a conception t h a t  might  s t r e t c h  from 
the f i f t h  conv ic t ion  -  t h a t  "m od i f i ca t ion  of  (any) s i t u a t i o n  z i n t o  
ano the r  % should r e l y  on i d e n t i f y i n g  a c e r t a i n  c r i t e r i o n  which might 
judge the  advantages o f  both z and z. I a cc ord ing ly  viewed t h a t  the 
m od i f ica t ion  of  z to  z should be based on i d e n t i f y i n g  the  advantages 
o f  the  achievement under both z and z. Hence, co n s i s te n cy  o f  te rm in­
ology would a r i s e  as was s t a t e d  above.  The f i r s t  and b a s ic  ca tegory  o f
terminology was in t roduced  in  6 . 1 . 2 . 0 .  I t  d i scussed  the  achievement in
a c e r t a i n  t a s k ,  as well as how improvement in achievement could be 
conce ived.  I t  f u r t h e r  in t ro d u ces  the  term "advantage o f  the  achievement" 
which should be based on a c e r t a i n  'measure* c a l l e d  l a t e r  the  ' e f f i c i e n c y '  
t h a t  involved prob lem -so lv ing .  Simply,  the e f f i c i e n c y  as a measure f o r  
the  advantage o f  the  achievement o f  a t a sk  k was in t roduced  as the 
p r o b a b i l i t y  t h a t  the  c o n d i t io n a l  s ta t em en t  x i s  capable  o f  => x i s  
capable o f  P i s  t r u e ,  where x i s  a member of  a normal popula t ion  in a
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school grade r e l e v a n t  to  k,  i s  a c e r t a i n  s e t  of  s t im u l i  r e l a t e d
in some d e f i n i t e  sense to  P, a problem in the domain o f  k ,and the
f i r s t  s ta t em en t  (x i s  capable o f  P„) i s  t r u e .  P was f u r t h e r  c l a r i f i e d  ' o '  0
and enhanced on the  b a s i s  o f  a second p i l o t  in s trum ent d iscussed  
in 6 . 1 . 2 . 2  to  mean p r e c i s e l y  a s e t  c a l l e d  a kernel  (see Appendix A) 
f o r  P i d e n t i f i e d  and c o n s t ru c t ed  on the bas is  of  a s e t  B o f  bas ic  behavioural  
o b j e c t i v e s  necessary  f o r  P.
A m o d i f ica t io n  in z f o r  z was then assumed to  be based on f in d in g  ou t  the  
advantage o f  the  achievement under z ( the  e f f i c i e n c y  under z) and the 
advantage o f  the  achievement u n d e r ( t h e  e f f i c i e n c y  under zO rega rd ing  
th e  same problem P in both c a s e s .  A Glossary i s  found in "Appendix A" 
of  the  terms I found i t  e s s e n t i a l  to expound in t h i s  way.
As f o r  the c o n t in u a t io n  o f  the  study  in to  the  second s tage  involv ing  the  
re sea rch  p ro p o s a l s ,  I implemented two p i l o t  in s t ru m en ts ,  a q u e s t io n n a i r e  
in 6 .1 .2 ,1  and a t e s t  in 6 . 1 . 2 . 2 .  These had the  purpose o f  l e a rn in g
how people who work in the  f i e l d  th ink  o f  such advantage o f  achievement,  
and how such an e f f i c i e n c y  could be r e l i a b l e  as a measure.  A f u r t h e r  
i m p l i c i t  purpose i s  found in enhancing the  choice o f  elements o f  P^.
I t  was g e n e ra l l y  concluded a t  t h i s  s t a g e ,  based on th e se  two p i l o t  
in s t ru m en ts ,  t h a t :
( i )  a change in the  c u r r e n t  t e a c h in g - l e a rn in g  s i t u a t i o n  i s  c a l l e d  
f o r ;  and
( i i )  the e f f i c i e n c y  as a measure o f  the advantage o f  achievement
could r e l y  on P^ = ,where X^  i s  con s t ru c ted  to s a t i s f y  the bas ic
P t ' c - •  v ^ e  «1 s  < p o y  P *
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Simply,  t h i s  X c o n s i s t s  o f  s imple s t im u l i  where each i s  uniquely 
governed by one in B f o r  a l l  B^. in B. X^  was c a l l e d  a kernel  fo r  
P.
Genera l ly ,  I may s t a t e  t h a t  the  l i t e r a t u r e  review and personal exper ience  
bes ides  te rminology and the  two p i l o t  in s truments  in t h i s  s t a g e ,  as well 
as i n t r o s p e c t i o n ,  have a l l  co-opera ted  in the  achievement o f  the  second 
s t a g e ,  i . e .  the p ro p o s i t i o n  s tage  o f  t h i s  s tudy .  Figure 6.1 ( P . 6-4) 
may be he lp fu l  f o r  v i s u a l i s i n g  the  s tages  in r e sea rch  development.
1 0 .1 .1 .  A P ro p o s i t io n  Stage
This s tage  can be taken  as the  backbone o f  the  work in t h i s  t h e s i s .  I t  
in t roduces  a s e t  o f  fou r  fundamental p ro p o s i t i o n s  in 6 .2  which f a c i l i t a t e d  
and monitored the  execu t ion  o f  the  f i n a l  s tage  o f  t h i s  s tudy .  I t  was 
s u b s t a n t i a l l y  d i r e c t e d  by my p re-concep t ion  o f  the  development through 
the  func t iona l  r e l a t i o n  A = g(Xj) mentioned in 10 .0 .
As a m a t te r  of  f a c t ,  I was f i r s t  a t t r a c t e d  to  t h i s  r e l a t i o n  by the 
remarkable s tudy  by Mayer and Greeno (1972) r epo r te d  in 4.1.1  , which 
p o in t s  to  a p o s s ib le  r e l a t i o n s h i p  between the  le a rn in g  outcomes -  which 
can be cons idered  as the  product  o f  achievement - and sequencing o f  
in fo rm at ion .  Fur thermore ,  ano the r  s tudy ,  c a r r i e d  ou t  by Ehrenpreis  and 
Scandura (1974) and r ep o r te d  in 4 . 1 . 2 ,  could demonstrate  in  more p r e c i s e  
terms t h a t  t h i s  r e l a t i o n s h i p  holds between the  le a rn in g  outcomes and the 
c u r r i c u l a .  In a d d i t i o n ,  Begle (1979) claims t h a t  con ten t  d i f f e r e n c e s  
in  tex tbooks  r e s u l t e d  in d i f f e r e n c e s  in s tu d e n t  achievement (see P . 3 -59) .  
Moreover, in d i s c u s s in g  d i f f e r e n t  methodological  p o in t s  ( p p . 3-56,  65 ) ,
I concluded in P . 3-66 t h a t  one o f  the  phenomena t h a t  might be promising
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fo r  m od i f ica t ion  in methodology lead ing  to an improvement ( in 
achievement) ,could be found in some s tu d ie s  which i n d i c a t e  t h a t  a 
change in the achievement o f  s tu d en t s  could r e s u l t  under change in the 
ma te r ia l  co n te n t .  In t h i s  c o n te x t ,  and in the  l i g h t  o f  o th e r  
co n s id e ra t io n s  r e l a t e d  to  my b e l i e f  of  the r o l e  o f  theory  in  develop­
ment (see C g ; P . 6 - 5 ) ,  I put  forward the  fo l lowing th r e e  funda­
mental p r o p o s i t i o n s .
(P ro p o s i t io n  6 . 1 ) :
A phenomenon t h a t  i n d i c a t e s  a change in the  achievement o f  
s tuden t s  under a c e r t a i n  change in a w e l l -d e f in e d  teach ing -  
l e a rn in g  s i t u a t i o n ,  i s  s i g n i f i c a n t  as a s t a r t i n g  p o in t  f o r  
development in c u r r e n t  t e a c h in g - l e a r n in g  s i t u a t i o n s .  ( P . 6 -36) .
(P ropos i t ion  6 . 2 ) :
There e x i s t s  a t h e o r e t i c a l  framework,on which a development 
in c u r r e n t  t e a c h in g - l e a r n in g  s i t u a t i o n s  can r e s t .  ( P . 6 -37) .
(P ropos i t ion  6 . 3 ) :
I f  a proposed development (reform) in c u r r e n t  t e a c h in g - l e a r n in g  
s i t u a t i o n s  (a) can r e s t  on a t h e o r e t i c a l  framework^and (b) can 
be o p e r a t i o n a l l y  a p p l i c a b l e ,  i . e .  w e l l -d e f in e d  and l e a r n a b l e ,  
then such development i s  expec ted  to  be exper im en ta l ly  sup­
po r ted .  ( P . 6 -37) .
These p ro p o s i t i o n s  may indeed r e f l e c t  the  o r i e n t a t i o n  of  the  course in 
conducting t h i s  s tudy .  I acco rd ing ly  t r i e d  to  i d e n t i f y  Xj -  in 
A = g ( X j )  -  as a f a c t o r  o f  the  methodology r e l a t e d  to  the m a te r ia l  
con ten ts  based on the  s tu d i e s  o f  Mayer and Greeno (1972) ,  Ehrenpre is  and 
Scandura (1974) and Begle (1979).  To me, t h i s  meant f i r s t l y
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t h a t  I should i d e n t i f y  p r e c i s e l y  the (m a te r ia l )  con ten ts  o f  a te ach ing -  
l e a rn in g  ta sk  k and second t h a t  I should r e l a t e  x.  unambiguously to 
those c o n ten ts .
I viewed in 6 . 2 .2  ( P . 6-38) t h a t  the con ten ts  o f  a t a sk  k mainly com­
p r i s e  two p a r t s :
( i )  a t h e o r e t i c a l  component inc lud ing  the t h e o r e t i c a l  p a r t  k,
e . g .  a d e f i n i t i o n  o r  a p roof  o f  a theorem;and
( i i )  a s e t  R o f  i n s t a n c e s  as examples, e x e r c i s e s  and simple (novel 
r o u t in e )  problems c o n s t ru c t e d  such t h a t  each i s  governed by 
one behavioura l  o b j e c t iv e  necessary  f o r  k. Such an R is  
u s u a l ly  supposed to  i l l u s t r a t e  and r e in f o r c e  the mathematical 
knowledge r e l a t e d  to  k.
I t  was f u r t h e r  viewed t h a t  the  t h e o r e t i c a l  p a r t  i s  more o r  l e s s  
i n v a r i a n t  in school mathematics,whi le  a change in the  con ten ts  o f  k i s  
s u b s t a n t i a l l y  a change in R. R was c a l l e d  the p r e s e n t a t i o n  o f  k. A 
phenomenon was then conce ived ,  drawn from the  works p rev ious ly  mentioned 
and s t a t e d  thus :
D i f fe rences  in the achievement A o f  a t e a c h in g - l e a r n in g  ta sk  
k can be induced by d i f f e r e n c e s  in the  p r e s e n ta t io n  R o f  k 
(P.4-3) .
This was c a l l e d  the presen ta t ion-phenomena and the scope o f  t h i s  
phenomenon i s  found in Chapter  4. In a d d i t i o n ,  the ( m a te r i a l )  con ten ts  
o f  such a k was equated with the w r i t t e n  m a te r ia l  f o r  k in the  t e x t ­
book o f  the  a rea  o f  t h i s  s tudy  in the sense o f  conc lus ion  4 ,2  (P .4 -2 1 ) .
As f o r  d i s cu s s in g  how a t r u e  change could take p lace  in R, i t  was argued
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in P .6-39 t h a t  a replacement of  an in s tance  in R, say 2x + 1 = 5 by 
ano ther  one as 3x - 2 = 4 i s  merely s u p e r f i c i a l  and does not  induce a 
t r u e  change in R. Hence, based on i n t r o s p e c t i o n ,  as well as on the 
f i f t h  conv ic t ion  (Chapter  6, P .6-6) i t  was argued t h a t  a t r u e  change m 
R should be due to  the  s t r u c t u r e  under ly ing R and consequent ly any 
m od i f ica t ion  in  the  methodology r e l e v a n t  to  R should take  place  by 
i n t e r a c t i o n  with ano the r  s t r u c t u r e  supposed to  c o n t r ib u te  to  such a 
m o d i f i c a t io n .  In t h i s  c o n t e x t ,  the fo l lowing f in a l  fundamental Prop­
o s i t i o n  was s t a t e d :
(P ropos i t ion  6 . 4 ) :
( i )  There e x i s t s  a w e l l -d e f in e d  s t r u c t u r e  'S '  under ly ing  
c u r r e n t  p r e s e n t a t i o n  o f  mathematical  t a s k s .
( i i )  There e x i s t s  a s t r u c t u r e  'H' t h a t  i s  p o s s ib le  to 
c o n t r i b u t e i n  under ly ing  m od i f ica t ion  of c u r r e n t  p r e s e n t a t i o n .
( i i i )  Theory in  P ro p o s i t io n  6 .2  could p oss ib ly  i n d e n t i f y  
a c e r t a i n  d i s c r i m in a t io n  of  the e f f i c i e n t  knowledge t h a t  
achieved in 'S '  and ' H' .  ( P . 6 -40) .
This p ropos i t ion  he lps  the work p rogress  in  proposing the e x i s t e n c e  
o f  a s t r u c t u r e  S under ly ing  the  c u r r e n t  R as well as such a s t r u c t u r e  
H t h a t  might c o n t r i b u t e  to the m o d i f ica t io n  R o f  R. I t  f u r t h e r  
sugges ts  a b a s i s  f o r  the  e s t a b l i s h m e n t  o f  theory  based on the ' e f f i c i e n c y '  
which matches as a measure the c o n s t r u c t  "advantage o f  achievement",
1 0 .1 .2 .  A Final  Stage : General Findings 
This s tage  i s  expected:
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(a) to  i d e n t i f y  two s t r u c t u r e s  'S '  and 'H ' in the sense of
P ropos i t ion  6 . 4 ;
(b) to  i d e n t i f y  a t h e o r e t i c a l  framework in the l i ne  of  p ro p o s i t io n s
6 . 2 ,  6 .3  and 6 .4 ;
(c)  to implement empir ica l  s t u d i e s  on the b as i s  of  such theory
i d e n t i f i e d  in ( b) ;  and
(d) to propose a m od i f ica t ion  in  the methodology o f  te ach ing -
le a rn in g  s i t u a t i o n s ,  provided t h a t  t h i s  m od i f ica t ion  should 
exper im en ta l ly  suppor t  an improvement in the achivement o f  
s tu d en t s  in the  mathematics o f  the area  o f  t h i s  s tudy .
1 0 . 1 .2 . 0 .  a :  Towards I d e n t i f i c a t i o n  Of S And H
In a study in 7.1 f o r  the p r e s e n t a t i o n  R in the con ten ts  o f  te ach in g -  
le a rn in g  t a sks  in the  tex tbooks  o f  the area  o f  t h i s  s tudy ,  i t  was found 
t h a t  most o f  the  in s ta n ces  (no t  l e s s  than 95%) t h a t  make up R do not  
make use o f  any co n s ta n t  of  i m p l i c i t  form, e . g .  ' a ' , i n  o t h e r  words,  a 
co n s ta n t  in  the usual use in  mathematics - (see  Appendix C). Hence, i t  
was viewed t h a t  R takes  p lace  in a s e t  'S '  c a l l e d  the  S - s t r u c t u r e ,  where 
S could be seen as a s e t  o f  s t r u c t u r e d  knowledge in form o f  in s t a n c e s  
i d e n t i f i e d  ( s t r u c t u r e d )  by a ru le  exc luding  c o n s tan t s  from the in s ta n ces  
in S. Consequently,  i t  was assumed th e re  was ano the r  s t r u c t u r e  'H' 
being a s e t  o f  s t r u c t u r e d  knowledge in  the form o f  i n s t a n c e s , i d e n t i f i e d  by 
a r u l e  demanding e x p l i c i t l y  the presence  o f  a t  l e a s t  one c o n s ta n t  in  each 
in s ta n ce  in H. I t  could be e a s i l y  no t i ced  t h a t  a l l  in s t a n c e s  o f  general  
forms as those used f o r  r u l e s  o r  fo rmulas,  whether in mathematical  f i e l d s  
or  non-mathematical f i e l d s ,  using mathematics,  e . g .  ph y s ic s ,  a re  members
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of H. Hence, i f  was assumed to  be a behavioural  o b je c t iv e  and 
B^. (S) and B.(H) a re  two c l a s s e s  o f  in s ta nces  in S and H, so t h a t  each
member of  the two c l a s s e s  i s  b a s i c a l l y  governed by B^  only ( in  the
sense o f  D e f i n i t i o n  5 . 4 ,  P . 5 -17) ,  then any o f  the se  members may con ta in  
o r  not  conta in  a co n s ta n t  ' a '  say. For example:
" Solve f o r  x : 2x + 1 = 5 "  
i s  a member of  B . (S ) ,  w hile :
"Sol ve f o r  x : 2x + a = 5 ’ 
i s  a member of  Bj (H). In t h i s  sense ,  we might deduce t h a t :
B^.(S)f\ B^(H) = (j) ( the  nul l  s e t )
provided t h a t  the e x i s t e n c e  o f  a cons tant ,  ‘a* say ,  i s  c l e a r l y  i d e n t i f i e d  
in  the in s t a n c e .
And f u r t h e r ,  in assuming t h a t  a l l  the in s ta nces  in S and H c o n s t i t u t e  
such c l a s s e s  as B^(S) and B^(H) which e x p l i c i t l y  i d e n t i f y  any co n s ta n t  o f  
i m p l i c i t  form w i th in  them, then in t h i s  con tex t  we can deduce t h a t  
S n  H = <# (see  remark 1, P . 7 -9 ) .
In an at tempt to  l e a rn  about any p o s s ib le  p r im i t i v e  im p l ic a t io n s  o f  the 
two s t r u c t u r e s  S and H, two in s t rum en ta l  i n d i c a t o r s  were implemented:
A b a t t e r y  T-j o f  t h r e e  t e s t s  (Appendix D) was employed f o r  the purpose of  
f ind ing  out  how mathematical  computat ional  knowledge (see  Glossa ry :  
Appendix A) u su a l ly  gained in S, could i n t e r a c t  in  H, This i s  r ep o r te d  
in 7 . 2 .0 .
As a second i n d i c a t o r ,  a s e t  T-j o f  th r e e  t e s t s  (Appendix E) was employed 
f o r  the purpose o f  i d e n t i f y i n g  a genera l  view o f  r e l a t i o n s h i p s  o f  
performance in problem -so lving and r e l e v a n t  mathematical knowledge in 
S and H. This i s  r ep o r te d  in 7 . 2 .1 .
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I t  was concluded t h a t  mathematical  computational knowledge gained in 
S i s  not  s a t i s f a c t o r i l y  t r a n s f e r r e d  to non-mathematical f i e l d s  using 
mathematics (Conclusion 7 .1 ,  P . 7 -18).  In a d d i t i o n ,  the  mathematical  
knowledge found to be gained in H has a s t r o n g e r  r e l a t i o n s h i p  with 
prob lem-so lv ing than t h a t  o f  S (Conclusion 7 .2 ,  P . 7-26) .
Furthermore,  in the  d i scu ss io n  of  the 'p ros  and cons '  o f  S and H, i t  was 
concluded in the general  conclusion  7 .3  ( P . 7-32) t h a t  S i s  ind ispensab le  
f o r  any m od i f ica t ion  and H i s  g e n e ra l ly  d i f f i c u l t  as a whole,  bu t  should 
not  be ignored in i t s  p a r t i a l  c o n t r i b u t i o n  f o r  m o d i f i c a t io n .  Hence, i f  
L i s  proposed as a l e a rn in g  s t r u c t u r e  to  u n d e r l i e  a d e s i r a b l e  m od i f ica t ion  
in the methodology,  then t h i s  L should inc lude  S and a p a r t  ' U' o f  H, 
such t h a t  t h i s  U should be i n t ro d u c e d  to  s a t i s f y  l e a r n a b i l i t y  in the 
sense o f  the  fundamental P ro p o s i t io n  6 .3 .
1 0 .1 .2 . 1 .  b: Towards A Theory
The above s tudy in (a)  could in f a c t  provide help  f o r  ■i d e n t i f i c a t i o n  
o f  a t h e o r e t i c a l  framework in  th e  c o n te x t  o f  t h i s  s tudy .  I t  was argued 
in 7.3 t h a t  i n t e r a c t i o n  with c e r t a i n  d e f i n i t e  knowledge takes  p lace  
towards ‘goals  o f  knowledge' such as p roblem-solv ing ,  through simple 
s ta tements  found in  p rev io u s ly  d i scussed  in s t a n c e s .  Hence, i t  was 
preconceived t h a t  such knowledge i s  in t roduced  in a s t r u c t u r e d  form, 
i . e .  i d e n t i f i e d  by a s e t  o f  in s t a n c e s  determined ( s t r u c t u r e d )  by a 
f i n i t e  s e t  o f  r u l e s .  In t h i s  c o n t e x t ,  I in t roduced  ' space  o f  knowledge' 
as a 'conceptual  s t r u c t u r e '  where d e t a i l s  o f  t h i s  a re  found in Chapter 5.
A space o f  knowledge was i d e n t i f i e d  in  D e f in i t io n  5.1 ( P . 5-10) f o r  a
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c e r t a i n  normal popu la t ion  'O' as an ordered p a i r  (W, 0 ) , where W 
c o n s t i t u t e s  a . s e t  o f  s t r u c t u r e d  knowledge i d e n t i f i e d  f o r  some p a r t i c u l a r  
knowledge by simple ( i n i t i a l )  s t a t e s  o f  knowledge,governed by an underly ing 
s t r u c t u r e  which i s  made up o f  a f i n i t e  s e t  o f  r u l e s .  For s i m p l i c i t y ,  
we might denote t h i s  space by W only ( s e e ' s p a c e  o f  knowledge' in Appendix 
A). For the f u r t h e r  development o f  t h i s  concept ,  which i s  supposed to  
sp r ing  from p a r t  ( i i i )  o f  the  fundamental P ropos i t ion  6 . 4 ,  I in t roduced  
the axiom o f  s u f f i c i e n c y  ( P . 5 -1 4 ) ,  which assumes the e x i s t e n c e  o f  a 
c e r t a i n  c r i t e r i o n  'X' t h a t  can induce s u f f i c i e n c y  regard ing  a w e l l -  
de f ined  problem P. I t  was a l s o  assumed t h a t  d e s p i t e  X being s t i l l  
u n i d e n t i f i e d ,  we might assume t h a t  X would s a t i s f y  the fo l lowing  t h r e e  
p r o p e r t i e s ;  bes ides  o th e r s  no t  y e t  i d e n t i f i e d .  These p r o p e r t i e s  a re :
i )  c o n s i s t e n c y , which assumes t h a t  X may provide an 
a lgor i thm ( s e t  o f  r u l e s )  t h a t  de f ines  a s e t  X^(X) which 
t e s t s  necessary  competency f o r  P;
i i )  u n i f o r m i ty , which assumes t h a t  a person capable o f  P 
who demonst rates  comprehension o f  such a b i l i t y  should be 
expected to  be comple te ly capable of  X^(X); and
i i i )  com ple teness , in the sense t h a t  a p e r s o n ' s  c a p a b i l i t y  
in X (X) impl ies  h is  being capable o f  P.
The m od i f ica t ion  was assumed to  look f o r  an approximation f o r  X (X) 
which i l l u s t r a t e s  g r e a t e r  advantages than t h a t  o f  the c u r r e n t  s i t u a t i o n ,
i . e .  the e f f i c i e n c y  under the proposed m odi f ica t ion  should be demonstrated 
as h igher  than t h a t  of  the c u r r e n t  s i t u a t i o n .
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Hence, in o rde r  to  p rese rve  a c e r t a i n  cons is tency  in r e s u l t s  in the 
absence of  a p r i n c i p l e  o f  inva r i ance  (see Appendix A) in the behavioura l  
s c iences  which might provide such a cons i s te ncy  under the law o f  
u n ive rsa l  determinism (see  Appendix A), a concept  o f  a uniform 
o p e ra t io n a l  was in t roduced  in D ef in i t io n  5 .6 .  This simply assumes t h a t  
a uniform o p e ra t io n a l  regard ing  a problem P in a space o f  knowledge W i s  
the  same one who i s  capable o f  a l l  the kerne ls  of  P in W, where a 
kernel  i s  a s e t  o f  s t im u l i  ( i n s t a n c e s )  co n s t ru c t e d  such t h a t  each one 
s a t i s f i e s  a unique behavioura l  o b j e c t i v e  necessary  f o r  P, ( D e f in i t i o n  
5 .5 ,  P. 5 -17) .
Hence, the e f f i c i e n c y  ' r '  in a space o f  knowledge W with r e s p e c t  to  P 
i s  t h e o r e t i c a l l y  i d e n t i f i e d  in  D e f in i t io n  5 .7  ( P . 5-24) as the p r o b a b i l i t y  
t h a t :
"x i s  a uniform o p e ra t io n a l  fo r  P '=>"xis  capable  o f  P"
i s  t r u e ,  provided t h a t  the  f i r s t  p a r t  o f  the premise i s  s a t i s f i e d .
I t  was then concluded t h a t  the e f f i c i e n c y  with r e s p e c t  to  P would d i f f e r  
with W (Conclusion 5 . 1 ,  P . 5 -26) .
F i n a l l y ,  the  fo l lowing p r o p o s i t i o n  f o r  m od i f ica t ion  in  the methodology 
was in t roduced :
( P ro p o s i t io n  5 . 1 ) :
I f  'O' i s  a c e r t a i n  normal popu la t ion  and each W o f  W i s  a 
s t r u c t u r e d  knowledge in the  sense o f  D e f in i t io n  5 .1 ,  and i f :
( i )  (D, B, X) i s  a problem-space f o r  a problem P -,
( i i )  r  and r  a re  the  two e f f i c i e n c i e s  in W and W r e s p e c t i v e l y
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fo r  'O' and P,
( 111) r  < r" <: 1,
Then W could c o n t r i b u t e  in whole or in p a r t  to  a m od i f ica t ion  
in the  methodology o f  t e a c h in g - l e a r n in g  s i t u a t i o n s ,  provided 
t h a t  the  p a r t  or  whole o f  W i s  ap p l i c a b l e  in the  sense o f  
P ropos i t ion  6 .3  ( P . 5 -27) .
Figure 5,4 ( P . 5-28) provides  a usefu l  exp lana t ion  o f  t h i s  P ro p o s i t io n .
1 0 .1 .2 . 2 .  c*« Theory At Work : Experimental S t u d i e s .
In t h i s  p a r t  o f  the f i n a l  s tudy ,  I found t h a t  I should:
OLit t h a t  p a r t  U o f  H which would c o n t r i b u t e  to  a m od i f i ­
c a t io n  in the  methodology as was expla ined  in 1 0 . 1 .2 . 0 ;
( i i )  Propose the l e a r n a b i l i t y  in U such t h a t  U could be a p p l i c a b le  
in the  sense o f  P ropos i t ion  6 .3 ;
( i i i )  Employ the  th eory  p rev io u s ly  summarised to  t e s t  the e f f i c i e n c i e s  
r (u )  and r ( s )  in U and S with r e s p e c t  to  a problem P in o rd e r  to  f in d  out  
i f  U can c o n t r i b u t e  to  a m od i f ica t io n  in the methodology in the  sense  o f  
P ropos i t ion  5 .1 .
As f o r  the f i r s t  s t e p  (1) i t  was argued in 8 . 1 . 0  and sugges ted in 
P ropos i t ion  8.1 ( P . 8-4) t h a t  U c o n s t i t u t e s  a l l  the  in s t a n c e s  in H which 
con ta in  one and only one co n s ta n t  a ,  o th e r  than the  v a r i a b l e s .
As f o r  the second po in t  ( i i ) ,  an argument f o r  the  p o s s ib le  a p p l i c a b i l i t y  
o r  l e a r n a b i l i t y  in U was in t roduced  in 8 .1 .1  a n d , f u r t h e r ,  the  fo l lowing 
P ro p o s i t io n  8 .2  ( P . 8-6) was sugges ted to  f a c i l i t a t e  an approach f o r  
l e a r n a b i l i t y  in U.
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(P ropos i t ion  8 . 2 ) :
I f  i s  an i n s t a n c e ,  chosen in S to s a t i s f y  a w e l l -d e f in ed  
behavioural  o b j e c t i v e  , then a genera t ion  o f  a ( l e a rn in g )  
a s s o c i a t e  (o f  s ^ ) in U could be based on:
( i )  Any f ixed  number in s^ i s  r ep laced  by a s u i t a b l e  fu n c t io n a l  
form of  a c o n s ta n t  ' a '  s ay ,  e . g .  F (a ) .
( i i )  This rep lacement should s a t i s f y :
(a) u. should stem as s^ from the same general  
mathematical form, so t h a t  u  ^ -  p r e c i s e l y  as s^ - 
s a t i s f i e s  ;
(b) u^ g ives  i d e n t i c a l  form o f  r e s u l t  to  t h a t  o f  s^ 
under B^.
(c)  The r e s u l t s  in  u^ c o n t a i n , i f  p o s s i b l e , some 
fu n c t io n a l  form o f  the same c o n s tan t  ' a ' ,  e . g .  g ( a ) .
In f u l f i l l i n g  the  t h i r d  s t e p  ( i i i ) ,  i t  was argued in  8 .2  t h a t  those 
uniform o p e ra t io n a l  i d e n t i f i e d  t h e o r e t i c a l l y  in  D e f in i t io n  5.6 ( P . 5 - 2 3 ) ,  
and in t roduced  in o rd e r  to  i d e n t i f y  the e f f i c i e n c y  in D e f in i t io n  5 . 7 ,
( P . 5-24) a re  idea l  ones and not  e a s i l y  - i f  a t  a l l  - recognised in 
r e a l i t y .  Hence, i t  was found conven ien t  to  in t roduce  the  concept  of  
p s e u d o - r e a l i t y  in  8 . 2 . 0 , so t h a t  r e s u l t s  in p s e u d o - r e a l i t y  could be 
e x t r a p o la t e d  p r o b a b i l i s t i c a l l y  i n t o  r e a l i t y .  A uniform o p e ra t io n a l  in 
p s e u d o - r e a l i t y  in a space of  knowledge W f o r  a problem P was i d e n t i f i e d  
in  D e f in i t io n  8.1 ( P . 8-9) to s a t i s f y  a b i l i t y  in a l l  elements  o f  one 
kernel  f o r  P. The e f f i c i e n c y  and P ro p o s i t io n  5.1 were extended to  
p s e u d o - r e a l i t y  in t h i s  way.
Accordingly ,  an em pir ica l  s tudy  was conducted on b a s i s  o f  a s e t  Tg o f
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th ree  t e s t s  (Appendix F) each based on the t e s t - f o r m  + P
with Sq and two ke rne l s  f o r  P in S and U r e s p e c t i v e l y .  The study
i s  r epor ted  in 8 .3 .  In a l l  the  t h r e e  t e s t s ,  i t  was found t h a t  
r(S)  < r (U ) ,  t a b l e  8 .2  (P .8 -2 1 ) .  In f u r t h e r  s tudy f o r  con t ingen t
im p l ic a t io n s  o f  the t e s t - f o r m  + P, h y p o t h e s i s - t e s t i n g  r epo r te d
in 8 .3 .5  implies  t h a t  such a form does not  a f f e c t  the competency in  P.
1 0 .1 .2 . 3 .  d: Towards M odif ica t ion  In Methodology: S + U, A
Learning Space
In t h i s  f i n a l  p a r t  o f  the f i n a l  s tage  o f  t h i s  s tudy ,  on the b a s i s  o f  the 
proceeding d i s c u s s i o n ,  I found t h a t  I should:
(1) propose a m od i f ica t io n  in the methodology in the sense o f  the
presentat ion-phenomenon d iscussed  in Chapter  4,  by p u t t i n g  
forward a modified p r e s e n t a t i o n  R to  r ep lace  the c u r r e n t  
convent ional  p r e s e n t a t i o n  R.
( i i )  j u s t i f y  such a m o d i f i c a t io n  e xpe r im en ta l ly .
As f o r  ( i ) , I  in t roduced  the fo l lowing  P ro p o s i t io n  9.1 ( P . 9-6) sugges ted  
to  prov ide a d e s i r a b l e  model f o r  m o d i f ica t io n  based on an a lg o r i th m ,  in  
the methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s  in o rd e r  to  
give improvement in s t u d e n t s '  achievement in mathematics.
(P ro p o s i t io n  9 . 1 ) :
I f  B i s  a s e t  o f  b a s i c  behavioural  o b j e c t iv e s  necessary  f o r  a 
t e a c h in g - l e a r n in g  ta sk  k, then achievement o f  k i s  p o s s ib ly  
improved under the fo l lowing  p r e s e n t a t i o n :
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B,
(«11. "11)
Bj '""Bn
(  ®li , "ikl)
(«ii, “ikj)
=r''(s  +  u)
where the m a t r ix , e x c e p t  in the f i r s t  row, i s  made up o f ,o rd e re d  p a i r s  
( s ^ j ,  Uj|^j)»and u^^j i s  an a s s o c i a t e  element of  U o f  some s^^ in  S, 
governed (as s . ^ )  by under P ropos i t ion  8.2  o f  l e a r n a b i l i t y .
I t  i s  to  be noted t h a t  the conventiona l  R excludes -  in  general  - U (as 
well as H). In a second s tep  f o r  s a t i s f y i n g  ( i i )  em pir ica l  evidence 
was ga thered  from two exper iments e s t a b l i s h e d  on the ba s i s  o f  P ro p o s i t io n  9.1 
Experiment I , r e p o r t e d  in 9 . 2 . 0 , was based on a comparative s tudy o f  
mathematics achievement in  S ( through R) a g a in s t  S + U (through R).
As f o r  Experiment I I ,  a d e f i n i t i o n  o f  a normal s tu d en t  in a Kuwait 
Secondary school was in t roduced  in D e f in i t io n  9 . 1 , (P .9-28) and the study 
i s  r epor ted  in 9 . 2 . 1 .  This was achieved on the b a s i s  of  a s t a t i s t i c a l  
hypothesi s  concerning  mathematics achievement of  o rd inary  s tuden t s  in 
S ( through R) a g a i n s t  S + U (through R).
As a consequence o f  the evidence drawn from these  two exper iments ,  
concerning a m od i f ica t ion  in the methodology, the fo l lowing bas ic  
Conclusion 9.2 was drawn and which summarises the bas ic  f ind ings  in the 
con tex t  of  t h i s  t h e s i s :
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(Basic conclusion  9 . 2 ) :
A methodology in the  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n  
based on the  l e a rn in g  space S + U,in the  sense of  the 
a lgo r i thm  sugges ted  in  P ropos i t ion  9 . 1 , i s  s u p e r io r  f o r  
improving the  mathematical achievement o f  s tuden t s  -  in the 
area  o f  t h i s  s tudy  -  to  the c u r r e n t  methodology, t h a t  i s  
u l t im a te ly  based on the  le a rn in g  space S ( P . 9-44) .
1 0 ,1 .2 . 4 .  F u r th e r  Discussion And General Findings
The move towards an improvement o f  s t u d e n t s '  achievement in Kuwait in 
the  e a r l y  s e v e n t i e s  can f in d  an ex ac t  d e s c r i p t i o n  in  the  terms o f  
Howson e t . a l .  (1981),  They view t h a t  an improvement in mathematics 
achievement was be l ieved  to  be p o s s i b l e  from the  s o - c a l l e d  "Modern 
Mathematics". In t h i s  th e re  i s  a move from a fragmented a r i t h m e t i c ,  
a lgeb ra  and geometry course  to  one demonstrat ing  the  ' u n i t y '  o f  
mathematics.  Such a move has not  y e t  r e s u l t e d  in  the promised and 
d e s i r e d  s i t u a t i o n .  In t h i s  c o n t e x t ,  Howson e t  a l . f in d  t h a t  we a re  
s t i l l  unable t o  ensure  t h a t  s tu d e n t s  acqu i re  even simple te ch n ica l  
mastery  and:
"we must admit t h a t  we know l i t t l e  about  what r e a l l y  happens in 
the le a rn in g  process  o f  e i t h e r  the in d iv idua l  o r  o f  a group in 
the classroom,  o r  about  the  p rocesses  o f  i n t e r a c t i o n  in  the 
classroom" ( P . 255).
In a f u r t h e r  comment over the d isappoin tment t h a t  could r e s u l t  from 
f a i l u r e  and e r r o r s  o f  r e c e n t  c u r r i c u l a  changes,  Howson e t  a l .  (1981)
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s t a t e  t h a t :
"We must n o t ,  however, f e a r  t h a t  enthusiasm f o r  improving 
school educa t ion  w i l l  d ie  ou t .  Alas ,  i t  has been demonstrated 
t h a t  innova tion  and improvement are not  n e c e s s a r i l y  synonymous. 
N eve r the le s s ,  i t  i s  only through curr iculum development t h a t  
our goals  f o r  school educa tion  w i l l  be r e a l i s e d  " ( P . 265).
Though the term ' curr icu lum development '  used in t h i s  comment remains 
vague as long as the term "curr icu lum" s tands  as such,  I b e l i e v e  t h a t  
development in mathematics educa t ion  through any f a c t o r ,  x,  involved  i s  
b e t t e r  based on c e r t a i n  i d e n t i f i c a t i o n  o f  the under ly ing  s t r u c t u r e , i . e .  
the s e t  of  r u l e s  t h a t  i d e n t i f i e s  such an x .
I f ee l  t h a t  Marton and Sal j o  (1976) seem to  be aware of  t h i s  - w i thou t  
t e l l i n g  t h a t  e x p l i c i t l y  - by c la iming  t h a t  l e a rn ing  should be desc r ibed  
in i t s  c o n te n t s .  Such a d e s c r i p t i o n ,  I b e l i e v e ,  should b a s i c a l l y  
i d e n t i f y  the under ly ing  s t r u c t u r e  o f  the c o n te n t s .  Furthermore ,  the 
in f luence  o f  a dominant s t r u c t u r e ,  e . g .  ' S ' ,  can be no t iced  when s tuden t s  
as well as o th e rs  def ined  as educa to rs  o f  mathematics in  the  f i e l d , h a v e  
spontaneously  responded t h a t  s o lv ing  2x + 1 = 5 i s  e a s i e r  than so lv ing  
2x + a = 5 ( P . 5 - 7 ) .  This dominance can be descr ibed  more o r  l e s s  
as the dominance o f  the tempera ture  measure -  F a renhe i t  o r  Centigrade - 
where most people who l i v e  in  a space o f  one measure c a n ' t  d i r e c t l y  fee l  
the temperature given by the o th e r  measure.  Kaput (1979) gives ano ther  
example d i r e c t l y  in  d i s c u s s in g  c o g n i t iv e  meaning o f  some aspec t s  o f  
i n e q u a l i t y ,  bu t  does not  mention any in s ta nce  in  h i s  examples inc luded  
in U o r  H. Two o f  h i s  examples were:
10-21
( i )  + 5x + 6 = (x+2) (x+3) and (x+2) (x+3) -  x^ +5x + 6.
( i i )  (x^+5x) = 3 x ^ + 5  and /(3x^  + 5)dx = x^ + 5x + c.
I t  i s  r e l e v a n t  t h a t  the l a s t  conference o f  the BSPLM held a t  the 
U n ive rs i ty  o f  Leeds in  April  1981, could not  f ind  in t h e i r  d i scu ss io n s  
any example o f  an in s ta n c e  such as :
2x -  3ay = 1 and 2x + Say = 2
in p re s en t in g  mathematical knowledge concerning the s o l u t i o n  o f  two 
simul taneous equa t ions  o f  t h i s  form.
I f  one accepts  Hilgard  e t  a l .  (1975) who def ine  l e a rn in g  as :
"a r e l a t i v e l y  permanent change in behaviour  t h a t  occurs 
as the r e s u l t  o f  exper ience"  ( P . 194),
then in t h i s  s tudy  I adv ise  t h a t  the change in  behaviour  could be improved 
by le a rn in g  i f  t h i s  change were to  take place  in two d i f f e r e n t  l e a rn in g
spaces ,  S and U, under the  same behavioural  o b j e c t i v e ,  provided t h i s  i s
based s y s t e m a t i c a l l y ,  as in P ro p o s i t io n  9 .1 .  Learning in one space ‘S' 
would show up a d i s s a t i s f a c t i o n  with t h i s  sp ace ,  as was d is cussed  in  the 
f i r s t  i n d i c a t o r  in  the  b a t t e r y  r epo r te d  in 7 . 2 . 0 .
l O c l . 2 . 4 . 0 .  General Findings
Here, I now s t a t e  what can p o s s i b ly  be i d e n t i f i e d  in the  con tex t  o f  t h i s  
s tudy .
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1. The (m a t e r i a l )  c on ten ts  o f  a mathematics t e a c h in g - l e a r n in g  ta sk  
can be equated  with the  w r i t t e n  ma te r ia l  f o r  the con ten ts  in the 
tex tbook .
2. There e x i s t s  a s t r u c t u r e  S under ly ing  the c u r r e n t  c o n t e n t s .  Hence 
the methodology o f  mathematics t e a c h in g - l e a rn in g  s i t u a t i o n s  i s  funda­
men ta l ly  based on S as a l e a rn in g  space.  Simply, S (see  G lossa ry ,
Appendix’A) con ta in s  such in s ta n c e s  t h a t  do not  con ta in  any c o n s ta n t s  o f  
i m p l i c i t  form - o th e r  than  the v a r i a b l e s  i f  any e x i s t .
3. There e x i s t s  ano the r  s t r u c t u r e  H which i s  e s s e n t i a l ,  bu t  i s  more or 
l e s s  comple te ly ignored in the  c u r r e n t  methodology. H (see Glossary) 
con ta in s  a l l  i n s t a n c e s  t h a t  inc lude  a t  l e a s t  one co n s ta n t  - o th e r  than
the  v a r i a b l e s , i f  any. F u r th e r ,  i t  was deduced under d e f i n i t e  con d i t io n s  
t h a t  S n  H = (j) ( the  null  s e t ) .
4. The t r a n s f e r a b i l i t y  o f  mathematical computational knowledge based on 
S to  o th e r  f i e l d s  such as p h y s ic s ,  which use mathematics i s  not  s a t i s ­
f a c t o r y .
5. Mathematical knowledge in H c o r r e l a t e s  c l o s e r  with problem so lv ing  
than in S.
6.  A s e t  U, as a p a r t  o f  H was put  forward and i d e n t i f i e d , s o  as to  be 
a p p l i c a b le  in l e a r n a b i l i t y  under P ropos i t ion  8 .2 .  Then, on the b a s i s  
o f  the t e s t - f o r m  + P, with and as two kernels  in S and U
re s p e c t i v e l y  f o r  P, i t  was found t h a t  the e f f i c i e n c y  (see  Glossary) in 
U i s  h ighe r  than t h a t  in S , r eg a rd in g  the same P.
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7. Based on the  theory  in t roduced  in  Chapter  5,  as well as f ind ings  
in  the prev ious  p o in t  ( 6 ) ,  an a lgor i thm  f o r  a m od i f ica t ion  in  the 
methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s  was in t roduced
in  P ropos i t ion  9 . 1 .  I t  was advanced on the b a s i s  t h a t  S + U p re sen ts
a model which should u n d e r l i e  such a methodology -  based on the 
a lgo r i thm  sugges ted in P ro p o s i t io n  9 .1 .
In t h i s  c o n t e x t ,  em pir ica l  evidence from two experiments appears to 
suppor t  t h a t  methodology based on S + U in  the sense o f  P ropos i t ion  9.1 
i s  s u p e r io r  to  the  c u r r e n t  methodology based on S f o r  the mathematics
achievement in  the  a rea  o f  t h i s  s tudy .
10.2.  I I .  A F u r th e r  Outlook
The seminal work in t h i s  s tudy  can in  f a c t  be i d e n t i f i e d  in  the proposed 
m od i f ica t ion  in  the methodology o f  mathematics t e a c h in g - l e a r n in g  s i t u a t i o n s  
based on a model der ived  by the a lgo r i thm  advanced in P ro p o s i t io n  9 .1 .
Mathematics in f a c t  asks f o r  an a b i l i t y  in a b s t r a c t i o n  and g e n e r a l i z a t i o n .  
In t h i s  sense ,  K ru te tsk i  (1976) claims t h a t ,
" a b s t r a c t i o n  and g e n e r a l i z a t i o n  c o n s t i t u t e  the essence of  
mathematics,  and mathematical t h in k in g ,  t h e r e f o r e ,  i s  l a r g e l y  
a b s t r a c t  and g en e ra l i z e d  th inking"  ( P . 86).
Also in t h i s  l i n e ,  Bruner and Kenney (1965) be l ieve  t h a t ,  once a b s t r a c t i o n  
i s  achieved ,  the l e a r n e r  can then r e l y  upon a stock o f  imagery,which might
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permit  him to  work a t  a leve l  of  h e u r i s t i c  means in o rd e r  to  explore  
problems and r e l a t e  them to  o th e rs  a l ready  mastered.
Hence, we have the b e l i e f  t h a t  ch i ld r e n  should progress  in mathematics 
from concre te  s i t u a t i o n s  to  a b s t r a c t  ones ,  so t h a t , f o r  example,  they  
s t a r t  with the n a tu ra l  numbers and progress  to  symbols. Then, in t h i s  
co n te x t ,  - more o r  l e s s  in  l i n e  with Bruner (1964) ,  see P . 3-20 as well 
as Deines,  see P . 3-21,  -  I have the  view t h a t  in the  area  o f  t h i s  s tudy ,  
the S - s t r u c t u r e  i s  a z e r o - a b s t r a c t  dimensional space while the U- 
s t r u c t u r e  i s  a f i r s t  a b s t r a c t  dimensional  space.  I be l iev e  t h a t  in 
o rde r  to  cope with symbolism, one should ' a c t  on them* in the terms of  
P iag e t  (1964).  Hence, I f in d  the a lgor i thm in p r o p o s i t i o n  9.1 to 
agree with Bruner (1964) who s t a t e s ,
" i f  i t  should seem t h a t  I am urging  t h a t  the growth o f
symbolic fu n c t io n in g  l i n k s  a unique s e t  o f  powers to  man's
c a p a c i t y ,  the appearance i s  q u i t e  as i t  should be "
Whether one would i n t e r p r e t  such a s ta tem en t  d i f f e r e n t l y ,  I b e l i e v e  t h a t  
a s tu d e n t  should always work with in s ta nces  invo lv ing  co n s tan t s  o f  
i m p l i c i t  form,whatever the behavioural  o b j e c t i v e  o r  the  approach.  These 
in s t a n c e s  c o n t a in ,  in  my op in io n ,  the essence o f  symbolism which helps  
c o g n i t iv e  growth.
In a d d i t i o n ,  f o r  a f u r t h e r  enqui ry  along the  l i n e s  o f  the study  in  t h i s  
t h e s i s ,  I b e l i e v e  a p ro s p e c t iv e  work could be found in  the fo l lowing :
( i )  R ep e t i t io n  o f  t h i s  s tu d y ,  which would be worthwhile to  confirm or
r e f i n e  the r e s u l t s  and co n c lu s io n s .
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( i i )  I d e n t i f i c a t i o n  o f  ano the r  p o s s ib le  a lgo r i thm ,  e i t h e r  to  enhance 
or  r ep lace  the a lgo r i thm  in  P ro p o s i t io n  9 .1 .
( i i i )  I d e n t i f i c a t i o n  o f  a no the r  p o s s ib le  le a rn in g  s t r u c t u r e  S + Û, 
with U as ano ther  N - a b s t r a c t  dimensional  space.  I recommend N to  be 
the s e t  { 1 , 2  }which provides  an ex tens ion  to  the term 'dimensional* 
used in  convent ional  c o n t e x t .  By t h i s ,  I suppose t h a t  U would con ta in  
the s e t  o f  a l l  in s t a n c e s  in  H which con ta ins  a t  l e a s t  one and not  more 
than two c o n s t a n t s .  This  would i n e v i t a b l y  r e s u l t  in ano the r  a lgor i thm 
to  r e p la ce  t h a t  advanced in  P ropos i t ion  9 ,1 .
( iv )  The a rea  o f  problem -so lving i s  most e s s e n t i a l  in mathematics 
e d u ca t io n .  In the t r e n d  o f  t h i s  s tudy ,  I be l ieved  (as a c o n s t ru c t )  t h a t  
the l e a rn in g  space S + U could b e n e f i t  in problem-solv ing  in the long 
term. Hence, a comparat ive study might be f r u i t f u l ,  fo l lowing up the 
a b i l i t i e s  o f  two groups o f  s tu d en t s  in problem-solv ing  in the long- term,  
provided one group fol lows S,  while ano ther  fol lows S + U under 
P ro p o s i t io n  9 .1 .
(v) I w i l l  no t  add anyth ing  new i f  I mention t h a t  I found a s t rong  
c o r r e l a t i o n  between achievement in mathematics and physics in  9 c l a s s e s  wi th 
d i f f e r e n t  t e ach e r s  o f  mathematics and physics in d i f f e r e n t  secondary 
schools  in Kuwait. So, I fo l lowed-up the t o t a l  s c o r e s x  and y in 
mathematics and physics r e s p e c t i v e l y  obta ined  by a random sample of
300 s tu d en t s  in the General Examinations in Kuwait held f o r  the f i n a l
grade o f  the secondary school in the four  academic y ea rs  1976/77,
1977/78,  1978/79 and 1979/80.  I observed t h a t ,  in not  l e s s  than 90%
2of  the cases y > -jX f o r  the s tuden t s  who passed both mathematics and
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physics examinat ions .  Such a r e l a t i o n  may confirm t h a t  improvement 
o f  the achievement in mathematics would improve the achievement in 
o th e r  s u b je c t s  such as physics and eng inee r ing ,  which use mathematics.
Hence, I recommend a comparative s tudy  to  fol low the  achievement o f  two 
groups in a non-mathematical s u b j e c t ,  say phys ics  or  en g in ee r in g ,  taken 
over a long per iod  and where one group le a rn s  in S,  while the o th e r  
group le a rn s  in S + U, under P ropos i t ion  9 .1 ,
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APPENDIX A
A GLOSSARY OF TERMS
A-1
A. A GLOSSARY OF TERMS
This g lo s s a ry  o f  terms inc ludes  such terms t h a t  commonly occur in 
the  con tex t  of  t h i s  s tudy and fo l lowing  up the work in  t h i s  t h e s i s .
The terms which -  to  my knowledge -  a re  no t  found in o th e r  sources 
a re  more or  l e s s  personal  and the  sign  (*) i s  p re f ixed  to  such terms 
to  i n d i c a t e  t h i s  p o s s i b i l i t y .  N ev e r th e le s s ,  the  o th e r  terms were
modified to  s u i t  the  co n tex t  o f  t h i s  s tudy ,  while a re fe ren c e  i s  
in t roduced  in  formal p la c e s .  The under l ined  terms i n d i c a t e  t h a t  these  
terms are  found in t h i s  g lo s s a r y .
Achievement
Symbol r e f e r r i n g  to  a number ass igned to  the  
achievement o f  a s tuden t  in a c e r t a i n  t a s k .  A i s  
u s u a l ly  ass igned  by an achievement t e s t  graded on the 
b a s i s  o f  a predetermined c r i t e r i o n .  For a group 
o f  s t u d e n t s ,  such an 'A* could be the mean of  the 
values  o f  A o f  the s tu d e n t s .  This A measures the 
product  achieved in the l e a rn ing  p rocess ,  i . e .  the  
l e a rn in g  outcomes.
A c o n s t r u c t  r e f e r r i n g  to what a s tu d e n t  has l e a r n t  
in  a c e r t a i n  t e a c h in g - l e a rn in g  t a s k .  Poss ib ly  a 
number A i s  ass igned  under c e r t a i n  co n s id e ra t io n s  
to  match t h i s  c o n s t ru c t .
A-2
Achievement t e s t
(*)Advantage o f  
Achievement
B at te ry  of  t e s t s
An ins t rum ent  designed to  measure and app ra i se  
what a s tu d e n t  has learned  to  do. I t  measures 
the  e x t e n t  to  which the  s tu d e n t  has a t t a i n e d  
(achieved)  c e r t a i n  knowledge in a t a sk  k under 
a s p e c i f i c  t e a c h in g - l e a rn in g  s i t u a t i o n .
G ene ra l ly ,  t h i s  i s  designed on the  bas is  o f  
producing a s e t  B o f  (bas ic )  behavioural  o b j e c t ­
ives  found necessary  f o r  k. The t e s t  accord ing ly  
i s  made up s e t s  o f  s imple s t im u l i  (u s u a l ly  in the 
form o f  s imple ques t ion- i te rns )  so t h a t  each o f  
the se  s e t s  i s  provided to  measure the 
achievement in one in B. The number of  
elements in each s e t  i s  s u b j e c t  to  c e r t a i n  c o n s id e r ­
a t i o n s  def ined  by r e l a t e d  c r i t e r i a  grad ing.
This c o n s t r u c t  r e f e r s  in t h i s  t h e s i s  to  how f a r  an 
achievement o f  a ( t e a ch in g - )  l e a rn in g  ta sk  provides  
the c a p a b i l i t y  to  the  s tuden ts  o f  so lv ing  a c e r t a i n  
problem P in the domain of  k. A measure c a l l e d  
e f f i c i e n c y  i s  in t roduced  as a measure regard ing  P 
f o r  t h i s  c o n s t r u c t .
A symbol r e f e r r i n g  to a s e t  o f  (bas ic )  behavioural  
o b j e c t i v e s  necessary  fo r  a t a sk  k. (k could be a 
c e r t a i n  problem).
A s e t  o f  a t  l e a s t  two t e s t s  designed under c e r t a i n  
r e l a t i o n s h i p ,  u sua l ly  adm in is te red  to  the same 
group of  s tu d e n t s .
A-3
(*)Bas1c behavioural  
o b je c t iv e
Behavioural  o b je c t iv e
Competency
A behavioural  o b je c t iv e  i d e n t i f i e d  to be most 
necessary  in comparison with o th e r s .  This i s  
n e c e s s a r i l y  normally assessed  by a panel of  
people working in the f i e l d .
An in tended goal s t a t e d  in a c l e a r  and s p e c i f i c  
way so t h a t  i t s  a t t a inm en t  (or  lack  o f  i t )  can be 
observed or  measured. Usua lly ,  i t  i s  an 
i n s t r u c t i o n a l  o b je c t iv e  r e s t r i c t i n g  an i n s t r u c t i o n ­
al goal l a b e l l e d  as ‘measurable '  or  'b e h a v io u ra l '  
which are  r e l a t i v e l y  in te rchangeab le  terms - 
indeed the  outcome w i l l  be 'measurable '  r a t h e r  
than ' b e h a v i o u ra l '  - (Tuckman, 1975, P . 24).
A s ta tem en t  r e l a t e d  to  a behavioural  o b j e c t i v e  in 
the  c o n te x t  o f  t h i s  t h e s i s  w i l l  begin in "To 
apply (the knowledge) "To i d e n t i f y  ( the know­
l e d g e ) . . . "  o r  "To i d e n t i f y  and apply ( the knowledge) 
. . . "  in cases  o f  mathematics computat ional  
knowledge, mathematics comprehensional knowledge o r  
mathematical knowledge r e s p e c t i v e l y .
A s tu d e n t  i s  s a id  to  have s a t i s f i e d  competency in 
a t t a i n i n g  the knowledge r e l a t e d  to  a c e r t a i n  
behavioural  o b je c t iv e  B. i f  he s a t i s f i e s  c e r t a i n  
c r i t e r i a  in the  outcomes of  B^. The term can 
a l so  be used to  demonstrate c a p a b i l i t y  in so lv ing  
a problem P.
A-4
(*)Comprehensional
knowledge
( * ) Computational 
knowledge
Contents
In t h i s  t h e s i s ,  t h i s  term r e f e r s  to  a ba s ic  
p a r t  o f  mathematical  knowledge. I t  r e f e r s  to  
i d e n t i f y i n g  a s p e c i f i c  p iece  o f  knowledge in  the 
search  f o r  a s p e c i f i c  g o a l ,  e . g .  i d e n t i f y i n g  a 
proper  r u l e  r e l a t e d  to  a response  f o r  a 
behav ioural  o b j e c t i v e . In t h i s  case ,  the  
r e l e v a n t  behavioural  o b j e c t i v e  w i l l  normally 
begin "To i d e n t i f y  . . . " .
This i s  a bas ic  p a r t  of  mathematical  knowledge.
I t  r e f e r s  to  the knowledge o f  how to  apply a 
c e r t a i n  response  -  e . g .  a r u l e  - in  o rde r  to  
achieve a goa l .  A behavioural  o b j e c t iv e  r e l a t e d  
to  t h i s  p a r t  o f  knowledge w i l l  thus begin in 
"To apply
The con ten ts  o f  a t e a c h in g - l e a rn in g  ta sk  k in 
general  c o n s i s t s  of  the a v a i l a b l e  in formation  
about k found in the i n t e r a c t i o n  between the 
s t u d e n t ,  the te a c h e r  and k. The con ten ts  o f  k in 
the f i e l d  o f  the study in t h i s  t h e s i s  a re  equated 
with the information  found in the  w r i t t e n  
m a te r ia l  f o r  k in the  tex tbook.  Furthermore,  i t  
was viewed t h a t  the con ten ts  o f  k, b a s i c a l l y  inc lude  
two p a r t s ,  a t h e o r e t i c a l  p a r t ,  which i s  almost  
i n v a r i a n t  and a p r e s e n ta t io n  R where var ia nces  in 
c on ten ts  take place through R.
A-5
Domain o f  task
( * ) E f f ic ien cy
I f  B i s  a s e t  o f  behavioural  o b j e c t i v e s  
necessary  f o r  a ta sk  k - i . e .  the elements of  
B govern k - then a t a sk  k i s  s a id  to be in 
domain of  k i f  k i s  governed by a subse t  o f  B. 
Hence, such a domain i s  i d e n t i f i e d  by the s e t  B 
o f  behav ioural  o b j e c t i v e s  o f  k.
This term can be i d e n t i f i e d  as a measure f o r  the 
advantage o f  achievement in a c e r t a i n  t a s k .  I t  
was p r im a r i l y  in t roduced  as the p r o b a b i l i t y  t h a t  
an ind iv idua l  ' x '  i s  capable o f  a problem P, 
provided t h a t  x has demonstrated a predetermined 
competency in so lv ing  a l l  the  elements o f  a s e t  
Pq o f  s imple s t im u l i  r e l e v a n t  under c e r t a i n  
c o n s id e r a t io n s  to  P. In developing the  theory  
in t h i s  r e s e a r c h ,  t h i s  term ~ t h e o r e t i c a l l y  - 
r e f e r s  to  the p r o b a b i l i t y  t h a t  x i s  capable o f  P, 
provided t h a t  x i s  ab le  (competent)  to  under take 
a c c u r a t e l y  a l l  the ke rne ls  f o r  P i n a  c e r t a i n  
space o f  knowledge, i . e .  x s a t i s f i e s  the uniform 
o p e ra t io n a l  p roper ty  (see D e f in i t io n  5 . 7 ) .  For 
conveniency sake in the f u r t h e r  development o f  
the r e s e a r c h .  D e f in i t io n  5 .7  was weakened (see 
D e f in i t i o n  8 .1 )  by regard ing  the e f f i c i e n c y  in the 
s o - c a l l e d  p s e u d o - r e a l i t y  as the  p r o b a b i l i t y  t h a t  
the co n d i t io n a l  s ta t em en t :  x i s  capable  in a l l
the elements o f  one kernel  f o r  P => x i s  capable 
in  P i s  t r u e ,  provid ing  t h a t  the f i r s t  premise 
holds t r u e .
A-6
(*)H
(*)Ho
(*)H“ ins ta n c e
(*)H-space
( * )H -s t ru c tu r e
Hypothesis
Ins tance
Symbol r e f e r r i n g  to  the H-space (o r  s t r u c t u r e )  
in the  c o n tex t  o f  t h i s  t h e s i s .  (H s tands  in 
f a c t ,  f o r  h ig h e r ) .
Symbol r e f e r r i n g  to  a kernel  o f  a problem P in 
H-space.
An in s ta n c e  t h a t  con ta ins  e x p l i c i t l y  a t  l e a s t  one 
c o n s ta n t  - o f  i m p l i c i t  form, ' a '  say -  o th e r  than 
the  v a r i a b l e s ,  i f  any.
This r e f e r s  to  the  space o f  knowledge (H, 0) 
s t r u c t u r e d  by H - ins tances .
This term r e f e r s  to  the s e t  o f  a l l  H - ins tances  in 
the  mathematics o f  the area  o f  t h i s  s tu dy .  (This 
could a l s o  be equated loose ly  with the H-space).
This r e f e r s  to  a t e n t a t i v e  s ta tem en t  proposed to 
be s u b je c t  to v e r i f i c a t i o n  through subsequent  
i n v e s t i g a t i o n  (Verma and Beard,  1981, P . 84).
The term r e f e r s  in t h i s  t h e s i s  to  an item in the form 
o f  an example,  exe rc i s e  or  a s imple o r  ro u t in e  
(novel)  problem, governed by only one behavioural  
o b j e c t i v e  in domain o f  a c e r t a i n  ta sk  k.
A-7
( * ) kernel
Law (Assumption) of  
Universal 
Determinism
(*)Learn ing space
Symbol r e f e r r i n g  to a ( t e a c h in g - )  le a rn ing  
t a s k .
I f  B i s  a s e t  o f  behavioural  o b j e c t iv e s  necessary  
fo r  a problem P, then a kernel fo r  P i n a  space o f  
knowledge W i s  def ined  to  be a s e t  o f  in s ta n ces
in W such t h a t  fo r  a l l  B^  in B th e re  e x i s t s  a 
unique w^  in W^ , which i s  n e c e s s a r i l y  governed by
(*)Mathematical  knowledge
This b a s i c a l l y  r e f e r s  to  a fundamental assumption 
made by s c i e n t i s t s  in t h a t  the even ts  they 
i n v e s t i g a t e  fo l low a law or a re  ordered so t h a t  
no even t  i s  c a p r i c io u s .  Behavioural  s c i e n t i s t s  
l ikew ise  extend t h i s  law in t o  t h e i r  f i e l d ,  assum­
ing t h a t  the  behaviour  of  an organism i s  lawful 
and p r e d i c t a b l e  (Ary e t  a l . ,  1972, P . 12).
A space o f  knowledge manipulated to  be a p p l i c a b le  
to  the  t e a c h in g - l e a r n in g  s i t u a t i o n s  in a s p e c i f i c  
a rea  o f  a p a r t i c u l a r  knowledge, e . g .  secondary 
school mathematics.
This term r e f e r s  in  t h i s  t h e s i s  to the knowledge 
t h a t  can be i d e n t i f i e d  -  comprehensional - o r  
a p p l ied  -  computat ional  -  with r e s p e c t  to  a 
c e r t a i n  mathematical re sponse .  I t  c o n s i s t s  in  
t h i s  t h e s i s  o f  the two bas ic  p a r t s  comprehensional 
and com p u ta t io n a l . A behavioural  o b j e c t iv e  f o r  
mathematical knowledge w i l l  begin "To i d e n t i f y  
and apply . . . " .
A-8
Propos 1t ion
( * )P re s e n ta t io n
P r i n c i p l e  o f  
Invar ia nce
Symbol r e f e r r i n g  to  a c e r t a i n  normal popu la t ion .
Symbol r e f e r r i n g  to  a given novel problem which 
i s  not  s imple ,  i . e .  not  an in s ta n c e  in a p a r t i c u ­
l a r  domain.
This term r e f e r s  in t h i s  t h e s i s  to a c e r t a i n  
s ta tem en t  - premise - accep ted by the r e s e a r c h e r  
to  be t r u e ,  i . e .  more o r  l e s s  an axiom.
I t  i s  the s e t  o f  in s ta n ces  in t roduced  in ( domain) 
o f  the con ten ts  o f  a t a sk  k in o rde r  to  i l l u s t r a t e ,  
enhance and r e in f o r c e  mathematical knowledge in the 
achievement o f  k.
The law o f  un ive rsa l  determinism in sc ience
assumes t h a t  under s p e c i f i c  co n d i t io n s  c e r t a i n  
even ts  w i l l  occur in a p r e d i c t a b l e  way (Ary e t  a l . ,  
1972, P . 12).  A p r i n c i p l e  t h a t  s p e c i f i e s  such 
co n d i t io n s  i s  c a l l e d  in  t h i s  sense a p r i n c i p l e  of  
in v a r i a n c e .  For example (Bruner ,  1966, P . 41) 
claims t h a t  the most elementary  forms o f  reasoning  
-  whether l o g i c a l ,  a r i t h m e t i c a l ,  geometrical  o r  
phys ica l  - r e s t  on the p r i n c i p l e  o f  inv a r i an ce  o f  
q u a n t i t i e s :  the whole remains ,  whatever may be
the arrangement o f  i t s  p a r t s ,  the change o f  i t s  
form, o r  i t s  disp lacement in space o r  t ime.
con td /
A-9
. /con td .
P s e u d o - r e a l i ty
(*)R
(*)R
Represen ta t ive  sample
(*)S
In t h i s  t h e s i s ,  t h i s  p r i n c i p l e  r e f e r s  to  a 
p o s s ib le  s e t  o f  c o nd i t ions  which may preserve  
c o n s i s te n cy  and extends the  law o f  un ive rsa l  
determinism in to  a behavioural  s c ien c e .
A h y p o th e t ica l  space o f  r e a l i t y  assumed f o r  
f a c i l i t a t i n g  progress  in s tudy  (see  8 . 2 . 0 ,  P . 8 -9 ) .
A symbol denot ing a p r e s e n t a t i o n .
A symbol denot ing a m o d i f ica t io n  in the methodology 
f o r  R based on P ro p o s i t io n  9 .1 .
This term r e f e r s  to  a random sample chosen from a 
c e r t a i n  normal popula t ion  ‘O' in the  sense t h a t  
t h i s  sample i s  expected to s a t i s f y  the  same 
" c h a r a c t e r i s t i c "  or  "measure" which the  whole 
popu la t ion  s a t i s f i e s .
I t  was viewed in the  con tex t  o f  t h i s  t h e s i s  t h a t  
two c l a s s e s  in  one grade o f  secondary school in 
Kuwait would g e n e ra l ly  form a r e p r e s e n t a t i v e  
sample o f  the popula t ion  of  the grade in the area 
o f  t h i s  s tudy .
A symbol denot ing the S-space ( s t r u c t u r e )  in the 
con tex t  o f  t h i s  t h e s i s .  (S s tands  fo r  ' su b '  in 
the  sense t h a t  t h i s  i s  in d i sp e n sa b le ;  see H).
A-10
(* )S - in s ta n c e
(*)Simple s t im u l i
(*)Space o f  knowledge
(* )S t ru c tu re d  knowledge
An in s ta n c e  t h a t  does not  con ta in  any c o n s ta n t  -
i . e .  symbolic cons tan t  o f  an i m p l i c i t  form, ' a '  
say - o th e r  than the v a r i a b l e s ,  i f  any.
This r e f e r s  to  an in s ta n ce  in the con tex t  o f  t h i s  
t h e s i s .
This term is  a conceptual  s t r u c t u r e  i d e n t i f i e d  
f o r  a c e r t a i n  normal popula t ion  'O' by the  ordered 
pain (W, 0) or  simply W. This W was i d e n t i f i e d  
as a p a r t i c u l a r  s t r u c t u r e d  knowledge f o r  a 
p a r t i c u l a r  area  of  knowledge. W i s  cons idered  to 
be s t r u c t u r e d  ( ru led )  by a f i n i t e  s e t  o f  r u l e s  which 
i s  c a l l e d  the underlying s t r u c t u r e  o f  W.The elements
of  W are  c a l l e d  i n i t i a l  s t a t e s  o f  knowledge eg.  i n s t a n c e s .
(N.B. Mathematics may enhance t h i s  term fo r  
f u r t h e r  purposes by id e n t i f y i n g  the space o f  
knowledge as the ordered t r i p l e t  (W, F, 0) where 
F i s  the  under ly ing s t r u c t u r e  of  W. But F was not  
in t roduced  in the con tex t  of  t h i s  s tudy ,  s ince  i t  
was be l ieved  t h a t  the term (W, 0) i s  s u f f i c i e n t  and 
ap p ro p r ia t e  to  o the r  f i e l d s  o f  knowledge, provided 
t h a t  the underly ing s t r u c t u r e  o f  W is  i d e n t i f i e d  
w i th in  W).
I t  r e f e r s  to a c e r t a i n  knowledge in t roduced  as a 
s e t  W o f  in s ta n ces  in a p a r t i c u l a r  area o f  knowledge- 
e . g .  the area  o f  t h i s  s tudy - i d e n t i f i e d  by a f i n i t e  
s e t  of  r u l e s ,  say ' F ' .  This F i s  c a l l e d  the under-
c o n t d / .........
A -n
. .  . / c o n t d .
(*)S -space
( * ) S - s t r u c t u r e
(*)S + U
ly ing  s t r u c t u r e  o f  W and i t  could be i d e n t i f i e d  
w i th in  W.
(N.B. Mathematics may enhance t h i s  term f o r
f u r t h e r  purposes by id e n t i f y i n g  t h i s  term as the
ordered p a i r  (W, F) ) .
The term r e f e r s  to  the space o f  knowledge (S ,0)
s t r u c t u r e d  by S - i n s t a n c e s .
This r e f e r s  to  the s e t  o f  S - in s ta n c e s  in the 
mathematics o f  the area  o f  t h i s  s tudy .  I t  i s  
a s t r u c t u r e d  knowledge i d e n t i f i e d  by a ru le  
i d e n t i f y i n g  such S - in s ta n c e s .  (This could a l so  
be equated lo o s e ly  with the S - space ) .  (This 
s t r u c t u r e  was i d e n t i f i e d  to  u n d e r l i e  c u r r e n t  
p r e s e n t a t i o n  R o f  mathematical t e a c h in g - l e a r n in g  
t a sk s  in  the sense t h a t  R i s  a subse t  o f  t h i s  
s t r u c t u r e ) .
This r e f e r s  to  a le a rn ing  space s t r u c t u r e d  under 
an a lgor i thm  sugges ted  in P ropos i t ion  9 .1 .  This 
space i s  in t roduced  to  be app l ied  f o r  a m od i f ica t ion  
in the methdology to  be app l ied  in r e l e v a n t  
t e a c h in g - l e a r n in g  s i t u a t i o n s ,
A-12
Teaching- learn ing
s i t u a t i o n
(*)U
(* )U-ins tance
( * ) Uni form opera t iona l
(*)U-space
The term r e f e r s  in t h i s  t h e s i s  to  a poss ib le  
observab le  f a c t o r  (even t)  planned o v e ra l l  by a 
methodology o f  mathematics t e a c h i n g - l e a r n i n g ,  e . g .  
cur r icu lum,  teach ing  method or  a p r e s e n t a t i o n  R 
o f  a ta sk  - a methodology i s  r e f l e c t e d  in such a 
s i t u a t i o n .
A symbol denoting the U-space in the c o n te x t  of  
t h i s  t h e s i s .  (U stands  f o r  ' u l t r a ' :  see S and 
H).
This i s  an H-ins tance  which inc ludes  only one 
c o n s t a n t ,  o th e r  than the v a r i a b l e s ,  i f  any.
I f  P i s  a problem r e l e v a n t  to  a space of  knowledge 
(W, 0 ) ,  then a uniform o pe ra t iona l  in 'O' i s  a 
person who i s  ab le in a l l  ke rne l s  of  P in  W in  the 
sense t h a t  t h i s  person i s  comple te ly competent in 
a l l  the elements o f  a kernel  f o r  a l l  such 
ke rne l s  in W (see D e f in i t io n  5 . 7 ) .  N ev e r th e le s s ,  
t h i s  was modified f o r  convenience in the  research  
development to  i n d i c a t e  someone in 'O' who i s  ab le  
in only one kernel  f o r  P (see D e f in i t io n  8 . 1 ) .
The term r e f e r s  to  the space o f  knowledge (U, 0) 
s t r u c t u r e d  by U - ins tances .
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(* )U -s t ru c tu r e
(*)W
The term r e f e r s  to  the s e t  o f  U-ins tances  in the 
mathematics o f  the area  o f  t h i s  s tudy .  (This 
could a l so  be equated lo o s e ly  with the U-space).
A symbol in general  deno ting simply a space of  
knowledge (W, 0) in the con tex t  o f  t h i s  s tudy .  
S p e c i f i c a l l y ,  i t  i s  a s t r u c t u r e d  knowledge 
i d e n t i f i e d  by a f i n i t e  s e t  o f  r u le s  in a p a r t i c u l a r  
p iece o f  knowledge.
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A TEST To
For Students  In The Final  Grade Of Secondary School In Kuwait.
I n s t r u c t i o n
In the fo l lowing t e s t  o f  twenty m u l t ip l e - c h o ic e  i t ems ,  th e re  i s  only 
one c o r r e c t  response out  o f  the fou r  responses given with each i tem. 
Please t i c k  ( /  ) in the a p p ro p r ia t e  box o f  the c o r r e c t  response.  
Please do not guess.
1. I f X - 2 
2x - 1
= 5,  then x equals
-3
2. I f  |x -2 |  = - 1 ,  then the  s o lu t i o n  s e t  f o r  x i s :
{3, 1} □ n {1}
3. I f  X -  3x -  5 = 0,  then  the  s o lu t i o n  s e t  f o r  x i s :
□ {3. 5 } [ 2 ] 3 ± y ^ O  {3. | }  □
1-2
4. I f  X - 4x < 0,  t h e n  t h e  s o l u t i o n  s e t  i s  i d e n t i f i e d  b y :
0 < X < 4 I I X < 4 I I 0 < X ,< 4 I I |x |<  2 | [
5. In the f i g u r e  a t  the  s i d e ,  Lim f (x )  to :
X ^  1
2 [ I non -ex is t ing  | ) zero | '|
6. Lim r:^ -— as x ^  0 i s :
Zero I ] n o n -e x i s t in g  | ] 1 I [ none o f  the | ]
preceding
7. I f  T(x) = - /x  then the  domain o f  T cor responds  to :
X > 0 □  X > 0 □  X ^  0 a l l  r ea l  □
numbers
8: Lim 1 -  x^ 2x2 + 1 = 1 as X i s :
□  7  □  zero □  - 2 ' [ 3
9. I f  the fu n c t io n  D has a l i m i t  a t  x = a ,  then:
Di s  Di s  , ___  Di s
def ined  cont inuous  | | undefined Q2]
a t  a a t  a a t  a
0 might  be 
cont inuous I [ 
a t  a
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10. I f  the func t ion  f  i s  continuous a t  x = a ,  then:
f  i s  ___  f  has a ____ f  may ___  f  may be
def ined  | |  d e r i v a t i v e  | | have no | | undefined [
a t  a a t  a l i m i t  a t  a
a t  a
211. I f  T(x) = X - X then one o f  the fo l lowing po in t s  belongs to  T:
( 1 , 2 ) □  ( - 1 . 0 ) □  ( 2 , 2 ) □  (2 , - 2 ) □
212. I f  f (x )  = X + X , then the  s lope  of  the tangen t  l i n e  to  f  a t  
X = -2 i s :
-3 □  2 3  5 n  -4 3
13. I f  X = x ( t ) ,  y = y ( t )  and x^ + y^ = 10, then:
^  = io-2x^ 3 ^  + ^ -  ° 3  + / i t  = 0 32><+2y-^ = 0 3
14. I f  T(x) = x^  + h^,  h being c o n s t a n t ,  then f(x) i s :
2x + □  2x 3  x2 + 2h 3  2x + 2h 3
B"4
2 315. I f  X = t  “ t  i s  the d isplacement  of  a p o in t  moving in a s t r a i g h t  
l i n e ,  where t  i s  the time ( time u n i t s ) ,  then the  a c c e l e r a t i o n  of  
t h i s  po in t  a t  t  i s  denoted by:
916. I f  V = 3 t  + 2 t  measures the v e l o c i ty  o f  a po in t  moving in a
s t r a i g h t  l i n e ,  t  being the  t ime,  then the a c c e l e r a t i o n  a t  t  = 0 i s
Non- I I Zero | 2 | [ None o f  | |
e x i s t e n t  the
preceding
17. The d i s t a n c e  between A = (2x,  x) and B = (4x,  x) i s  given by:
2x 3  ±2x 3  -2x 3  2 | x |  3
18. I f  the  l i n e :  y = X - h i s  a t a ngen t  l i n e  to  the  curve:  f (x )  =
9X + 5x, then h equa ls :
4 3  -4  3  7 3  -7 3
19. The disp lacement x o f  a p o in t  moving in a s t r a i g h t  l i n e  i s  x = t^+ t ,  
t  being a number measuring the  t ime.  I f  V and A a re  two numbers 
measuring the v e l o c i t y  and the  a c c e l e r a t i o n  r e s p e c t i v e l y  o f  t h i s  
p o in t  a t  t ,  then  -4A = 1 when t  i s :
2 3  - 1 3  7  3  1 3
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20. Let X = 2 t  a n d  y  = t  + 4,  def ine  the displacements  of  the two
poin ts  M.J and M2 which move on the x -ax is  and y - a x i s  r e s p e c t iv e l y ,  
t  being a number measuring t ime.  Then the  r a t e  of  change o f  the 
d i s t a n c e  M^ Mg when y = x i s :
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CORRECT ANSWERS
A t i c k  ( / )  i n d i c a t e s  which 
c o r r e c t  answer.
(1) (2) (3)
o f  the  fou r  boxes corresponds  to  the 
(4)
1
2
3
4
5
6
7
8 
9
10
11
12
13
14
15
16
17
18
19
20
/
/
/
/
/
/
/
/
/  .
/
/
/
/
/
/
/
/
/
/
/
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C: TWO EXAMPLES OF TASK-PRESENTATION
I .  This example o f  p r e s e n t a t i o n  i s  t r a n s l a t e d  verbat im from the 
textbook f o r  the f i n a l  y e a r ,  e n t i t l e d :
Contemporary Mathematics: 4th Secondary Year (F inal  Grade)
P a r t  I (1978).
This book was r ev is ed  by a group (o f  whom I was one) comprising fou r  
people from the mathematics department in Kuwait U n ive rs i ty  and the 
Department o f  Mathematics in  the M in is t ry  o f  Education.
The main behavioura l  o b j e c t i v e  of  the ta sk  k i s :
"To i d e n t i f y  and apply a knowledge o f  der ived  func t ion  
t h a t  i s  def ined  by more than one r u l e  in  r e l e v a n t  domains"
This assumes t h a t  the s tu d e n t s  have a l re ady  l e a r n t  the  d e f i n i t i o n  and 
ru le s  o f  d e r i v a t i v e s .
(1 ) e.| : A s e t  of  examples ( p p . 110-112)
( i )  I f  f ( x )  = x | x | ,  then f in d :  
f ( l ) .  f ( - 3 ) ,  f (0 )
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( i l )  Find g ( x ) ,  provided  tha t :
i f  0 < X 
g(x)  = 0  i f  -1 < X < 0 
X i f  X < -1
(2) ëg: A s e t  o f  e x e r c i s e s  ( P . 113).
( i ) I f  H(y) =
1 y  i f  0 <sy 
y^ i f  y < 0.
Find H( l ) ,  H( - l )  and H(0)
“:2
( i i )  I f  F(n)
n : 2 <: n 
^n-4  : n < 2
Find F( 3) ,  F(-2)  and F(2)
( i i i ) ,  ( i v ) ,  -----  ( o th e r  s i m i l a r  i n s t a n c e s ) .
(3) eg: A s e t  o f  s imple o r  r o u t i n e  problems ( P . 113)
( i )
H(n) n : 2 < n 
_4n*-l : n < 0
then f i n d  H(n) whenever i t  e x i s t s  and d iscuss  when 
H(n) does n o t  e x i s t .
( i i ) ,  ( i i i ) ,  . . .  ( o t h e r  s i m i l a r  i n s t a n c e s ) .
Then R = {e^, eg ,  e ^ } .  Thus i t  can be e a s i l y  n o t i ced  t h a t
a l l  in s t a n c e s  which e v e n t u a l l y  make R, belong to  the S - s t r u c t u r e ,
and no in s ta n c e  belongs to the H - s t r u c t u r e .
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I I .  This example o f  p r e s e n t a t i o n  i s  a l so  quoted from the textbook 
of  the second secondary y e a r  (10th grade) o f  secondary school in 
Kuwait (1979).
The main behavioural  o b j e c t i v e  o f  the ta sk  k i s ;
"To i d e n t i f y  and apply the  knowledge o f  a t r a n s l a t i o n  as 
a t r ans fo rm a t ion  in the c a r t e s i a n  p lane" .
The con ten ts  in  the t e x t  d iscuss  the t r a n s l a t i o n  : (x,y)  (x ,y )
where a l l  po in t s  A = (x ,y )  in the plane are  removed to  A = (x,y)  such
t h a t  the vec to r  AA has a w e l l -d e f in e d  d i r e c t i o n  t  and the  d i s t a n c e ld l
between A and i t s  image A i s  always f i x e d .
The p r e s e n ta t io n  R of  k,  as i t  was de f ine d ,  was made up o f  th ree  s e t s :
(1) e^ :  A s e t  of  examples (pp.  91 -  94)
—>•
(1) F i l l  in  spaces : X. ( - 1 ,  2) = ( . . . , . . . )
Y3 ( 2 ,  -2 )  = ( ...................)
Y_2(0, . . . )  = ( . . . ,  -3)
( i i )  Find d^ and d^ in  0 where (2 ,3 )  =
(6 ,  -4)  and 'O' denotes  composit ion o f  f u n c t i o n s .
Note: Xj denotes a t r a n s l a t i o n  in  the X-axis  with the p o s i t i v e
d i r e c t i o n  i f  d > 0 and in the oppos i te  d i r e c t i o n  i f  d < 0. 
S im i l a r l y  Yy .
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( i i i )  Find the equa t ions  o f  the image l i n e  to the l i ne
1 : 2x -  3y + 5 = 0 under the composite f u n c t io n :
; . 3  0  Î 3 .  r ,
( i v ) ,  ( v) ,  . . .  ( o th e r  s i m i l a r  examples) .
(2) Gg: A s e t  o f  e x e r c i s e s  ( P . 95).
( i )  Define the t r a n s l a t i o n  in terms o f  two t r a n s l a t i o n s
^d-, ^d2 each of  the fo l lowing :
(2 ,  5) + (6,  8)
(4,  1) + (5 ,  -3)
( i i ) ,  ( i i i ) ,  . . .  ( o th e r  s i m i l a r  e x e r c i s e s ) .
(3) eg: A s e t  o f  s imple r o u t i n e  problems ( P . 96) .
( i )  I f  (4 ,  -1)  i s  the image of  (1 ,  3) under t ^ ,  then 
def ine
( i i ) ,  ( i i i ) ,  . . .  ( o t h e r  s i m i l a r  problems).
I t  could be no t i ced  t h a t  as R={e-j, e ^ , eg},  a l l  the in s t a n c e s  which make' 
up R f a l l  i n ' S'  and none of  them i s  in H.
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T y  A BATTERY OF THREE TESTS, t y  tg AND tg
For The Final  Grade Of Secondary School In Kuwait 
t y  (H-Matheriiatics)
^ 11) I f  z = y  . then f i n d  x in terms o f  the o t h e r  elements 
z ,  y and h.
^12)  I f  z = / - ^ ^  then f i n d  I in terms of  o t h e r  elements.
^13)  I f  z = / x ^  + y^ + 2xy Cos 0 then f in d  Cos 0 in  terms o f  o th e r
e l e m e n t s .
^14)  I f  y = y  . with z > 0 then f i nd  z in terms of  o t h e r  elements
t g: (S-Màthémàtics)
^21)  I f  z = -1 . f in d  y when z = 3, x = 2 and n = 5.
^22)  I f  f  = f in d  h when f  = 4 ,  z = 2 and x = 7.
^;23) I f  X = / h ^  + 1^ + 2hlCos y ,  f in d  Cos y when x = 10, h = 9 and
1 = 3.
'^’24) I f  h = y  . with n> 0 ,  f in d  n when h = 5,  k = 3, x = 1 
and y = 2.
D-2
t g: (H-Ph ys ic s j
^31) The c ap a c i ty  C (Farad) o f  a sp h e r i c a l  condenser i s  given by 
C = y  . where k i s  a c o n s t a n t ,  and R and r  (m) are the
measures of  the l a rg e  and small r a d i i  o f  the condenser.  Find 
R in terms o f  C, k and r .
^32) Let V be the  p o t e n t i a l  d i f f e r e n c e  between two p a r a l l e l  p l a t e s  
with d i f f e r e n t  charges .  I f  M (kg ) and q (coulomb) a re  the 
mass and charge o f  an e l e c t r o n  moving between the two p l a t e s ,  
and i f  the e l e c t r o n  s t r i k e s  the p o s i t i v e  p l a t e  with v e l o c i t y  
V (m.sec)  then v . Find q in  terms o f  the o th e r  elements
q33) I f  0 i s  the angle between two f o r c e s ,  F-j and Fg (Newton) and 
R (Newton) i s  t h e i r  r e s u l t a n t  then we have:
R - / +  Fg + 2F-J . Fg Cos 0 . Find Cos & in terms o f  o th e r  
e lements.
^34) I f  m-j and mg (kg ) a re  the masses o f  two p o i n t  p a r t i c l e s  and
d (m) i s  the d i s t a n c e  between them, then the Newtonian fo rce  of  
a t t r a c t i o n  F (Newton) between them i s  given by:
F = J-. -— (k being a c o n s t a n t ) .  Find d in  terms o f  the o th e rK
e le m e n t s .
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Tg: A SET OF THREE TESTS, t y  tg AND tg
t-| For The Final  Grade Of Secondary School In Kuwait
3 ?S-|): 1. Let f (x )  = X -  2x + 5 be a p r im i t i v e  o f  a func t ion  g, 
Find g. (Here g(x) = f ( x ) )
So) : 2. Find /^ (2 x  -  3x^) dx. -2
Sg) : 3. Let  f (x )  = x -  2x -1 .  Find the common p o in t s  o f  the curve f
and the x - a x i s .
3 9S^) : 4. The Wo cu rves :  f ( x )  = x - 2 and g(x) = 4x -  5x have only two
common p o in t s  (1 ,  - I )  and (2 ,  6 ) .  Find the a rea  o f  the region
between f  and g.
h-j) : 5. I f  T(x) = a^x^ + 3b^ ( and and b being c o n s ta n t s )  i s  a p r im i t i v e  
o f  a func t ion  g, f in d  g.
hg) : 6.  Find -  2a^)dx,  a and b being c o n s t a n t s .
hg) : 7. Find the common p o in t s  between the curves y = x + bx and
2y = bx + c , when b and c a re  c o n s t a n t s .
h^) : 8. The graph of  a curve f  i s  given in  the 
diagram a t  the s i d e .  How do you f in d  
the area  o f  the shaded region?
(P) : 9.  Find the  area  o f  the reg ion  t h a t  i s  bounded by f (x )  = x^ -  x -2 
X = -2 ,  X = 1 and the x - a x i s .
E-2
t g For Students  In Kuwait U n ive rs i ty  Taking Course 101
os-j): 1. Let f (x )  = 3x -  x -  1. Find a p o in t  on the curve P
S g ) :  2. Find the s lope  o f  the l i n e  L:y = 4 -  3x.
S g ) :  3. Find the slope o f  the t a n g en t  l i n e  to  the curve H(x) = 
X - x ^  a t  X = 2.
s 4 ) : 4.  Let f (x )  = x^ + 2x and A = (1 ,  3) a p o in t  on f .  Let L be 
the l i n e  y = 4x -3 .  Is  L a tangen t  to f  a t  A?
h-j): 5. I f  (2a ,  z) belongs to  f  were f (x )  = x^ - x. Find z in terms 
of  a.
hg): 6. Find the s lope  o f  the l i n e  m : 4by = 4c -3ax ( a ,  c and b being
cons tan t s  and b ^ 0 ) .
hg) :  7. The s lope  o f  l i n e  h i s  ( - 2 c ) .  I f  h i s  a ta ngen t  l i n e  to  a
curve f  a t  ( a ,  b ) ,  f i n d  f ( a )  provided i t  e x i s t s .
h^):  8. Let  the l i n e  k : y = 2mx and f  the curve y = x^ + m^. Is  k 
a tangen t  to  f  a t  (m, 2m^)?
(P) :  9. Let  D(x) = x^ -  4x and the l i n e  L : y = 6x + c.  Find c when 
the l i n e  L i s  t a ngen t  to  the curve D.
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s-j ) : 1. Find when y = /x^  -  5x + 1.
2Sg): 2. Let  f (x )  = x . Find the d i s ta n ce  d between the two po in t s  
A = (2 ,  f ( 2 ) )  and B = ( - 2 ,  3) .
1 3Sg): 3, Let f (x )  = x -  4x. Find the  x - c o -o rd in a te s  when f  has 
c r i t i c a l  va lues .
s^)  : 4.  Let f (x )  = x^ -  x^ -  x + 2. Given t h a t  f  has a c r i t i c a l  va lue 
a t  X = 1, determine whether  f ( l )  i s  a loca l  maximum o r  a local  
minimum.
h^):  5. I f  L^ = y^ + a^ where y = f ( x ) ,  a being c o n s t a n t ,  f in d
2hg):  6. Let f (x )  = x . Find the d i s t a n c e  d between the two po in t s  
A = ( a ,  f ( a ) )  and B = (1 ,  3 ) .
hg):  7. Given f (x )  = a^x^ -  3x^, a being c o n s ta n t  j= 0.  Find the x 
c o - o r d in a t e s  when f  has c r i t i c a l  va lues .
2 3h^):  8. T(x) = a X -  bx, a and b being c o n s t a n t s .  I f  T has a c r i t i c a l  
value a t  k < 0 then determine whether T(k) i s  a loca l  maximum 
o r  local  minimum.
(P ) :  9. The p o in t  M = (x ,  f ( x ) )  moves on the curve ,  f (x )  = x /x .  Let  
N = (8 ,  0 ) .  Find the p o s i t i o n ( s )  o f  M when the d i s ta n ce  D 
between M and N i s  l e a s t .
APPENDIX F
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2s-j): 1. A p a r t i c l e  moves in a s t r a i g h t  l i n e  with y = t  - 4 t  + 2. 
Find i t s  p o s i t i o n  a t  t .
S g ) :  2. Find / ( 4 x  -  3x^) dx.
S g ) :  3. A p a r t i c l e  moves in a s t r a i g h t  l i n e  where,  a f t e r  t  s e c ;  
V = ( t - 4 )  ( t+ 3 ) .  When does t h i s  p a r t i c l e  s top?
s ^ ) : 4. Find g /^ (4x  - 3x^) dx.
2Sg): 5. Let v = t  -  2 t  de f ine  the  v e l o c i t y  o f  a p a r t i c l e  moving in
a s t r a i g h t  l i n e .  Find the d i s ta n ce  t r a v e l l e d  between t  = 3
and t  = 6.
u-j): 6. A p a r t i c l e  moves in a s t r a i g h t  l i n e  with v = a t ^  -  4 t  + 2.
Find the p o s i t i o n  o f  t h i s  p a r t i c l e  a t  t ,  (a  i s  a co n s tan t )
2U g ) :  7. F in d f ( a x - 3 x  ) dx,  (a i s  a c o n s t a n t ) .
U g ) :  8 .  Let v = ( t  + 3) ( t  -  b )  with  b > 0>def ine  the  v e l o c i t y  of  a
p a r t i c l e  moving in a s t r a i g h t  l i n e  a f t e r  t  sec  . When does t h i s  
p a r t i c l e  s top?
u ^ ) : 9. Find g /^ (ax  -  3x^) (a being a c o n s t a n t ) .
F-2
2
U g ) : 1 0 ,  I f  Y = t  -  2 a t  with a > 0  def ines  the v e l o c i t y  o f  a p a r t i c l e
moving in a s t r a i g h t  l i n e ,  the f in d  the d i s t a n c e  t r a v e l l e d
between t  = 3a and t  = 6a.
( P ) : l l .  A p a r t i c l e  begins p e n e t r a t i n g  a sandy s o i l  a t  t  = 0.  I f  the
v e l o c i t y  v(cm/sec) o f  t h i s  p a r t i c l e  a f t e r  t  seconds i s  given 
2by V = 16 -  t  , f i n d  the d i s t a n c e  t r a v e l l e d  by th i s
p a r t i c l e  u n t i l  i t  s t o p s ,  provided t h a t  the whole motion was in  
a s t r a i g h t  l i n e .
Throughout t^ vfcm/sec)  i s  the v e l o c i t y  a f t e r  t  seconds.
F-3
t g: For S tudents  At Kuwait U n ive rs i ty  Taking Coursé 102*
3s-j): 1. Let  X = t  + t  d e f in e ,  a t  t ,  the p o s i t i o n  o f  a p a r t i c l e
moving in  a s t r a i g h t  l i n e .  Find the v e l o c i t y  o f  t h i s  p a r t i c l e  
a t  t .
Sg) : 2. Let x^ j = t ^  + 10 and Xg = t^  + t^ + 1 def ine  f o r  t  > 0 the 
p o s i t i o n s  o f  two p a r t i c l e s  moving in  a s t r a i g h t  l i n e .  When 
do the two p a r t i c l e s  meet?
Sg): 3. A p a r t i c l e  s t a r t s  moving in  a s t r a i g h t  l i n e  from x = -3 with a 
c o n s ta n t  v e l o c i t y  2 (cm /sec) .  Find the p o s i t i o n  x o f  t h i s  
p a r t i c l e  a t  t .
s^)  : 4. Let  x  ^ = t ^  + 4 t^  and Xg = 3 t  + 1 def ine  a t  t  the p o s i t i o n s  o f
two p a r t i c l e s  moving in  a s t r a i g h t  l i n e .  Do they meet a t  t  = 2?
3u-j): 5. Let  x = t  + a t  (a being a cons tan t )  de f ine  a t  t  the p o s i t i o n  of  
a p a r t i c l e  moving in  a s t r a i g h t  l i n e .  Find the v e l o c i t y  of  
t h i s  p a r t i c l e  a t  t .
U g ) :  6 .  I f  x^ = t ^  + 7a^ and Xg = t ^  + t^  -  2a^ de f ine  f o r  t  > 0 the
p o s i t i o n s  o f  two p a r t i c l e s  moving in a s t r a i g h t  l i n e .  When
do they meet? (a i s  a c o n s t a n t ) ,
Ug): 7. A p a r t i c l e  s t a r t s  moving in  a s t r a i g h t  l i n e  from x = a wi th
c o n s t a n t  v e l o c i t y  2a(cm /sec ) .  Find the p o s i t i o n  x o f  t h i s
p a r t i c l e  a t  t .
F - 4
3 2 2 3u^):  8. Let = t  + e t  and Xg = c t  + c def ine  the  p o s i t i o n s  a t
t  of  two p a r t i c l e s  moving in a s t r a i g h t  l i n e .  Do they meet
a t  t  = c? (c > 0 ) .
(P) :  9. Two p a r t i c l e s  M-j and Mg s t a r t  moving t o g e th e r  in the same 
s t r a i g h t  l i n e .  The p o s i t i o n  o f  M-j a t  t  i s  given by x-j =
3t  -  4 t .  The second p a r t i c l e  Mg moves with c o n s ta n t  v e l o c i t y  
8(cm/sec) s t a r t i n g  from Xg = a.  Determine 'a' so t h a t  both M.-j and 
Mg have the  same v e l o c i t y  when they meet.
* Throughout t g ,  x(cm) de f ine s  the p o s i t i o n  a t  time t  seconds
F-5
t g: For Students  In The Final  Grade Of Secondary School In Kuwait*
s , ) :  1. Find ^  i f  y = 2x^ + 5x -  3.
Sg): 2. The disp lacement o f  a p a r t i c l e  moving in a s t r a i g h t  l i n e ,
with r e s p e c t  to the o r i g i n  i s  given a t  t  by the r e l a t i o n  
X = 3t^  -  2 t .  Find the v e l o c i t y  of  t h i s  p a r t i c l e  a t  t .
S g ) :  3. The d isplacements  x-j and Xg with r e s p e c t  to an o r ig i n  of two
2p a r t i c l e s  moving in  a s t r a i g h t  l i n e  are  given by x-j = t  + 2 t
2and Xg = t  + 8 .  When do the two p a r t i c l e s  meet?
s ^ ) :  4. Two p a r t i c l e s  moving in  a s t r a i g h t  l i n e  have the displacements
ox-j and Xg from the o r ig i n  where x-j = t  - 7 t  -  1 and
2Xg = t  -  2 t .  Do these  two po in t s  meet a t  t  = 3?
u-j): 5.  Find when y  = 2ax^ + 5x -  3 (a being a c o n s t a n t ) .
U g ) :  6.  The p o s i t i o n  o f  a p a r t i c l e  moving in  a s t r a i g h t  l i n e  i s  def ined
3a t  t  by X = a t  -  2 t ,  (a  being a c o n s t a n t ) .  Find the v e l o c i t y  
o f  t h i s  p a r t i c l e  a t  t .
U g ) : 7. The p o s i t i o n s  o f  two p a r t i c l e s  moving in  a s t r a i g h t  l i n e ,  a re
2 2 def ined  a t  t  by x-j = t  + 2 a t  and Xg = t  + a ,  a being a
c o n s t a n t  =(= 0. When do they meet?
u^):  8. Two p a r t i c l e s  moving in a s t r a i g h t  l i n e  have a t  t  displacements  
x-j = t ^  + 7a^ t  -  a^and Xg = a t^  + 6 a ^ t  wi th a > 0. Do they 
meet a t  t  = a?
F-6
(P) :  9. Two p a r t i c l e s  moving in a s t r a i g h t  l i n e  have a t  t  the
3 3displacements x-j = 2 t  + 3 t  and Xg = 3 t  + a (a being a
c o n s t a n t ) .  F i n d ' a ' i f  the two p a r t i c l e s  have the same
v e l o c i t y  when they meet.
^Throughout t g ,  x(cm) and v(cm/sec)  def ine  the  p o s i t i o n  and 
v e l o c i t y  a f t e r  t  seconds.
APPENDIX G
- EXPERIMENT I :  CONVENTIONAL AND MODIFIED
TREATMENTS (PRESENTATIONS) AND ACHIEVEMENT TESTS
- EXPERIMENT I I :  ORIGINAL ARABIC SHEET FOR
EXERCISES IN 9 . 2 . 1 . 3
G~1
EXPERIMENT I:
Task: k
P re s e n ta t io n s  R-j and R.j For Task k.j In S And S+U Respec t ive ly
Conventional P r e s e n ta t i o n  = 
R-j(S). Group Gg (C o n t ro l ) .
Modified P re s e n ta t io n  R-j = R-j(S+U) 
Group G-j (Exper imenta l) .
B y  I) Find the equa t ion  o f  the l i n e  t h a t  has the s lope  m and passes  
through the p o i n t  N in each o f  the fo l lowing  c a s e s .
i )  m = 2,  N = (3 ,  4)
i i )  m = -  | ,  N = (1 ,  -2)
i i i  ) m = -  , N = (2 ,  -2)
iv )  m = 3, N = (2 ,  3)
i )  m = 2,  N = (3 ,  4)
i i )  m = -  | ,  N = (1 ,  -2)
Oi i i )  m = -  -g-a, n = (2 ,  -a )  
(a being a c o n s t a n t ) .
iv)  m = 3, N = (2b, 3b)
(b being a c o n s t a n t ) .
Bg: 2) Find the c e n t r e  o f  each o f  the fo l lowing c i r c l e s :
i ) A: + + X -  2y  -  1 = 0 i ) A: x^ + y^ + X “ 2y  -  1 = 0
i i ) B: x2 + - 4x  + 5y  + 8 = 0 i i ) 9 9 B: X + y - 4x  + 5y + 8 = 0
i i i ) C: x2 + y^ + 4x -  y  -  1 = 0 i i i ) C: x^ + y^ + 4 a x  -  y  -  1 = 0
( a  b e i n g a c o n s t a n t ) .
i v ) D: x2 + y^ + X -  y  -  3 = 0 iv) 9 9 D: X + y + X -  by -  3 = 0
(b being a c o n s t a n t ) .
G-2
Bg: 3) Find the  slope o f  the rad ius  pass ing through M in  each
of the fo l lowing  c i r c l e s :
i )  A: x^ + y2 -2x +4y -  4 = 0 i )  A: x^ + y^ - 2x + 4y -  4 = 0
M = (1 ,  1) . M = (1 ,  1) .
i i )  B: x^ + y^ + 2x - 1 = 0 i i )  B: + 2x - i = 0
M = ( - 2 ,  -1) M = ( - 2 .  - i ) .
i i i )  C: x^ + y^ -  8y - 4 = 0 i i i )  C: x^ + y^ -  2by - 4 = 0
M = (2 ,  8) M = (2 ,  2b)
iv)  D: x^ + y^ + 6x - y - 2 = 0 iv)  D: x^ + y^ + 6ax -  y -  2 = 0
M = ( - 6 ,  2) M = ( - 6 a ,  2)
B^: 4) Find the s lope  o f  the l i n e  1 which i s  p e rp e n d ic u la r  to the
l i n e  1 which passes  through M-j and Mg in  each o f  the
fo llowing  cases :
i )  M^ = (2 ,3 )  and Mg = ( -1 ,4 ) i )  = (2 ,3 )  and Mg = ( -1 ,4 )
i i )  M-j = ( 1 , -2 )  and Mg = (3 ,5 ) i i )  M^ = ( 1 , - 2 )  and Mg = (3 ,5 )
i i i )  M-j = (3 ,3 )  and Mg = (6 ,  -2) i i i )  M-] = ( a , 3) and Mg = (3 a , - 2 ) (a ^ 0 )
iv )  M^ = (-2*3) and Mg = (2 ,6 ) iv )  M^ = ( - 2 ,b )  and Mg = (2 , -2b ) (b+ 0)
Bg: 5) Find the s lope  o f  the  ta ngen t  to the  c i r c l e  a t  M in  each of
the fo l lowing  ca s e s :
i )  A: x^+y^+x+y = 0,  M = ( -1 , -1 )  
. 2 . . .2i i )  B: X +y -4x-3y+3 * 0, M = ( l , 3 ) i i )  B: x +y -4x-3y+3 = 0,  M = (1 ,3 )
.2 .. 2i i i )  C: x W + 2 x - l  = 0 ,  M = ( - 2 ,1 )
iv)  D: x^+y^-2x+2y = 0,  M = (2 , - 2 )
i )  A: x^+y^+x+y = 0 ,  M = ( - 1 , - 1 )  
2 . . 2
i i i )  C: X +y +ax-l = 0,  M = ( - a , l )
= ( 2 , -2b)iv)  D: x^+y^-2x+2by = 0
G-3
Achievement Tes t  : T(k^)
Solve a l l  the fo l lowing :
1. Find the equa t ion  o f  a l i n e  which passes  through N = (1 ,3 )  
with slope y .
9 92. Find the c e n t r e  o f  the c i r c l e  A : x  + y  + x -  4y -  1 = 0.
3. Let  the c i r c l e  B; x^ + y^ - x -  y = 0 and M = (1 ,1 )  belong to 
B. Find the s lope  o f  the rad ius  o f  B which passes through M,
4. Let  1 be a l i n e  pass ing  through M = (2 ,  -5)  and N = ( - 1 ,  3 ) .
Find the slope o f  1 where 111 .
5. Let E = (3 ,  7) be the c e n t r e  o f  a c i r c l e  A, and M = (5 ,  8)
belongs to  A. Find the  s lope  of  the t a n g e n t  to A a t  M.
/j a6.  A l i n e  1, with s lope  -g- passes  through M = (1 ,  3a ) .  Find the
équa t ion  o f  1, (a  being a c o n s t a n t ) .
p p7. Find the c e n t r e  o f  the c i r c l e .  A: x + y  + ax -4y -  2a = 0,  
(a being a c o n s t a n t ) .
8. Let  M = (1 ,  b) belong to the c i r c l e  B: x^ + y^ -  x -  by = 0.
Find the s lope  o f  the rad iu s  which passes  through M, (b being 
a c o n s t a n t ) .
G-4
9. Find the s lope  o f  the l i n e  n pe rp en d icu la r  to the l i n e  1 
which passes  through M = (2a ,  -5) and N = ( - a ,  3 ) ,  (a being 
a co n s ta n t  f  0 ) .
10. Let M = (5 ,  8a) belong to a c i r c l e  with c e n t r e  I = (3 ,  7a ) .  
Find the s lope  o f  the ta n g en t  to t h i s  c i r c l e  a t  M, (a being a 
c o n s t a n t ) .
G-5
Task: k.
P re s e n ta t io n s  Rg and Rg f o r  Task kg in  S and S+U Respec t ive ly
Conventional P r e s e n t a t i o n  Rg = Rg(S) 
Group: G-j (Contro l)
Modified P re s e n ta t io n  Rg = Rg(S+U) 
Group: Gg (Experimental)
By* 1) I f  the image o f  (x ,  y) under a c e r t a i n  t rans fo rm a t ion  i s  
(2x,  3y),  then f o r  the same t r a n s fo rm a t io n ,  f i l l  in  the 
b l a n k s .
i )  (2 ,  3) ^  ( . . . ,  . . . )
i i ) (•^9 "j) ( • • • » * • • )
i i i )  ( - 2 . 6 ) ^  ( .................. )
iv)  (4 ,  2) -V ( . . . ,  . . . )
i )  (2 ,  3) ( . . . ,  . . . )
i i ) (y  » -j) "^  ( • • • » • • • )
i i i ) ( - 2 a ,  6) ( .................. ) .
i v) (4 ,  2a) ->■ ( ................ ) .
2) I f  the image o f  (x ,  y)  under a c e r t a i n  t r an s fo rm a t io n  T i s  
(4x, - 2 y ) ,  then f i l l  in  the blanks to  show the p o in t s  which 
have been transformed under T.
i ) ( • • • 9 • J (8 , -6) i ) ( * • • 9 • (8 ,  -6)
i i ) ; ( » * • 9 • ->■ ( -4 , 4) i i ) ( • • • 9 • (-49 4)
i i i ) ( • • » 9 • 4- ( 1 0 , 6) i i i ) (  » • • 9 • ••)  ^ ( 1 0 ,  6a)
iv) (  • • • 9 • ( - 8 , 5) iv) ( • • • 9 • ( - 8 a ,  5)
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‘3* 3) I f  T i s  a t r a n s fo rm a t io n ,  then f in d  in  each o f  the fo l lowing 
cases the pre-image o f  the image (x ,  y ) :
i ) T: (x,y)  4. (3x,4y) i ) T: (x ,y )  4 - (3x,4y)
i i ) T: (x ,y )  4- ( 2x , -y ) i i ) T: (x ,y )  4.  ( 2x , -y )
i i i ) T: (x ,y )  4- ( -x ,3y ) i i i ) T: (x ,y )  4- ( a x , 3 y ) ,  a f  0
iv) T: (x ,y )  4- (yx,yy) iv) T: (x,y) 4 x , b y ) ,  b f  0
' 4* 4) Give a genera l  d e s c r i p t i o n ,  using s e t  n o t a t i o n ,  f o r  each 
o f  the fo l lowing  l i n e s .  I t  i s  s u f f i c i e n t  to w r i t e  the 
general  fo rm:{(x ,y )  : y-y^ = m(x-x^)}
i ) Slope o f  1 = -g and ( 2 , 3 ) e l .
i i )  The l i n e  passes through
(1 ,2 )  and (3 ,4 )
i i i )  The l i n e  passes  through 
(3 , - 1 )  and i s  p e rp e n d ic u la r  to 
2x-y- l  -  0.
iv )  The l i n e  passes  through 
(2 ,5 )  and i s  p e rp e n d ic u la r  to
3a l i n e  whose s lope i s  -g.
i ) Slope o f  1 = 2 and ( 2 , 3 ) e l .
i i )  The l i n e  passes  through
(1 ,2 )  and (3 ,4 )
i i i )  The l i n e  passes  through 
( 3 a , - l )  and i s  p e rp e n d ic u la r  to  
2ax-y- l  = 0 (a f  0)
iv )  The l i n e  passes  through
(2 ,5a )  and i s  p e rp e n d ic u la r  to  a
3l i n e  whose s lope  i s  g y .
’5* 5) Describe in se t-1anguage  the  image l i n e  1 o f  a l i n e  1 under 
the t ran s fo rm a t io n  T in each o f  the fo l lowing  ca s e s :
i )  T: (x ,y )  ( x , -y )
i i )  T: (x ,y )  ( jx ,3 y )
i i i )  T: (x ,y )  ( -x ,2y )
iv )  T: (x ,y )  4. (2x ,-3y)
i )  T: (x ,y )  4. ( x , - y )
i i )  T: (x ,y )  4 . ( y X , 3 y )
i i i )  T: (x ,y )  ->• ( a x , 2 y ) ,  (a ^ 0)
iv) T: (x ,y )  4. ( 2 x ,b y ) ,  (b f  0)
G- 7
Achievement Tes t :  Tfkg).
Solve a l l  the fo l lowing:
1) Let  the func t ion  T : (x ,y )  4- (~2x,y)  be a t r a n s fo rm a t io n .
Find the image o f  ( 3 , - 2 ) .
2) Let  the func t ion  Ti (x ,y )  4- (2x,7y) be a t r an s fo rm a t io n .
Find the pre-image o f  ( 4 ,1 0 ) .
3) I f  T i s  the t r a n s fo rm a t io n :  (x ,y )  4- (3x ,2y ) .  Find the pre-image
o f  x , y ) .
4) Use se t - l anguage  to d e s c r ib e  a l i n e  which passes through the  p o in t  
( 2 , 0 ) with a s lope  m = - 2 .
5) Let  1 be a l i n e  and T the t r an s fo rm a t io n  (x,y) 4- (2 x ,4 y ) .  I f  1 i s  
the image o f  1 under T, then f i l l  in spaces :
1 = ( ( x , y ) : ( . . . ,  . . . )  . . . 1 ) .
6 ) Let  T be the t r an s fo rm a t io n  (x ,y )  4. ( - 2 a x , y ) .  Find the image of
( 3 , a ) .
7) Let  T be the t r an s fo rm a t io n  (x ,y )  4- (2 x ,a y ) .  Find the pre-image
o f  ( a , l ) . (a  ^ 0 ) .
8) Let  T be the t r an s fo rm a t io n  (x ,y )  4- (3ax ,2ay ) .  Find the pre-image 
o f  ( x , y ) . (a ^ 0 ) .
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9) A l i n e  1 with s lope  2a passes through M = (2a ,  0 ) .  Use s e t -  
n o ta t io n  to d es c r ib e  1 .
10) Let  T be the t r ans fo rm a t ion  (x ,y )  4. (2ax,4y) and l e t  1 be the 
image o f  the l i n e  1 under T. F i l l  in  spaces :
1 ~ ( ( x , y ) .  ( . , . ,  . . . ) . . . l ) .  (a ^ 0 ) ,
G-9
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Orig ina l  Arabic t e x t  from which the i tems o f  task  k (conven t iona l )  in 
Experiment II  were chosen.  (S t a r r e d  items were no t  in c lu d e d ) .
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